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PREFACE 

The  design  of  this  Treatise  is  to  explain  all  that  is 
conimonly  included  in  a  First  Part  of  Algebra,  In  the 
arrangement  of  the  ('hapters  I  have  followed  the  advice 
of  experienced  Teachers.  I  have  carefully  abstained  from 
making  extracts  from  books  iu  common  use.  The  only 
uork  to  •which  I  am  indebted  for  any  material  assistance 
is  the  Algebra  of  the  late  Dean  Peacock,  which  I  took  as 
the  model  for  the  commencement  of  my  Treatise,  The 
Examples,  progressive  and  easy,  have  been  selected  from 
University  and  College  Examination  Papers  and  from 
old  English,  French,  and  German  works.  jMuch  care  has 
been  taken  to  secure  accuracy  in  the  Answers,  but  in  a 
collection  of  more  than  2.300  Examples  it  is  to  be  feared 
that  some  errors  have  yet  to  be  detected.  I  shall  be 
grateful  for  having  my  attention  called  to  them. 

I  have  published  a  book  of  Miscellaneous  Exercises 
adapted  to  this  work  and  arranged  in  a  progressive  order 
so  as  to  supply  constant  practice  for  the  student. 

I  have  to  express  my  thanks  for  the  encouragement 
and  advice  received  by  me  from  many  correspondents; 
and  a  special  acknowledgment  is  due  from  me  to  Mr.  E. 
J.  Gross  of  Gonville  and  Caius  College,  to  whom  I  am 
adebted  fur  assistance  in  many  parts  of  this  work. 

Tlie  Treatise  on  Algebra  by  :Mr.  E.  J.  Gross  is  a 
continuation  of  this  work,  and  is  in  some  important 
points  supplementary  to  it. 

J.  HAMBLIN  SMirH. 

Cambridge,  1S71.  • 
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ELEMENTARY   ALGEBRA. 

I.   ADDITION    AND   SUBTRACTION. 

1.  Algebra  is  the  science  which  teaches  the  use  of  sym- 
bols to  denote  Tiumbers  and  the  operations  to  which  numbers 
may  be  subjected. 

2.  The  symbols  employed  in  Algebra  to  denote  numbers 
are,  in  addition  to  those  of  Arithmetic,  the  letters  of  some 
alphabet. 

Thus  a,  b,  c x.  y,  z  :  a,  )3,  7 :  a',  b',  c' read 

a  dash,  b  dash,  c  dash  :  Oj,  b^,  Cj read  a  one, 

b  one,  c  one  ......  are  used  as  symbols  to  denote  numbers, 

3.  The  number  one,  or  unity,  is  taken  as  the  foundation  of 
all  numbers,  and  all  other  numbers  are  derived  from  it  by  the 
process  of  addition. 

Thus  two  is  defined  to  be  the   number  that  results  from 
adding  one  to  one ; 
three  is  defined  to  be  the  nimiber  that  results  from 

adding  one  to  two  ; 
four  is  defined  to  be  the  number  that   results  from 
adding  one  to  three ; 
and  so  on. 

4.  The  symbol  + ,  read  plus,  is  used  to  denote  the  opera- 
tion of  Addition. 

Thus  1  +  1  symbolizes  that  which  is  denoted  by  2, 

2  +  1 3, 

and        a  +  b  stands  for  the  result  obtained  by  adding  bto  a. 

.5.     The  symbol  =  stands  for  the  words  "is  e(|ual  to,"  or 
"  the  result  is." 

[S.A,]  A 
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Thus  the  definitions  given  in  Art.  3  may  be  presenttcWn  an 
algebraical  form  thus  : 

1  +  1=2, 

2  +  1=3, 
3+1=4. 

6.  Since 

2=1  +  1,  where  unity  is  written  hoiu, 

3  =  2  +  1  =  1  +  1  +  1,  where  unity  is  written  ihrtt  times, 

4  =  3+1  =  1  +  1  +  1  +  1 jour  times, 

it  follows  that 

a=l  +  l  +  l  +1  +  1  with  unity  written  a  times, 

6  =  1  +  1  +  1  +1  +  1  with  unity  written  6  times. 

7.  The  process  of  addition  in  Arithmetic  can  be  presented 
in  a  shorter  form  by  the  use  of  tlie  sign  +.  Thus  if  we  have 
to  add  14,  17,  and  23  together  we  can  represent  the  process 
thus  : 

14+17  +  23  =  54. 

8.  When  several  numbers  are  added  together,  it  is  indiffe- 
rent in  what  order  the  numbers  are  taken.  Thus  if  14,  17,  and 
23  be  addetl  together,  their  sum  will  be  the  same  in  whatever 
order  they  be  .set  down  in  the  common  arithmetical  process  : 

14  14  17  17  23  23 

17  23  14  23  14  17 

23  17  23  14  17  14 

54  54  54  54  54  54 

8o  also  in  Algebra,  wheii  any  number  of  syinhoU  are  added 
togetlier,  the  n-sidt  will  be  the  same  in  whatever  order  the 
Bymbols  succeed  each  other.  Thus  if  we  have  to  add  together 
the  numl>er8  symbolized  by  <i  and  b,  the  result  is  represented 
by  a +  6,  and  this  result  is  the  same  number  as  that  which  is 
n'pre«ented  by  fc  +  a. 

Similarly  the  re.mlt  obtained  jy  adding  together  a,  b,  c 
might  be  expressed  algebraically  by 

a  +  b  +  c,  or  a  +  c  +  h,  or  h  +  a  +  c,  or  b  +  c  +  o,  or  c  +  a+b, 
or  c  +  b  +  a. 

9.  When  a  number  denoted  by  a  is  addr-d  to  itself  the 
result  is  rejiresented  al^vbraically  by  a  +  a.     This  result  is  for 
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tije  sake  of  brevity  represented  by  2a,  the  figure  prefixed  to 
the  syniV)ol  expressing  the  number  of  times  the  number 
denoted  by  a  is  repeated. 

Simihirly  a-\-a->ra  is  represented  by  3a. 
Hence  it  follows  that 

2a  +  a  will  be  represented  by  3a, 
3a  +  a  by  4a. 

10.  The  symbol  — ,  read  minus,  is  used  to  denote  the  ope- 
ration of  Subtraction. 

Thus  the  operation  of  subtracting  15  from  26  and  its  con- 
nection with  the  result  may  be  briefly  expressed  thus  ; 
'  26-15  =  11. 

11.  The  result  of  subtracting  the  nundier  b  from  the  num- 
ber a  is  represented  by 

a-b. 

Again  a  —  b-c  stands  for  the  number  obtained  by  taking  c 
from  a  —  b. 

Also  a  —  b  —  c-d  .stands  for  the  number  obtained  by  taking 
d  from  a  —  b  —  c. 

Since  we  cannot  take  away  a  greater  number  from  a  smaller, 
the  expression  a  —  b,  where  a  and  b  represent  numbers,  can 
denote  a  possible  result  only  when  a  is  not  less  than  b. 

So  also  the  expression  a-b  ~c  can  denote  a  possible  result 
only  when  the  number  obtained  by  taking  b  from  a  is  not 
less  than  c. 

12.  A  combination  of  symbols  is  termed  an  algebraical 
expression. 

The  parts  of  an  expression  which  are  connected  by  the 
^vmbols  of  operation  +  and  -  are  called  Terms. 

Compound  expressions  are  those  which  have  more  than  one 
term. 

Thus  a  —  6  +  c  —  disa  comjiound  expression  made  up  of  four 
terms. 

When  a  compound  expression  contains 

two  terms  it  is  called  a  Binomial, 

three    Trinomial, 

four  or  more  Multinomial. 
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Terms  which  are  jirecuded  by  the  symbol  +  are  called  posi- 
tive terms.  Terms  which  are  preceded  by  the  symb.'l  —  are 
called  negative  terms.  When  no  symbol  precedes  a  ti  rm  tlie 
symbol  +  is  understood. 

Thus  in  the  expression  a  —  h-^c-d  +  e  — / 

o,  c,  e  are  called  positive  terms, 

h,  d,  f nc,i;ati ve  

The  symbols  of  operation  +  and  -  are  usually  c;ill.  d  ]>osi 
tive  and  negative  Signs. 

13.  If  the  number  6  be  added  to  the  number  13,  and  if  ("> 
be  taken  from  the  i-esult,  the  final  result  will  plainly  In;  13. 

So  also  if  a  number  b  be  added  to  a  number  a,  and  if  b  be 
taken  from  the  result,  the  final  result  will  be  a :  that  is, 
a  +  b~b  =  a. 

Since  the  operations  of  addition  and  8uV)traction  when  ]H'.r- 
fonned  by  the  same  number  neutralize  each  other,  we  conclude 
that  we  may  obliterate  the  same  symbol  when  it  presents  itself 
as  a  positive  term  and  also  as  a  negative  term  iu  the  sjime  ex- 
pression. 

Thus  a-a=0, 

and  a  —  a  +  b  =  b. 

14.  If  we  have  to  add  the  numbers  54,  17,  and  2r-  we  may 
first  add  17  and  23,  and  add  their  sum  40  to  the  number  51, 
thus  obtaining  the  final  result  94.  This  jjrocess  may  he  repre- 
sented algebraically  by  enclosing  17  and  23  in  a  Bracket 
(     ),  thus  : 

54  +  (I7-l-23)  =  54  +  40  =  94. 

15.  If  we  have  to  subtract  from  54  the  sum  of  17  and  23. 
the  proce-Si  may  be  represented  algel)raically  thus  :  , 

54-(17  +  23)  =  54-40=14. 

16.  If  we  have  to  add  to  54  the  difference  between  23  iirA 
IV,  the  process  may  be  represented  algebraically  thu.-<: 

54  +  (23-17)  =  54  +  6  =  60. 

17.  If  we  have  to  subtract  from  54  the  difference  between 
23  and  17,  the  process  may  be  represented  algebraically  thus  : 

54-(23-17)  =  54-6  =  48. 
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18.  The  use  of  brackt  .  is  so  frequent  in  Algebra,  that 
the  rules  for  their  removal  and  introduction  must  be  carefully 
considered. 

We  shall  first  treat  of  the  removal  of  brackets  in  cases 
where  symbols  supply  the  places  of  Duinbers  corresponding  to 
the  arithmetical  examples  considered   .     irts.  14,  15,  16,  17. 

Cd*e    I.     To  add  to  a  the  sum  of  h  and  c. 
a  is  expressed  thus  :  a  +  (6  +  c). 
X  irst  add  b  to  a,  the  result  will  be 
a  +  h. 
This  result  is  too  small,  for  we  have  to  add  to  a  a  nuraV-^r 
feater  than  h,  and  greater  by  c.     Hence  our  final  result  will 
oe  obtained  by  adding  c  to  a  +  h,  and  it  will  be 
rt  +  6  +  c. 

Case   II.     To  take  from  a  the  sum  of  h  and  c. 
This  is  expressed  thus  :  a  —  (6  +  c). 
First  take  h  from  a,  the  result  will  be 
a~h. 
'i  his  result  is  too  large,  for  we  have  to  take  from  a  a  number 
greater  than  b,  and  greater  by  c.     Hence  our  final  result  will 
be  obtained  by  ticking  c  from  a  —  b,  and  it  will  be 
a  —  b  —  c. 

Case   III.     To  add  to  a  the  difference  between  b  and  c. 
This  is  expressed  thus  :  a  +  (b  —  c). 
First  add  b  to  a,  the  result  will  be 
a  +  b. 
This  result  is  too  large,  for  we  have  to  add  to  a  a  number 
less  than  b,  and  less  by  c.     Hence  our  final  result  will  be  ob- 
tained by  taking  c  from  a  +  b,  and  it  will  be 
a  +  b  —  c. 

Case   IV.     To  take  from  a  the  difference  between  b  and  c. 
This  is  expressed  thus  :  a  —  {b  —  c). 
First  take  b  from  a,  the  result  will  be 
a  —  b. 
This  result  is  too  small,  for  we  have  to  take  from  a  a  num- 
ber less  than  b,  and  less  by  c.     Hence  our  final  result  will  be 
obtained  by  adding  c  to  a  —  6,  and  it  will  be 
a~b  +  c. 
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Note.  We  assume  that  a,  b,  c  represent  such  numbers  that 
in  Case  II.  «  is  not  less  than  the  sum  of  b  and  c,  in  Case  III. 
b  is  not  It'ss  than  c,  and  in  Case  JV.  6  is  not  less  than  c,  knd  a 
IS  not  less  than  b. 

19.  Collecting  the  results  obtained  in  Art.  18,  we  have 

a  +  {b  +  c)  =  a  +  b  +  c, 
a  —  (b  +  c)  —  a  —  b  —  c, 
a  +  {b  —  c)  =  a  +  b~c, 
a  —  {b  —  c)  =  a  —  b  +  c. 

From  whicli  we  obtain  the  following  rides  for  the  removal  of 
a  bracket. 

Rule  I.  Wlien  a  bracket  is  preceded  by  the  sign  +, 
i-emove  the  bracket  and  leave  the  signs  of  the  terms  in  it 
unchanged. 

Rule  II.  When  a  bracket  is  preceded  by  the  sign  — , 
remove  the  bracket  and  cltaiuje  the  nvjn  of  each  term  in  it. 

These  rules  apj)ly  to  cases  in  which  any  number  of  terms 
are  included  in  the  Ijracket. 

Thus 

a  +  b  +  {c-d  +  e  -/)  =  rt+6  +  c-<f  +  «-/, 
and 

a  +  b-  (c-  d  \-e—f)  =  a  +  b-c-rd  —  e+f. 

20.  Tlie  niles  given  in  the  preceding  Article  for  the  re- 
moval  of  brackets  lurnish  corresponding  rules  lor  the  inlro- 
uuctmu  f)f  brackets. 

Thus  if  we  enclose  two  or  more  terms  of  an  expression  in  a 
bracket, 

I.  The  sign  of  ea<  li  term  remains  the  same  if  -I-  prp- 
ce<iet  the  bracket : 

II.  The  sign  c.f  each  term  is  changed  if  -  precedes  the 
brackt't. 

Ex-        a-h  +  c~fi  +  e~f=a~b  +  (c-d)  +  (e-f), 
a-b  +  c-d  +  e -j=a-  {b-c)-{d  -e  +/). 
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21.  We  may  now  proceed  to  give  rules  for  the  Addition 
and  Subtraction  of  algebraical  expressions. 

Suppose  we  have  to  aM.  to  the  expression  a  +  i  — c  the  ex- 
pression d  —  e  +  /. 

The  Sum  =a  +  6-c  +  (d-«+/) 

=a  +  6-c  +  d-e+/(by  Art.  19,  Rule  I.). 

Also,  if  we  have  to  subtract  from  the  expression  a  +  b~c  the 
expression  d  —  e  +f. 

The  Difference  ==a  +  h  —  c  —  (d  —  e  +f) 

=  a  +  b-c-d  +  e-f  (by  Art.  19,  Eule  II.). 

We  might  arrange  the  expressions  in  each  case  under  each 
other  as  in  Arithmetic  :  thus 

To  a  +  b  —  c  From  a  +  b  —  c 

AMd-e+f  Taked-e+f 

Sum     a  +  b  —  c  +  d  —  e+f        Difference  a +  6  — c  —  (i  +  e—/ 
and  then  the  rules  may  be  thns  stated. 

I.  In  Addition  attach  the  lower  line  to  the  u-^jper  with  the 
signs  of  both  lines  unchanged. 

II.  In  Subtraction  attach  the  lower  line  to  the  upper  with 
the  signs  of  the  lower  line  changed,  the  signs  of  the  upper  line 
being  unchanged. 

The  following  are  examples. 

(1)  Toa  +  &  +  9 
Add  a-b-6 

Sum  a  +  b  +  9-\-a-b-6 

and  this  sum  =a  +  a  +  b-b  +  9-6 
=  2a  +  3. 

For  it  has  been  shown,  Art.  9,  that  a  +  a  =  2a^ 
and,  Art.  13,  that  6  —  6  =  0. 

(2)  From  a  +  6  +  9 
Takea-6-6 


Remainder  a  +  6  +  9  —  a  +  6  +  6 
and  this  remainder  =26-f- 15. 
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22.  We  have  worked  out  the  examples  in  Art.  21  at  full 
leiii,'th,  Imt  in  practice  they  may  be  abbreviated,  by  combining 
the  symbols  or  digits  by  a  mental  process,  thus 

Toc  +  rf+lO  Fromc  +  d+lO 

Addc-d-7  Takec-d-7 


Sum  2c     +3  Remainder    2d +  17 

23.  We  have  said  that 

instead  of  a  +  a  we  \sTite  2a, 

a-\-a->ra  3a, 

and  so  on. 

The  digit  thus  prefixed  to  a  symbol  is  called  the  coefficient 
of  the  term  in  which  it  appears. 

24.  Since  3«  =  a  +  a  +  a, 

and  5rt  =  a  +  a  +  a  +  a  +  a, 

3a  +  ba  =  a  +  a  +  a  +  a  +  a  +  a  +  a  +  a 

=  8a. 

Ti.Tm.>5  which  have  the  same  symbol,  wluitever  their  coefli- 
cients  may  be,  are  called  like  terms  :  those  which  have  diffe- 
rent symbols  are  called  unlike  terms. 

Like  tcriii.H,  whi-n  positive,  may  he  mmbined  into  one  by 
adding' their  coetticietits  together  and  subjoining  the  common 
symbol  :  tlius 

2a;  +  5-c  =  7x, 

3j/  +  5j/  +  8j/  =  16y. 

2T).  If  a  term  appears  without  a  coefficient,  unity  is  to  be 
taken  as  its  coefficient. 

Thus  x-»-5a;  =  6x, 

26.  Nej?ative  terms,  when  like,  may  be  combined  into  one 
t4;nn  with  a  lu-gativi-  wign  prefixed  to  it  by  adding  the  coeffi- 
cients and  subjoining  lo  the  result  the  common  symbol. 

Thus  2x-3y-5i/  =  2a[;-8i/, 

for  2x-3j/-5j/  =  2x-(3j/  +  5j/) 
=  2x-&y. 

So  again  Zx - y -  iy - Gy  =  3x -  \ly. 
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27.  If  an  expression  contain  two  or  more  like  terms,  some 
being  positive  and  others  negative,  we  must  first  collect  all  the 
positive  terms  into  one  positive  terfti,  then  all  the  negative 
terms  into  one  negative  term,  and  finally  combine  the  two 
remaining  terms  into  one  by  the  following  process.  Subtract 
tlie  smaller  coefficient  fiura  the  greater,  and  set  down  the 
remainder  with  the  sign  of  the  greater  prefixed  and  the  com- 
mon symbol  attached  to  it. 

Ex.         8a;-3x  =  5x, 

7x-4x  +  5x-Zx  =  \2x-7x  =  6x, 
a-2h  +  5b  —  4b  =  a  +  bb  —  6b  =  a  —  b. 

28.  The  rules  for  the  combination  of  any  number  of  like 
terms  into  one  single  term  enable  us  to  extend  the  application 
of  the  rules  for  Addition  and  Subtraction  in  Algebra,  and  we 
proceed  to  give  some  Examples. 

ADDITION* 

(1)       a-2b  +  Zc  (2)     5a  +  7b-3c-4d 

Za-4b-oc  6a-1b  +  9c  +  4d 


4a-Gb-2c  11a       +6c 

The  terras  containing  b  and  d  in  Ex.  (2)  destroying  one  another. 

(3)     7x-5ij+   4z  (4)     6m-l3n  +  5p 

x  +  2y-llz  8m+     n-9p 

3x-  y+  6z  m-     n-  p 

5x-3y-     z  m+   2n  +  6p 

IGx-ly-   3z  16m -Il» 

SUBTRACTION. 

(1)    5a-3b+   6c  (2;     3a  +  7b-   So 

2a +  56-   4c  3a -76+   4c 


3a -86  + 10c 
(3)     5a -66  + 2c 
2a-66  +  2c 


3a 
(6)    dx  +  7y  +  l2z 
by-   2a 
3»  +  22/  +  14a  x+  by-2^ 


146 -I2c 

(4) 

x-y  +  z 
x-y-z 

2z 

(6) 

7a;  -  19?/ -  14sj 
6ic-24i/+   9a 
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29.     We  have  placed  the  expressions  in  the  ixiunples  givi-n 
in  the  preceding  Article  under  each  other,  as  in  Arithmetic, 
for  the  sake  of  clearness,  but  the  same  ojierations  nii<,'ht  be  ex- 
hibited l)y  means  of  signs  and  l)nu;kets,  thus  Kxamples  (2)  of 
each  rule  might  have  been  worked  thus,  in  Addition, 
5a  +  76-3c-4rf  +  (6a-76  +  9c  +  4(Z) 
=  5a  +  76-3c-4d+  6a-76  +  9c  +  4d 
=  lla  +  6c  ; 
and,  in  Subtraction, 

3a  +  76  -  8r  -  (3a  -  76  +  4c) 
=  3a +  76 -8c -3a +  76- 4c 
=  146 -12c. 

Examples. — i. 

Simplify  the  following  expre.s.'^ions,  by  combir.ing  like  sym- 
bols in  each. 

1.  3a  +  46  +  5c  +  2a  +  3ft  +  7c.         2.  4a  +  .")6  +  6c-3a-26-4c, 

3.  6a-36-4c-4r/  +  56  +  6c. 

4.  8a  -  56  +  3c  -  7a  -  26  +  6c  - 3a  +  96-  7c  +  10a. 

5.  5x-3a  +  6  +  7  +  26-3.r-4a-9. 

6.  a-6-c  +  6  +  c-rf  +  rf-a. 

7.  5a  +  106  -  3c  +  26  -  3«  +  2c  -  2(i  +  4c. 

Examples.— ii.    addition. 

Add  together 

I.  a  +  a;  and  a-%.  2.     a  +  2.r  and  n  +  3x. 

3.  a  -  2x  and  2a  -  x.  4.     :j.r  +  7i/  and  5.c  -  ly. 

5.  a  +  36  +  .'icand  3a-26-3c 

C).  a-26  +  3cand  a  +  26-3c.         7.     1 +x-i/ and  3-x  +  ?/ 

8.  2x  -  3j/  +  4r,  bx-7y-  2z.  and  «x  +  Di/  -  82. 

9.  2o  +  6  -  3t,  3a  -  26  +  x,  a  +  6  -  5x,  and  4a  -  76  +  6x. 

Examples.— ill.    subtraction.     "' 

I      From  a  +  6  tak.-  a  -  6. 

2 3x  +  j/  2x-y. 

3-      2a  +  3c  +  4<i  a-2c  +  3<i 

4-       X  +  1/  +  2  x-y-z. 
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5.     From  m  —  n  +  r  take  m-n  —  r. 

6 a  +  b  +  c  a  —  b  —  c. 

7 3a  +  46  +  5c  2a  +  76  +  6c. 

8 Sx  +  by-iz  3x  +  2y-bz. 

30.  We  have  given  examples  ol'  the  use  of  a  bracket.  The 
methods  of  denoting  a  bracket  are  various  ;  th;;s,  besides  the 
marks  (  ),  the  marks  [  ],  or  }  {,  are  often  employed.  Some- 
times a  mark  called  "The  Vinculum"  is  drawn  over  the  symbols 
wliich  are  to  be  connected,  thus  a  —  6  +  c  is  used  to  represent  the 
s<ime  expression  as  that  represented  by  a-{b  +  c). 

Often  the  brackets  are  made  to  enclose  one  another,  tlms 

a-[b+\c-(d-e~f)\]. 
In  removing  the  brackets  from  an  expression  of  rhis  kind  it 
is  best  to  commence  with  the  innerniosl,  and  to  lemove  the 
brackets  one  by  one,  the  outermost  last  of  all. 
Thus 

a-[b+\c-(d-i:^)\] 
=  a-[b+\c-{d-e+f)\] 
=a-[b+  \c-d-re-f\] 
=  a-[b  +  c-d  +  e  -f] 

=  a-b-c-{-d-e+f. 
Again 

5x-(3x~7)~  ;4-2x-(6x-3)} 
=  5a;-3x  +  7-  j4-2x-6a;  +  3| 
=  5x  -  3x  +  7  -  4  +  2x  +  6x  -  3 
=  10x. 

Examples.— iv.    brackets. 

Simplify  the  following  expressions,  combining  all  like  qitan- 
tities  in  each. 

1.  a -h  6  + (3a -26). 

2.  a  +  b-{a-  36). 

3.  3a  +  56  -  6c  -  (2a  +  46  -  2c). 

4.  a  +  6  -  c  -  (a  —  6  -  c). 

5.  14x-(5x-9)-j4-3x-(2x-3){. 

6.  4x-{3x-(2x-x-a)f. 

7.  15x- j7x  +  (3x  +  a^){. 
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8.  a-[ft+!a-(fe  +  a)|]. 

).  6rt  +  [4a-j86-^2a  +  46)-226|-7ft]-[76  v\^a 

-(36  + 4a) +  86  {+64 

10.  6-[6-(et  +  6)-|6-(6-a-6)|]. 

11.  2r-(6rt-6)-}c-(5a  +  26)-(a-36){. 

12.  2x -  j (f  -  (2(1  -  [3a - (4rt  -  [5a - (6a  -  a-)J)]) |. 

13.  25o- 196-[36-!4o-(56-6c)(]. 

31.  We  hiive  liitheito  supposed  the  syml'ols  in  every  ex- 
pn-ssion  used  i'or  illustnition  to  re])resent.  such,  numbers  that 
i^'.e  expressions  symbolize  results  which  would  Vje  arithmetic- 
Jly  possible. 

Thus  a  —  h  symbolizes  a  possible  result,  so  long  as  a  is  not 
less  than  h. 

If,  for  instance,  a  stands  for  10  and  /)  for  6, 

a  —  h  will  staml  for  4. 
But  if  a  stands  for  6  an<l  6  for  10, 

a  —  b  denotes  no  possible  result,  because  we  cannot 
take  the  number  10  from  the  number  6. 

But  th6u<,'h  tlit-re  can  be  no  such  a  thin.i,  as  a  negative 
number,  we  can  conceive  the  real  existence  of  a  negative 
quandly. 

To  exi)lain  this  we  must  consider 

r.  What  we  mean  by  Quantity. 
II.  How  Quantities  are  measured. 

32.  A  Quantity  is  anything  which  may  be  regarded  as 
being  marie  up  of  [larts  like  the  whole. 

Thus  a  distance  is  a  quantity,  because  we  may  regard  it  as 
inaile  up  of  parts  each  of  themselves  a  distance. 

Again  a  sum  of  money  is  a  quantity,  because  we  mav  regard 
it  as  made  uj)  of  ]»arts  like  the  whole. 

33.  To  measure  any  cpiantity  we  fix  upon  some  known 
fjuantity  of  the  same  kind  for  our  standard,  or  unit,  and  then 
any  fpiantity  of  that  kind  is  measured  by  saying  how  many 
times  it  cont^iiiH  this  unit.  an<l  this  number  of  times  is  called 
the  niiiistitr.:  nf  ilic  (juautity. 
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For  example,  to  measure  any  distance  alonrj  a  road  we  fix 
xip.m  a  known  distance,  such  as  a  mile,  and  express  all  distances 
by  saying  hov  many  times  they  contain  this  unit.  Thus  16  is 
the  measure  of  a  distance  containing  16  miles. 

^'Vgain,  to  measure  a  man's  income  we  take  one  pound  as  our 
ii.nif.,  and  thus  if  we  saiil  (as  we  often  do  .say)  that  a  :  .an's  in- 
••-or.'e  is  500  a  year,  we  should  mean  500  times  the  unit,  that  is, 
£5>'0.  Unless  we  knew  what  the  unit  was,  to  say  that  a  man's 
inc-me  was  500  would  convey  no  definite  meaning:  all  we 
shoidd  know  would  be  that,  whatever  our  unit  was,  a  pound,  a 
dollar,  or  a  franc,  the  man's  income  would  be  500  times  that 
unii,  that  is,  £500,  500  dollars,  or  500  francs. 

j'l.B.  Since  the  unit  contains  itself  once,  its  measure  is 
unr't-y,  and  hence  its  name. 

:4.  Now  we  can  conceive  a  quantity  to  be  such  that  when, 
pnc  to  another  quantity  of  the  same  kind  it  will  entirety  or  in 
p;irt  neutralize  its  effect. 

Thus,  if  I  walk  4  miles  towards  a  certain  object  and  then 
r<  turn  along  the  same  road  2  miles,  I  may  saj^  that  the  latter 
(^isiance  is  such  a  quantity  that  it  neutralizes  part  of  my  first 
journey,  so  far  as  regards  my  position  with  respect  to  the  point 
from  which  I  started. 

Again,  if  I  gain  £500  in  trade  and  then  lose  ,£400,  I  may 
say  that  the  latter  sum  is  such  a  quantity  that  it  neutralizes 
>iart  of  my  first  gain. 

If  I  gain  £500  and  then  lose  £700, 1  may  say  that  the  latter 
sum  is  such  a  quantity  that  it  neutralizes  all  my  first  gain,  and 
not  only  that,  but  also  a  quantity  of  which  the  absolute  value 
is  £200  remains  in  readiness  to  neutralize  some  future  gain. 
llegurfling  this  £200  by  itself  we  call  it  a  quantity  which  will 
have  a  subtradive  effect  on  subsequent  profits. 

Now,  since  Algebra  is  intended  to  degl  with  such  questions 
in  a  general  way,  and  to  teach  us  how  to  put  quantities,  alike 
>  ir  opposite  in  their  effect,  together,  a  convention  is  adopted, 
1  ounded  on  the  additive  or  subtradive  effect  of  the  quantities 
i  a  question,  and  stated  thus  : 

"  To  the  quantities  to  be  added  prefix  the  sign  + ,  and  to 
1he  quantities  to  be  subtraded  prefix  the  sign  — ,  and  then 
^vrite  down  all  the  quantities  involved  in  such  a  question  con- 
nected with  these  siyns." 
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Thus,  suppose  a  man  to  trade  loi-  4  years,  nn.l.  to  gain  a 
pounils  the  Hrst  year,  to  lose  h  pountls  tlie  sccou<i  veur.  t.>  -:i;u 
c  pounds  the  third  year,  and  to  lose  d  pounds  the  louith  year. 

The  aMiiivt  quantities  are  here  u  and  c,  which  we  are  to 
write  4-  a  and  +  c, 

The  sublractivc  (luaiitities  are  here  b  i-ud  <l.  Nvliirli  vm-  are  to 
write  -  b  and  -  d, 

:.  Result  of  trading  =+a-b  +  c-d. 

35  Let  us  next  take  the  case  in  which  the  gain  lor  tlie 
first  year  is  a  pounds,  and  the  loss  lor  each  ol  three  suhsetiueut 
years  is  a  pounds. 

Result  of  trading         =+a-a-a-a 
=  -  2rt. 

Thus  we  arrive  at  an  isolated  quantity  a*'  a  subtractivi 
nature. 

Arithmetically  we  interpret  this  result  as  a  loss  of  £'2a. 

Algebraically  we  call  the  result  a  neriative  quantity. 

When  once  we  have  admitted  the  possibility  of  the  inde- 
pendent existence  of  such  quantities  as  this  we  may  extend  the 
application  of  the  rules  for  Addition  an.l  Subtraction,  for 

I.  A  negative  quantity  may  stand  by  itHclf,  and  we  may 
then  add  it  to  or  take  it  from  some  other  quantity  or  expres- 
sion. 

II.  A  negative  quantity  may  stand  first  in  an  expression 
which  we  may  have  to  add  to  or  subtract  from  any  other 
expression. 

The  Rulea  for  Addition  and  Subtraction  given  in  Art.  21 
will  b»'  ai)plicable  to  these  expressions,  as  in  the  following 
Examples, 

ADDITION. 

(1)  5<i-7fl=  -  2a. 

(2)  4a-36-6o-f-76= -2a-f-46. 

(3)  To  4a  To  5a -35 
Add  -3a  Add  -2o-26 
Sum       o                         Sum      3a -56 
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(4)        6a -56-   4c  +   6  (5)         Ix-hy-^^z 

-5a  +  76-12c-17  -18x  +  0i/-52 

-  0-86  +  19C+   4  -   3a;-8(/+  z 


—  ti6+   3c—   7  —l4x  —  4y  +  oz 

SUBTRACTION. 

(1)  From         X 
Take      — y 

Remainder  x  +  y 

or  we  might  represent  the  operation  thus, 

(2)  a  +  b-{-a  +  b)  =  a  +  b  +  a-b  =  2a. 

(3)  -a  -b-(a-b)=  -a~b-a  +  b=  -2a. 

(4)  -3a+   46-    7c +10 

5a-   9Z'+   8c +19 


-8a+136-15c-  9 


(5)  x-y-[3x-\-5x-{-4y  +  7x)\] 
—  x  —  y  —  [3x  —  j  —  5a5  +  4j/  —  7x  j  ] 
=x  —  y  —  [3x  +  5x  —  4?/  +  7a;J 

=x  —  i/  —  3x  —  5a;  +  4?/  —  7x 
=  -  14x  +  3y. 

(6)  7a  +   56+   9c-12d 
-36 -12c-    8(1+   6e 


7a+   86  +  21C-   4d-6e 


In  this  example  we  have  deviated  from  our  previous  prac- 
tice of  placing  like  terms  under  each  other.  Thi^^  ari'ange- 
ment  is  useful  to  facilitate  the  calculation,  but  is  not  absolutt-lv 
necessary  ;  for  the  terms  which  are  alike  can  be  comliined 
independently  of  it. 

*  Note.  — The  meaning  of  Subtraction  is  lieie  exti-nileil  so  that 
the  result  in  Art,  18,  Case  iv.  may  be  true  when  b  is  less  than  c. 
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EXAMPLES.— V. 

(I.)  AUDITION. 
Add  togethe" 

1 .  6ffl  +  76,  -  2a     46,  and  .3ft  -  56. 

2.  -  5a  +  66  -  7c,  -  2a  +  136  +  9c,  and  7a  -  296  +  ^f- 

3.  2x  -  3]/  +  4z,  -  ox  +  4j/  -  7z,  and  -  8x  -  9?/  -  3z. 
-a  +  6-c  +  (/,  a-26-3c  +  d,  -56+4c,  and  -.5r  +  <i. 

5.  rt  +  6_c  +  7,  -2a-36-4c  +  9,  and3a  +  26  +  5c-l*' 

6.  5a;  -  3ci  -  46,  6?/  -  2a,  3a  -  2i/,  and  ;jO  -  7x. 

7.  a  +  6-c,  c-a  +  6,  26-f  +  3rt,  and  4a-3c. 

8.  7a  -  36  -  5c  +  U,  26  -  3c  -  hd,  and  -  4rf  +  15c. 

9.  -12a:-5?/  +  42,  3x  +  2(/-32,  aud9x-3i/  +  a!. 

(2.)  SUBTRACTION. 

1 .  From  a  +  6  take  -  a  -  6. 

2.  From  a  -  6  take  -  6  +  c. 

3.  From  a  -  6  +  c  take  -  a  +  6  -  c. 

4.  From  6x  -  81/  +  3  take  -  2x  +  9?/  -  2. 

5.  From  5a- 126+ I7c  take  -2a +  46 -3c. 

6.  From  2a  +  6  -  3x  take  46  -  3a  +  5x. 

7.  From  rt  +  6  -  c  tjike  3c  -  26  +  4a. 

8.  From  a  +  6  +  c  -  7  take  8     c  -  6  +  a. 

9.  From  1 2x  -  3?/  -  2  take  4i/  -  Ss  +  x. 

I  o.     From  8a  -  56  +  7c  take  2c  -  46  +  2a. 
II.     From  y/J  -  4^  +  3r  take  5(/  -  3p  +  r 


II.    MULTIPLICATION. 

36.  The  operation  of  finding  :,lie  sum  of  a  numbers  each 
equal  to  h  is  called  Multiplication. 

The  number  a  is  called  the  Multiplier. 
b   Multiplicand. 

This  Sum  is  called  the  Product  of  the  multiplication  of  h 
by  a. 

This  Product  is  represented  in  Algebra  by  three  distinct 
symbols  : 

I.  By  writing  the  sjTubols  side  by  side,  with  no   sign 
between  them,  thus,  ah  ; 

II.  By  placing  a  small  dot  between  the  symbols,  thus,  a.h; 
III.  By  placing  the  sign    x    between  the  symbols,  thus, 
axh;  and  all  these  are  read  thus,  "  a  into  h,"  or  "  a  times  I." 

In  Arithmetic  we  chiefly  use  the  third  way  of  expressing  a 
Product,  for  we  cannot  symbolize  the  product  of  5  into  7  by 
57,  which  means  the  sum  of  fifty  and  seven,  nor  can  we  well 
represent  it  by  5.7,  because  it  might  be  confoonded  with  the 
notation  used  for  decimal  fractions,  as  5-7. 

37.  In  Arithmetic 

^  2x7  stands  for  the  same  as  7  +  7. 

3x4   4  +  4  +  4. 

In  Algebra 

ah  stands  for  me  same  as  0  +  6  +  6+  ...  with  b  WTitten 

a  times, 
(a  +  6)  c  stands  for  the  same  as  c  +  c  +  c  . . .  with  c  written 
a  +  h  times. 
[S.A.]  8 
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38.     To  sihtw  that  3  times  4  =  4  times  3. 


3  times  4=     4  +  4  +  4 

=      I  +  1  ^  1  f  I    \ 

+  1  +  1  +  1  +  1    > I. 


-  1   I-  1  +  1  +  I      ' 


4times*a=      3  +  3  +  3  +  3 

=  1  +  1  +  1  \ 

+  1  +  1  +  1  f  jj 

+1+1+1  i 

+1+1+1  J 

Now  the  results  obtained  from  I.  and  II.  must  l)e  the  same, 
for  the  horizontal  cohinms  of  one  are  identical  witli  th('  verti- 
cal columns  of  the  other. 

39.     To  prove  that  ah  =  ha. 

ah  means  that  the  sum  of  a  numbers  each  ecjual  to  b  is  to 
be  taken. 

.'.06=     h  +  h+ with  6  written  a  times 

=  b 
+  b 
+ 

to  a  lines 

=      1  +  1  +  1  + to  ft  terms  ^ 

+  1  +  1  +  1  + to  6  terms  f  ^ 

+ I 

to  a  line.s.  ' 

A^ain, 

ba=     a  +  n  + with  rt  written  6  times  #' 

■■     o 
+  a 

+ 

to  b  lines 

■=     1  +  1  +  1  + to  rt  terms  ^ 

+  1  +  1  +  1  + tor/  terms  f 


..IL 

to  b  lines  ) 
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Now  the  results  oV)tainecl  from  I.  and  II.  must  be  the  same, 
for  the  horizontal  columns  of  one  are  clearly  the  same  as  the 
vertical  columns  of  the  other. 

■40.  Since  the  expressions  ah  and  ha  are  the  same  in  mean- 
ing, we  may  regard  either  a  or  h  as  the  multiplier  in  forming 
the  product  of  a  and  h,  and  S'o  we  may  read  ab  in  two  ways  : 

(1)  a  into  h, 

(2)  a  multiplied  by  h. 

41.  The  expressions  abc,  acb,  hac,  bca,  cab,  cha  are  all  the 
same  in  meaning,  denoting  that  the  three  numbers  symbolized 
by  a,  b,  and  c  are  to  be  multiplied  together.  It  is,  however, 
generally  desirable  that  the  alphabetical  order  of  the  letters 
representing  a  product  shoula  be  observed. 

42.  Each  of  the  numbers  a,  b,  c  is  called  a  Factor  of  the 
product  abc. 

43.  When  a  number  expressed  in  figures  is  one  of  the 
factors  of  a  product  it  always  stands  first  in  the  product. 

Thus  the  product  of  the  factors  x,  y,  z  and  9  is  represented 
by  9xyz. 

44.  Any  one  or  more  of  the  factors  that  make  up  a  product 
is  called  the  Coefficient  of  the  other  factors. 

Thus  in  the  expression  2ax,  2a  is  called  the  coefficient  of  x. 

45.  T\Tien  a  factor  a  is  repeated  tvnce  the  product  would 
be  represented,  in  accordance  w^ith  Art.  36,  by  aa ;  when  three 
times,  by  aaa.  In  such  cases  these  products  are,  for  the  sake 
of  brevity,  expressed  by  writing  the  symbol  with  a  number 
placed  above  it  on  the  right,  expressing  the  number  of  times  the 
symbol  is  repeated ;  thus 

instead  of      aa  we  write  a^ 

aaa    a^ 

aaaa    a* 

These  ej^pressions  a^,  a^,  a* are  called  the  second,  third, 

fourth PoiVEiis  oi  a. 

The  number  placed  over  a  symbol  to  express  the  power  of 
the  symbol  is  called  the  Index  or  Exponent. 

a^  is  generally  called  the  square  of  a. 
a^ the  cube  of  a. 


MULTIPLICA  TION. 


46.  The  product  of  a^  and  a?  =  a^x  a^ 

=  aax  aaa  =  aaaaa  =  a^. 

Thus  the  index  of  the  resulting  power  is  the  sum  of  the 
indices  of  the  two  factors. 

Similarly  a*  xa^  =  aaaa  x  aaaaaa 

=  aaaaaaaaaa  =  a^"  =  a*+*. 

If  one  of  the  factors  be  a  symbol  without  an  index,  we  may 
assume  it  to  have  an  index ^  that  is 

Examples  in  multiplying  powers  of  the  same  symbol  are 

(1)  a  X  ci^  =  a^+-  =  a^. 

(2)  7a3  X  5a7  =  7  X  5  X  a3  X  a^  =  35aW  =  35aio. 

(3)  a3  X  o«  X  «»  =  a3+«+9  =  a^». 

(4)  x^  xxy^  =  x-.y.x.y^  =  x'^.x.y.y^=x^'^^.y^'^^=a^. 

(5)  a%  X  ab^  x  a^b'  =  a^+^+\  ¥+^+^  =  a*.  6". 

Examples.— vi. 

Multiply 

I.  X  into  3y.  2.  Sx  into  4y.  3.  3xy  into  4xy. 

4.  3abc  into  ac.  5.  a^  into  a*.  6.  a^  into  a. 

7.  3<(-6  into  4a362.  g.  7a*c  into  5a26cl  9.  I5ab*c^  by  12a%. 

10.  7aV  by  4a26c-^      1 1,  a*  by  3a^         "  X2.  4a^6a;  by  Saft-y. 

13.  19r'i/2  by  4  xj/V.   14.  17a6''«  by  Sftc^y.  15.  Qx^yh'-' hy  Sxhjh^. 

16.  3rt6c  by  4aa;?/.         17.  a^fe'^c  by  Sa^tV  18.  dm^p  hym^n^'K 
19.  «(/%  by  &a;V.         20.   lla^ftx  by  3a''6"'?>i'''. 

47.  The  rules  for  the  addition  and  subtraction  of  powers 
are  similur  to  those  laid  down  in  Chap.  1.  for  simple  quantities. 

Thus  the  sum  of  the  second  and  third  powers  of  x  is  repre- 
sented by 

x'^  +  x^, 

and  the  remainder  after  taking  the  fourth  power  of  y  from  the 
fifth  jjower  of  y  is  represented  by 

and  these  expressions  cannot  be  abridged, 
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But  when  we  have  to  add  or  subtract  the  same  powers  of 
the  same  quantities  the  terms  may  be  combined  into  one  : 
thus 

3i/^  +  57/^  +  lif"  —  \hy^, 

8a:4-5x'»  =  3a;*, 

%■''  —  3?/'  —  2i/*  =  4i/^. 

Again,  whenever  two  or  more  terras  are  entirely  the  same 
with  respect  to  the  symbols  they  contain,  their  sum  may  be 
abridged. 

ThuB  ad,-\-a(L  =  2ad, 

3a^b-2a-b  =  a% 

ba^b^  +  6a^b^  -  9a%^  =  2aW, 

Id-x  —  lOa^x  —  12a-x  =  —  \ba-x. 

48.  From  the  multiplication  of  simple  expressions  we  pass 
on  to  the  case  in  which  one  of  the  (quantities  whose  product  is 
to  be  found  is  a  compound  expression. 

To  shew  that  (a  +  b)  c  =  ac  +  be. 

(a  +  b)  c  =  c  +  c  +  c+  ...  with  c  written  a  +  b  times, 

=  {c  +  c  +  c+  ...  with  c  written  a  times) 
+  {c  +  c  +  c  ...  with  c  written  b  times), 

=  ac  +  be. 

49.  To  shew  that  (a  —  b)  c  =  ac  —  be. 

{a  —  b)c  =  e  +  c  +  e+  ...  with  c  written  a  —  b  times, 
=  (c  +  c  +  c  +  ...  with  c  written  a  times) 

—  (c  +  c  +  e...  with  c  written  b  times), 
=  ae  —  be. 
Note.    We  assume  that  a  is  greater  than  b. 

50.  Similarly  it  may  be  shewn  that 

,  (a  +  b  +  c)  d=ad  +  bd  +  cd, 

(a  -b  —  e)  d  =  ad  —  bd  —  cd, 
and  hence  we  obtain  the  following  general  rule  for  finding  the 
product  of  a  single  symbol  and  an  expression  consisting  of  two 
or  more  terms. 

"  Multiply  each  of  the  terms  by  the  single  symbol,  and  con- 
nect the  terms  of  the  result  by  the  signs  of  the  several  terms 
of  the  compound  expression."  ■ 


j4  MUL  TI PLICA  TION. 


Examples.— vii. 

Multiply 

1.  a  +  b-chya.  7-  S/'i^  +  ^mn  +  lOn^  by  mn. 

2.  a  +  36  -  4c  by  2a.  8.  9a«  +  4a«6  -  Sa^ft^  +  Aa%^  by  2a6. 

3.  a3  +  3o2  +  4a  by  a.  9-  •'^'2/' "  ^'j/'  +  ^J/ "  "^  ^^  "^^• 

4.  3,t3   -  5«2  -  (Ja  +  7 by  3a-.    i o.  m^  -  S^n^n  +  3»n./i2  -  n^  by  ?i. 

5.  a^-2ab  +  U-hyab.  u.   }  2a^b  -  6a'b^  +  bab^  hy  Ua'bl 

6.  «3  _  3a262  +  f,3  by  ^a'-b.       12.  13x^-1  Tx^!/  +  5xy^  -  y"  by  8j:?/. 

51.     We  next  proceed  to  the  case  in  which  both  multiplier 
and  niulliplicand  are  comjiomid  expressions. 
First  to  multiply  a  +  b  into  c  +  d. 
Represent  C  +  d  by  x. 

Then    (ft  +  6)(c  +  d)  =  (a  +  ft)* 

=  aa;  +  6x,  by  Art.  48, 

=  a{c  +  d)  +  b{c  +  d) 

=  ac  +  ad  +  bc  +  bd,  by  Art.  48. 

The  same  result  is  obtained  by  the  following  process : 
c  +  d 
a  +  b 

ac  +  ad 

+  bc  +  bd 

ac  +  ad  +  bc  +  bd 
which  may  be  thus  described  : 

Write  a  +  b  con.sidered  as  the  multiplier  under  c  +  d  con- 
sidered as  the  multiplicand,  as  in  con)mon  Arithmetic*  Then 
multiply  eacli  term  of  the  multiplicand  by  a,  and  set  down  tlie 
result  Next  multii.lv  each  term  of  the  multiplicand  by  b,  and 
set  down  the  result  und.^r  the  result  obtained  before.  The 
sum  of  the  two  results  will  be  the  product  required. 

Note.  The  second  result  is  shifted  one  place  to  the  right. 
The  object  of  this  will  be  seen  in  Art.  56. 


C^ 
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52.     Next,  to  multiply  a +  6  into  c-d. 
Represent  c  —  d  by  x. 

Then     {a  +  b){c-d)  =  (n+b)x 
—  ax  +  bx 

=  a{c-d)  +  b(c-d) 
=  ac-  ad  +  bc-  bd,  by  Art.  49. 
From  a  comparison  of  tliis  result  with  the  factors  from 
which  it  is  pi-oduced  it  appears  that  if  we  regard  the  terms  of 
the  multiplicand  c~d  as  independent  quantities,  and  call  them 
+  cand  -(/,  tiie  effect  of  multiplying  the  positive  terms  +a 
and  +b  into  the  positive  term  +cis  to  produce  two  positive 
terms  +ac  and  +bc,  whereas  the  effect  of  multiplying  the 
positive  terms  +a  and  +b  into  the  negative  term  -rfls  to 
produce  two  negative  terms  -ad  and  -bd. 

The  same  result  is  obtained  by  the  following  process  : 
c  —  d 
a  +  b 
ac  —  ad 
+  bc-bd 

ac  —  ad  +  bc  —  bd 

This  process  may  be  described  in  a  similar  manner  to  that 
in  Art.  51,  it  being  assumed  that  a  positive  term  multiplied 
into  a  negative  term  gives  a  negative  result. 

Similarly  we  may  shew  that  a-b  into  c  +  d  gives 
ac  +  ad  —  be  —  bd. 

53.     Next  to  multiply  a-b  into  c-d. 
Represent  c-d  by  x. 

Then        {a-b){c-d)  =  {a-b)x  ' 

=  ax  —  bx 

=  a{c-d)-b(c-d) 
=  {ac-ad)-{bc-bd),  by  Art.  49, 
=  ac  —  ad  —  bc-T  bd. 

WAen  we  compare  this  result  with  the  factors  from  which 
it  is  produced,  we  see  that 

The  product  of  the  ]iositive  term  a  into  the  positive 
term  c  is  the  f)ositive  term  ac. 
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The  product  of  the  positive  term  a  into  the  negative 

term  -  il  is  the  negative  term  -  aH. 
The  product  of  tlie  negative  term  -  h  into  the  positive 

term  c  is  tlie  negative  term  -  6c. 

The  product  of  the  negative  term  -I  into  the  negative 

term  -d  is  the  positive  term  M. 

The  multipUcation  of  c-d  by  0-6  may  be  written  thus  : 

c  — d 

a-h 

ac  —  ad 
—  bc-^hd 


ac  —  ad  — be  +  bd 


54.  The  results  obtained  in  the  preceding  Aiticle  enable  us 
to  state  what  is  called  the  Role  of  Signs  in  Multiplication, 
which  is 

"  The  product  of  two  positive  terms  or  of  ttvo  negative  termn 
is  positive :  the  product  of  tico  terms,  ow  of  which  is  positive  and 
the  other  negative,  is  negative." 

55.  The  foUowiii;.,'  more  concise  proof  may  now  be  given  of 
the  Rule  of  Signs. 

To  shew  that    (a  -  6)(p  -d)  =  ac-  ad  -bc  +  bd. 
Tirat,  {a -b)M=M  +  M+M+  ...withxlf  written  o-&  times, 
=  (^M  +  M  +  M+  ...  with  M  written  a  times) 

-(M  +  M  +  M+  ...  with  M  written  h  time.s), 
^aM-bM. 
Next,  let  M=c-d. 
Then  aM  =  a{c-d) 

^{c-d)a  Art.  39. 

=  ca-da.  Art.  49. 

Similarly,  bM=cb -  dh. 

:.  (a-b){c-d)  =  {ca-(la)-{cb-db). 
Now  to  Mibtnict  {cb-dh)  from  (ca-da),  if  we  take  awav  cb 
we  take  away  db  too  mucli,  and  we  must  therefore  add  (ff)  to 
the  resvilt, 

.•.  we  get  ca-da  —  cb  +  db, 
which  is  the  same  a.s  ac  -  nd  -  he  +  bd.  Art.  33. 
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So  it  appears  that  in  multiplying  (a-J)  (c-rf)  we  must 
multipl)'  each  term  in  one  factor  by  each  term  in  the  other 
and  prefix  the  sign  according  to  this  law  :— 

When  the  factors  multiplied  have  like  signs  prefix  +  when 
unlike  -  to  the  product.  ' 

This  is  the  Kule  of  Signs 

56.     We  shall  now  give  some  examples  in  illMstration  of  the 
pnnciples  laid  down  in  the  last  five  Articles. 

Exaraples  in  Multiplication  wm-ked  out. 

(1)  Multiply  X  +  5  by  X  +  7.  (2)  Multiply  x  -  5  by  x  +  7. 

x—b 
x  +  7 


ay^  —  5x 
+  7x~3b 


x^  +  2x-35 

_  The  reason  for  shifting  the  secon<l  result  one  place  to  the 
nght  IS  that  It  enables  us  generally  to  place  like  terms  under 
eacn  other. 

(3)  Multiply  x  +  5  by  x-7.         (4)  Multiply  x-5  by  x-7. 

^+5  X-   5 

-5ZI  X-   7 

«^+5x  ^^T^ 

_^^*^  -   7X  +  35' 

(^)^^^tipl7^'  +  fhyx^-y\(e)Mnltiplr3ax-obyhy7ax-2by. 
t-t  3ax-   bin, 

^^  ~^  -    (iabxy+lObY 

^  ~y*  21a2x--41atez,+To6'y 
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a2  +  6a   +9 
o-  —  6(1    +9 


57.  The  process  in  the  multiplication  of  factors,  one  or 
both  of  which  contains  n>ore  tlian  two  terms,  is  similar  to  the 
processes  which  we  have  been  describing,  as  may  be  seen  Irora 
the  following  examples  : 

Multiply 

(1)    x2  +  xi/  +  i/2byx-i/.  (2)  o246a  +  9bya2-6a  +  9. 

a;2  +  351/  +  y'' 

g-y 

x3^x2i/  +  xj/«  o«  +  6a3  +  9a2 

-xhi-ry^-f  -6o3-36a2-54a 
,      , +9rt'-   +  54a +  81 

a*-18a2  +  81 
(3)     Multiply  3x2  +  4an/  - 1/2  by  3r2  -  4xt/  +  y^ 

3x2+     4x1/     _     1/2 

3x2-   4xj,    +   f 

-12x31/ -16x21/2  +  4x1/3 

+   3x21/2  +  4x1/3-1/* 
~~  9x*-16x''j/'-  r    8X1/3    _yi 
(4)     To  find  the  continued  product  of  x  +  3,  x  +  4,  and 
x  +  6. 
To  em-ct  this  we  must   multiply  x  +  3  by  x  +  4,  and  then 
,„nlliply  the  result  by  .c  +  6. 
x+    3 
x+4 

x2+   3x 

+    Ax   i  \Z 

x2+    7x  +  12 
x+    6 

.r''+    7x2  +  12.r 
+   6x2  +  42x  +  72 

x3  +  13x2  +  54x  +  72 

^ote      Tlic  numbers  13  and  54  are  called  the  coeflidents  of 
•  x2  and'x  in  the  expression  x^ .  13x2-.  54x  +  72,  in  accordance 
with  Art.  44. 
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(5)  Find  the  continued  product  of  x  +  a,  a;  +  h,  and  x  +  c. 


x  +  a 
x  +  b 

x^  +  ax 
+  bx  +  ab 


X'  +  ax  +  bx  +  ab 
x  +  c 

ar'  +  ax-  +  bx^  +  abx 
+  a^  +  OCX  +  bcx  +  abc 


x'^  +  {a  +  b  +  c)x^  +  (ab  +  ac  +  bc)x  +  abc 

Note.     Tlie  coefficients  of  x-  and  x  in  the  expression  just 
obtained  are  a  +  b  +  r,  and  ab  +  ac  +  be  respectively. 

When  a  coetlicient  is  expressed  in  letters,  as  in  this  example, 
it  is  called  a  literal  coefficient. 


Examples.— viii. 


Multiply 

I.  x  +  3  hy  j:  ,  0. 

4.  x  — 8  by  a;  — 7. 

7.  X^  _  4  by  a;2  4.  5 

9.  a;-  +  5x  —  3  by  x^  —  5x  -  3. 

II.  x^  —  X  + 1  by  X-  +  X  —  1. 

13.  x^  +  xy  +  y-hy  x-y. 


2.  x  +  15  by  x-7. 
5.  a-3  by  rt  — 5. 
8.  x2- 


3.  X—  12  by  x  +  IC 
6.  i/-6by  1/  +  13. 
6x-i-9  by  x2-6x  +  5. 

10.  a^  —  3a  T  2  by  a^  —  3a''  +  2. 

1 2.  X-  +  xy  +  2/-  by  x- —xy  +  y^. 

14.  a-  —  X-  by  a*  +  a-x^  +  x*. 


x^  -  3x-  +  3x  -  1  bv  X-  +  3x  +  1. 
x'  +  3x-j/  -r  9j-'i''  +  27?/^  by  x  -  3y. 
a^  +  2a26  -i  4((//-  +  86^  by  a  -  -lb. 
Sa^  +  4a-b  t  ■2ab-  +  b^  by  2a  -  b. 
a"  -  Id^b  +  3a62  +  46^  by  a-  -  2a6  -  36-. 
oS  +  3a26  -  2a6-  +  36^  by  vC-  +  2a6  -  36^. 
a-  —  2ox  +  4x-  by  a-  -r  2rtx  +  4x^. 
9a-  +  3ax  +  x-  1  ■>'  9a-  -  3ax  +  x^. 
X*  —  2ax-  +  4a-  1  )y  .c'  +  2ax2  -f-  4o-. 
a^  -H  6^  -i-  c-  —  ((6  -  ac  —  //c  1  ly  a  -H  6  -I-  c. 
X-  -)-  4x1/  -f  5*/-  by  X"  -  3x-^  -  2x?/'^  -t-  3j/^. 
a6  +  cd  -i-  ac  -f  bd  by  a?;  f-  C(/  -ac  —  bd. 

Find  the  continued  product  ot  the  following  expression  : 
27.    X  — a,  x  +  a,  x^  +  a-,  x*  +  a*.         28.     x  — a,  x  +  6.  x  — c, 


15 

16 

17 
18 
19 
20. 
21 
22 

23 

24. 

25 
26, 
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29.  1  -  X,  1  +  X,  1  +  X^,  1  +  X*. 

30.  X  - 1/,  X  +  y,  x2  -  xj/  + 1/2,  x^  +  xi/  + 1/2. 

31.  a-x,  a  +  x,  a^  +  x^,  o*  +  xS  o^  +  x*. 

I'ind  the  coefficient  of  x  in  the  following  expansions  : 
^,2.     (x-5)(x-6)(x+7).  33.  (x  +  8)(x  +  3)(x-2). 

34.     (x-2)(x-3)(x  +  4).  35.  (x-a\{x-h){x-c). 

36.  (x2  +  3x-2)(x2-3x  +  2)(x*-5). 

37.  (X2-X  +  1)(X2  +  X-1)(X*-X2+1). 

38.  (x^-ma+lXx^-TJix-lXx^-m^x-l). 

58.  Our  proof  of  the  Rule  of  Signs  in  Art.  55  is  founded 
on  the  supposition  that  a  is  greater  than  h  and  c  is  greater 
tlian  rf. 

To  include  ca.ses\n  which  the  viultiplier  is  an  isolated  nega- 
tive quantity  we  must  extend  our  definition  of  Multiplication. 
For  the  definition  Ljiven  in  Art.  36  does  not  cover  this  case, 
since  we  cannot  say  that  c  shall  be  taken  -d  times. 

We  give  then  the  following  definition.  "  The  operation  of 
Multiplication  is  such  that  the  product  of  the  factors  a-b  and 
c - d  will  be  equivalent  to  ac-ad-bc  +  bd,  what&oer  may  be  the 
values  of  a,  b,  c,  d." 

Now  since 

(a-b)  {c-d)  =  ac  —  ad-bc  +  bd, 

make  a=0  and  d  =  0. 

Then         (0-6)  (c-0)  =  0  x  c-OxO-5c  +  6xO. 

or  —hxc=—bc. 

Similarly  it  may  be  shewn  that 

-bx  -d=  +bd. 

Examples.— ix. 

Multiply 
I .  a-  by  -  6.  2.  a^  by  -  a'.  3.  a^b  by  -  atl 

4.   -  4a26  by  -  3a62.     5.  5xh/  by  -  6xyl     6.  a^-ab  +  ¥  by  -  a. 
7.  3a3  +  4a2  -  5o  by  -  2a2.  8.      -a^-a--ahy -a-l. 

9.     3x-j/  -  5x1/2  +  4y3  },y  _  2x  -  3y. 
I  o.      -  5m"''  -  6mn  +  7  n2  by  —m  +  n. 

11.  13r2-17r'-45by  -r-3. 

12.  7x3-8x22-922  by  -X-2. 

13.  —  x*  +  x*i/ - x3i/2  by  -y- X. 


III.   INVOLUTION. 

59.  To  this  part  of  Algebra  belongs  the  process  called 
Involution.  This  is  the  operation  of  multiplying  a  quan- 
tity by  itself  any  number  of  times. 

The  power  to  which  the  quantity  is  raised  is  expressed  by 
the  number  of  times  the  quantity  has  been  employed  as  a 
factor  in  the  operation. 

Thus,  as  has  been  already  stated  in  Art.  45, 
a^  is  called  the  second  power  of  a, 
a?  is  called  the  third  power  of  a. 

60.  When  we  have  to  raise  negative  quantities  to  certain 
powers  we  symbolize  the  operation  by  putting  the  quantity  in 
a  bracket  with  the  number  denoting  the  index  (Art.  45)  placed 
over  the  bracket  on  the  rij^ lit  hand. 

Thus        (  —  of  denotes  the  third  power  of  —  a, 
(  —  2x)*  denotes  the  fourth  power  of  —  2x. 

61.  The  signs  of  all  even  powers  of  a  negative  quantity 
will  be  positive,  and  the  signs  of  the  odd  powers  will  be 
negative. 

Thus  (-a)2  =  (-a)x(-a)  =  a2, 

(-a)3  =  (-rt).(_rt)  {-a)  =  aK{-  a)=-al 

62.  To  raise  a  simple  quantity  to  any  power  we  multiply 
the  index  of  the  quantity  by  the  number  denoting  the  power 
to  which  it  is  to  be  raised,  and  prefix  the  proper  sign. 

Thus  the  square  of  a?  is  a^, 

the  cube  of  a^  is  a", 
the  cube  of  -  x^yz^  is  -  ufiyh^. 
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63.     We  form  the  second,  third  and  toarth  powers  of  a  +  6 
ill  the  foUowiug  mannpr  : 

a  +  6 
a  +  6 


+   a2ft  +  2rt62  +  53 

(a  +  6)3  =  n?  +  3a26  +  aaf^  +> 
a  +6 


a*  +  3a36  +  3o26'''  +  a63 


Here  observe  the  following  laws  : 

I.  Tlie  indices  of  a  decrease  fiy  unity  in  eaoh  term. 
II.  The  indices  of  h  increase  In'^  unity  in  each  term. 
III.  The  numerical  coefficient  of  the  second  term  is  always 
the  .^ame  as  the  index  of  tlie  power  to  which  the 
binomial  is  raised. 

64.     We  form  the  second,  third  and  fourth  powers  of  a  -  6 
in  the  following  mnnncr: 

a  -  h 
a-h 

a^-ab 
-ab  +62 

(a-6)2=^'-2rt6  +  62 


a^  -  2a-b  -)  ab' 

-  d?b  +  loh'-b^ 

(a,-by  =  a^-::<r:,  .  3-///- -  6^ 
(I 

(»■'  —  ;><'■'•  I  ■'.<(-ii-  - (»//' 

-  aV;  +  3'i2ft2-3a6''  +  6* 
(a  _  6)4  =  a*  -  4«-'6  ^  6a-6-  -  4(t6''  +  6*. 
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Now  obsen'e  that  the  powers  of  a  -  6  do  not  differ  from  tlie 
powers  of  a  +  b  except  that  the  terms,  in  which  the  odd  powers 
of  b,  as  b\  P,  occur  have  the  sign  -  prefixed. 

Hence  if  any  power  of  a  +  6  be  given  we  can  write  the 
corresponding  power  of  a~  b  :  thus 
since         (a  +  bf  =  a^  +  oa*b  +  lOa^b-  +  IQaW  +  bah*  +  ¥, 
{a  -  bf  =  «» -  5a*b  +  lOa^b-  -  lOa-b^  +  5ab*  -  ¥. 

65.  Since  (a  +  b)- =  a- +  b- +  2ab  and  {a-by=a'^  +  b'^-2ab, 
it  appears  that  the  st^uare  of  a  binomial  is  formed  by  the 
following  process  : 

"  To  the  sum  of  the  squares  of  each  term  add  twice  the 
product  of  the  terms." 

Th  us  (x  +  yf  =  a-  +  i/^  +  2xy, 

(x-5)2  =  x--f25-10j;, 

(2x  -  7i/)2  =  4x-  +  49i/-  -  28x2/. 

66.  To  form  the  square  of  a  trinomial : 

a  +  b  +  c 
a  +  b  +  c 

a^  +  ab  +  ac 
+  ab  +  b^  +bc 
+  ac  +  bc  +  c^ 


a?  +  2ab  +  6-  +  2ac  +  26c  +  c\ 

Arranging  this  result  thus  0^  +  ^  +  c-  +  2ab  +  2ac  +  26c,  we  set 
that  it  is  composed  of  two  sets  of  quantities  : 

I.  The  squares  of  the  quantities  a,  6,  c. 
II.  The  double  products  of  a,  6,  c  taken  two  and  two. 
Now,  if  we  form  the  square  of  a  -  6  -  c,  we  get 
a-6-  c 
a-6-c 

a?-(ib-ac 
-ab  +  b^  +  bc 

-ac  +  bc  +  c^ 


a2  _  2a6  +  6^  -  2ac  +  26c  +  c^. 
The  law  of  formation  is  tlie  same  as  before,  for  we  have 
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I.  The  squares  of  the  quantities. 

II.  The  double  jnoducts  of  «,  -h,-c  taken  two  by  two : 
the  sign  of  each  result  being  +  or  - ,  according  as 
the  signs  of  the  algebraical  quantities  composing  it 
are  like  or  unlike. 

67.  The  same  law  holds  good  for  expressions  containing 
more  than  three  terms,  thus 

{a  +  b  +  c  +  df  =  a^  +  b'  +  c-  +  d^ 

+  2ab  +  2ac  +  2arf  +  2bc  +  2M  +  2cd, 
{a-b  +  c-  d)^  =  a^  +  b^-  +  c-  +  d'^ 

-  2ab  +  2ac  -  2ad  -  2bc  +  2bd  -  2cd. 

And  generally,  the  square  of  an  expression  containing  2,  3, 
4  or  more  terms  will  be  formed  by  the  following  proti -s  : 

"  To  the  sum  of  the  squares  of  each  term  add   twice  the 
product  of  each  term  into  each  of  the  terms  that  tuliow  it." 

Examples.— X. 

Form  the  square  of  eadi  of  the  following  expressions  : 
I.  x  +  a.         2.  x-a.        3.  .T  +  2.        4.  x-Z.  5.  x^  +  y\ 

6.  x^-y\      7.  a^  +  P.      8.  a^-b^.      9.  x  +  y  +  z.     10.  x-y  +  z. 

11.  m  +  n-p-r.         12.  x''  +  2x-3.  13.  x^-dx-hl. 

14.   2x2-7x4-9,  15.  x-  +  y--z'^.  16.  x*-4xh/  +  y*. 

17.  a^  +  P  +  c^.  18.  r^-y'-!^.  19.  x  +  2y-Sz. 

20.  X-  -  2)/2  +  52*, 

Expand  the  following  expressions  : 
21.  {x  +  (if.        22.  (x-a)'.         23.  (x+1)^  24.  (x-1)^ 

25.  (x  +  2)l        26.   (a2-62)^       27.  {n  +  b  +  cf.     28.  (a-b-cy. 
29.  {m  +  n)-.{m  -  n)'.  30.  {rti  +  ny. {171^  —  11^). 

68.  An  algebraical  product  is  said  to  be  of  2,  3 dimen- 

sioiht,  wh<!n  the  sum  of  the  indices  of  the  quantities  composing 
the  product  is  2,  3 

Thus  ff'i  is  an  expression  of  2  dimensions, 

aWc  is  an  expre.ssion  of  5  dimensions. 
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69.  An  algebraical  expression  is  called  homogeneovs  when 
each  of  its  terms  is  of  the  same  dimensions. 

Thus  x^  +  xy  +  y-  is  homogeneous,  for  each  term  is  of  2  dimen- 
sions. 

Also  3x^  +  4x-i/ +  5y^  is  homogeneous,  for  each  term  is  of  3 
dimensions,  the  numerical  coeiiicients  not  affecting  the  dimen- 
sions of  each  term. 

70.  An  expression  i-;  said  to  he  arranged  according  to 
powers  of  some  letter,  when  the  indices  of  that  letter  occur  in 
the  order  of  their  magnitudes,  either  increasing  or  decreasing. 

Thus  the  expression  a2  +  a-x  + ax- +  a;3  is  arranged  according 
to  descending  powers  of  a,  and  ascending  powers  of  x. 

71.  One  expression  is  said  to  he  of  a  higher  order  than 
another  when  the  former  contains  a  higher  power  of  some  dis- 
tinguishing letter  than  the  other. 

Thus  a^  +  a-x  +  dx^  +  x^  is  said  to  be  of  a  higher  order  than 
g2  ^ax  +  x^,  with  reference  to  the  index  of  a. 


IV.    DIVISION. 

72.  Division  is  tlie  process  by  which,  when  a  product  is 
given  and  we  know  one  of  the  factors,  the  other  factor  is  deter- 
mined. 

The  product  is,  with  reference  to  this  process,  called  the 
Dividend. 

The  given  factor  is  called  the  Divisor. 

The  factor  which  has  to  be  i'ouiul  is  called  the  Quotient. 

73.  The  operation  of  Division  i.s  denoted  by  the  sign  -^ . 
Thus  ab-^a  signifies  that  ab  is  to  be  divided  by  o. 

The  same  operation   is  denoted   by  writing  the    dividend 

uNc;r  the  divisor  with  a  line  drawn  between  them,  thus—. 

In  this  chapter  we  shall  treat  only  of  cases  in  which  the 
dividend  contains  the  divisor  an  exact  number  of  times. 
[S.A.J  Q 
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Case  I. 

74.  When  the  divickiid  aiul  divisor  are  each  included  in 
a  single  term,  we  can  usually  tell  by  inspection  the  factors  of 
which  each  is  composed.  The  quotient  will  in  this  case  be 
represented  by  the  factors  which  remain  ill  the  dividend,  when 
those  factors  which  are  common  to  the  dividend  and  the  di- 
'isor  have  been  removed  from  the  dividend. 

rp,  ah 

Ihus  T-  =  o, 

0 

So'-^    3aa    _ 
—  = — =3a, 
a       a         ' 

a*    aaaaa 


Thus,  when  one  power  of  a  number  is  di-\nded  by  a  smaller 
power  of  the  same  numl)er,  the  quotient  is  that  ]K)wer  of  the 
number  whose  index  is  the  difference  between  the  indices  of  the 
dividend  and  the  divisor. 

Thus  '^=a^-^-''=a', 

a" 

1.5a362     .  „, 
--  J— =  5rt2fc. 
'3a  0 

75.  The  quotient  is  unity  when  the  dividend  and  the 
divisor  are  equal. 

Thus  -  =  1;        -^^=1; 

and  tliia  will  Imld  true  wneu  the  dividend  and  the  divisor  are 
compound  quantities. 


Thus 


Examples.— xi. 

Divide 
1.  x"  by  a^.  2.  ac"*  by  x^.  3.  xhj-  by  xy. 

4.  3^y^:^\)y  xyh.  5.  ^AnH^chy  4rth.         6.  12a-h"r?hy^a-h'^c, 

7.  256a'67c0by  16^^ic•^  8.   133l7rt'"«"p'2  by  llmVy. 

o.  60a'x^  by  5xy.  10.  Qiia*b^c^  by  126c, 
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Case  II. 

76.     If  the   divisor  be  a  single  term,  while  the  dividend 

contains  two  or  more  terms,  the  quotient  will  be  loiind  Viy" 

dividing  each  term  of  the  dividend  separately  by  the  divisor 

and  connecting  the  results  with  their  proper  signs. 

„,                                         ax  +  hx  , 

Thus  =  a  +  b, 

X 

a\r:^ -r  a-x- +  ax       „  „ 

=  a-x^  +  ax  +  l, 


ax 


=  3a;V  +  4x2/-2. 


4an/2 

Examples.— xii. 

Divide 

1 .  x^  +  2x-  +  X  by  x.  4.  mpx*  +  m-p-x^  +  m^p^  by  mp. 

2.  "if  -y^  +  y^  —  y^  by  y"^.  5 .  1  QaHy  —  28a-x''  +  Aa-x?  by  Ac(?x. 

3.  8«3  +  i6a26  +  24a62by8a.  6.  72rY-36xy-18x-2y2by  9.c>. 

7.  Slm^/i^  -  54m°>i^  +  ilrn^n^  by  Zmhi^. 

8.  U-jfiy^  -  Sxh/  -  4xh/  by  4x3. 

9.  169a*6  -  1 1  la%-  +  9la-b  by  I3a^ 
10.  361l^(^  +  228b*c*-133b^c^hy  iWc. 

77.  Admitting  the  possibility  of  the  independent  existence 
of  a  term  afl'ected  with  the  sij^n  - ,  we  can  extend  the  Exam- 
ples in  Arts.  74 — 76,  by  taking  the  first  term  of  the  diviiiend 
or  the  divisor,  or  both,  negative.  In  such  cases  we  applv  the 
Rule  of  Signs  in  Multijjlication  to  form  a  Rule  of  Signs  in 
Division. 

Thus  since  —axb=  -ab,  we  conclude  that  ~  ~  =  —  «, 

,1  —ab 
ax  -b=-ab,    ~_h^^' 

—ax  -o  =  ao,       — ,  =  —  a • 

—  0 
and  hence  the  rules 

I.  When  the  dividend  and  the  divisor  have  the  same 

sign  the  quotient  is  positive. 
II.  When   the   dividend  and    the   divisor  have  different 
signs  the  quotient  is  negative. 
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78.     The  following  Examples  illnstrate  the  conclusions  just 
obtaineil  : 

/IN    "^^•'^'  7  /ON     -27x3)/^     „     „ 

(1)    --^-  =  -«'^.  (3)    -3^=9x2/='. 

(2>    -^6x^     =-3«i-X".  (4)    -_^    =-a  +  6. 

(5) h      "        =  -lr  +  ah-  -  a-h  +  a\ 

-12xV  +  16xV-8ay     „22      . 
^^^      ~  -4x1/2    '^       =3x^-4x7/ +  2. 


Examples.— xiii. 

Divide 

1.  72«6by— 9rt6.  6.  —  a  V  -  a-x"  —  nx  l\v  —  ox. 

2.  -  60aS  In- -  4rt\  7.   -34a''  +  51a2-17ax'-'bvl7a. 

3     -  84x*(/»  by  4x-'^!/^  8.  -  8a^//2  _  24,i'i63  .^  ;.2„rft8  i,y  _  4a:<b2^ 

4.  -  18m3?i2  by  37?m.  9.   -  144x-''  +  lOSx^;/-  96x?/2  by  12x. 

5.  -  128a36-;c  by  -  86c.     10.  h^jch^  -  Ir-x^z^  -  tyz^  by  -  V^K 

Case  III, 

79.  The  thirri  case  of  the  operation  of  Division  is  that  in 
which  the  divisor  and  the  dividend  contain  more  teima  tiiaii 
one.     The  operation  is  conducted  in  tlie  ibllowing  way  : 

Arrange  the  divisor  and  dividend  according  to  the 
powers  of  some  one  symbol,  and  place  them  in  the 
same  line  as  in  the  process  of  Long  Division  in 
Arithmetic. 

Divide  the  first  term  of  the  dividend  by  the  first  term 
of  the  divisor. 

Set  do\vii  the  result  as  the  first  term  of  the  quotient. 

Multiply  all  thi^  terms  of  the  divisor  by  the  first  term 
of  the  <|Uotient. 

Subtract  the  nsulting  product  from  the  dividend.  If 
there  be  a  remainder,  consider  it  aa  a  luw  dividen^^ 
and  proceed  as  before. 
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The  process  will  best  be  understood  by  a  careful  study  of 
the  following  Example? : 

(1 )  Divide  a^  +  2a6  +  6-  by  a  +  6.     (2)  Divide  a-  -  2ab  +  b-  by  a  -  b. 
a  +  b)a^-h  2ab  +  b-{a  +  b  a-b)  a-  -  2ab  +  h'-{a-b 

a^  +  ab  a--ab 

ab  +  b-  -ab  +  V 

ab  +  ¥  -ab  +  W 

(3)  Divide  x^  -  y^  by  x^  —  j/'. 

jc2  _  2/2^  ic«  -  j/%x*  +  xV  +  ]/* 

X«-X^i/2 

x*i/-  -  y^ 

X Y  -  ■f 

(4)  Divide  x^  -  Aah^  +  4«^x2  -  a"  by  x^  -  a^. 
x2  -a-)Qfi-  4a-x^  +  4a*x2  -  a^  (^x*  -  3aV  +  a* 

x*-a-x* 

-  Sa^x*  +  4a*  <;-  -  a^ 

-  3a-x*  +  3u*X" 


(5)     Divide  3xr/  +  x3+j/^-l  by  y  +  x- 1. 
Arranging   the   divisor   aii'l    dividend    by   descending  powers 
of  X, 

X   r!/- 1^X3 +  3X1/ +(/■■'-  i^X--X(/ +  X  + 1/2+!/+  1 

x^  +  xhj  -  X- 

-x^j/  +  x2  + 3x1/ +  2/3-1 
-x^y-xi/'  +  x-y/ 


x^  +  x?/-  +  2x?/  +  y^-l 
x^  +  xy-x 

xy^  +  xy  +  x  +  y^-l 
xy^  +  y^  -y' 

xy  +  x  +  y^-1 
xy  +  y^-y 


x  +  y-1 
x  +  y-1 
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80.  We  must  mow  direct  the  attention  of  the  student  to 
two  points  of  great  importance  in  Division. 

I.  The  dividend  and  divisor  must  be  arranged  accord- 
ing to  the  order  of  the  powers  of  one  of  tlie  symbols 
involved  in  them.  This  order  may  be  ascending  or 
descending.  In  the  Examples  given  above  we  iiave 
taken  the  descending  order,  and  in  the  Exiunples 
worked  out  in  the  next  Article  we  shall  take  an 
ascending  order  of  arrangement. 
II.  In  each  remainder  the  terms  must  be  arranged  iu 
the  same  order,  ascending  or  descending,  as  that  in 
which  the  dividend  is  arranged  at  first. 

81,  To  divide     (1)     I -x*hy  os^  +  x^  +  x+l, 

arrange  the  dividend  and  divisor  by  ascending  powers  of  x, 

thus  : 

l+x  +  x^  +  x^)l-x*{\-x 

l+X  +  X^  +  3? 

-x-x'^-3?-a^ 

(2)     48x2  +  6  -  35xS  +  58x*  -  TOx^  -  23x  by  6x2  -  5x  +  2  -  73^3^ 
arrange  the  divid.u.l  and  divisor  by  ascending  jiowers  of  x, 
thus  : 

2-5x  +  ex!*  -  7x3;  6  _  23a;  +  48x2  -  TOx^  +  58x*  -  35x5  (^3  _  4^  4. 5,52 
6-15x+18x2-21x'* 

^8x  + 30x2  -  49x3  +  58  k4 
-  8x  + 20x2- 24x3 +  28x* 

10x2  _  25.r''  +  30x*  -  35x6 
10x2  _  25x3  +  30a;4  _  353^6 

EXAMPLES.—Xiv. 
Divide 

1.  x2+ir)x  +  .^0by  x+10.  5.  x3+13x2  +  54x+72  byx  +  6. 

2.  x2  -  17x  +  70  by  X  -  7.  6.  r*  +  x2  -  x  -  1  by  x  +  1. 

3.  a;2  +  x-12  by  x-3.  7.  x3  +  2x2  +  2x+l  by  x  +  1. 

4.  x2+13x+12byx4-l.     8.  .r"' - 5rV 7x2  +  6x  +  1  by x2  +  3x  + 1. 

9.  x*-4x3  +  2x2  +  4.r+l  byx2-2x-]. 
10.  x<-4r'  +  6x2-4x+lbyx2-2x+l. 
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II.  x^-x^  +  ^x-lhy  x^  +  x-\.     12.  x*-4a;"^+8x-+16li\x  +  2. 

1 3.  x^  +  4x-(/  +  "ixif  4- 12(/-'  by  x  +  4j/. 

14.  a*  +  4a^6  +  6«-6-  +  4c<i^  4-  6'  bj'  a  +  6. 

1 5.  a^  -  ba^h  +  lOaHr  -  lOa^i^  +  Qa¥  -iPhy  a-h. 

16.  x-*  -  1 2X-''  +  50.C-  -  84x  +  45  by  x^-Qx  +  9. 

1 7.  a^  -  4a*b  +  4a%-  +  4a%^  -  l7a¥  -  125^  by  a^  -  2ab  -  0//'. 
i  8.  4rt-.>-*  -  12a"x'  *•  ISa^x-  -  6«-^x  +  a^  bj'  2ax'  -  3rt-x  +  a-'. 

!  9.  ff*  -  X-  +  2,c  -  1  by  X-  +  X  -  1. 

20.  X*  +  «-x'-^  -  2a*  by  x'  +  2a-.        23.  x^  - 1/^  by  x  -  j/. 

21.  X-  -  13x(/  -  30j/'  bj'  X  -  15i/.     24.  a"  -  i-  +  26c  -  c-by a  -  6  +  c. 

22.  x''  -i-  ]/•'  by  X  + 1/.  25.  6  -  36-  +  36^  -  6*  by  6-1. 

26.  u2  -  62  -  c2  +  ^2  _  2{ad  -  he)  hy  a  +  h-c-  d. 
27.  x^  +  y^  +  z^-  3xyz  hy  x  +  y  +  z.         28.  x^^  +  y'^  by  x^  +  y-. 

29.  p-  +pq  +  2pr  -  2^2  +  ~qr  -  Zr-  by  p-  q  +  3r. 

30.  a^  +  a"62  +  a*6*  +  orW  +  6**  by  «■*  +  (i^h  +  (/'-''/^  +  ab^  +  6*. 

31.  X*  4-  x^ij-  +  x'*y'  +  x2y"  +  i/^  by  x*  -  x^y  +  .r-^2  _  a;2^3  ^  ^4_ 
32.  4x^  -  x^  +  4x  by  2x2  +  3^.  +  2.     33.  a'  -  243  by  a  -  3. 

34.  ¥^  -  k  by  P  -  1.  35.  x'  -  5x2  _  4(5  j.  _  40  by  x  +  4. 

36.  48x^  -  76ax2  -  64a2x  +  \Qba?  by  2x  -  3a. 

37.  18x*  -  45x3  +  82x2  _  67a.  +  40  by  3x2  _  ^j.  +  5^ 

38.  16x*  -  72a2x2  +  8 la*  by  2x  -  3a, 

39.  Mx*  -  256a*  by  3x  +  4a.     41 .  x^  +  2ax2  -  a2x  -  2a'  by  x'^  -  a^. 

40.  2a''  +  3a26-2a62-363bya2-62.  42.  a*- a262- 126*bya2  +  362. 

43.  X*  -  9x2  _  Q.j.y  _  y2  by  x2  +  3X  +  ?/. 

44.  X*  -  Qx^y  +  9x2j/2  _  4y4  by  x^-2xy  +  2yl 

45.  X*  -  Sly*  by  X  -  Zy.  47.  81a*  -  166*  by  3a  +  26. 

46.  a*  -  166*  by  a  -  26.  48.  16x*  -  Sly*  by  2x  +  3y. 

49.  3a2  +  8a&+ 462  +  lo^j^.  +  g^^  ^.  3(;2  by  a  +  26  +  3c. 

50.  a*  +  4arx-  +  16x*  by  ((2  +  2ax  +  4x2. 

51.  X*  +  x2?/2  4.  y4  by  x2  -  Xy  + 1/2. 

52.  2  5  6  ';*  +  1 6:c-ij-  +  ?/*  by  1 6x2  +  4^^^  ^  y2_ 

53.  X-5  +  X*(/  -  x'i/2  +  ^;3  _  2x(/2  4.  y3  by  .<;'  +  X  -  ^. 
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54.  (jx^  +  "ia^x^  -  1d?%  -  2a*  by  x  -  o.  55.  a^  -  x^  by  x  +  a. 

56.  2x2  +  xi/  -  3?/^  -  47/3  -  xz  -  2-  by  2x  +  3]/  +  s. 

57.  9x  +  Sx*  +  14x^  +  2  by  1  +  5x  +  x^. 

58.  12  -  38x  +  82x2  _  1  12j:S  +  106x«  -  TOx^  by  Iz^  -  5x-  +  3. 

59.  x^  + 1/5  by  X*  -  x^j/  +  x^^/^  -  xy^  +  2/^ 

60.  (a^x-  +  hhf)  -  (a-h'  +  xhj"^)  by  ax  +  6?/  +  a6  +  xy. 

61.  ab  (x-  +  j/2)  +  xi/(a2  +  6-)  by  ax  +  by. 

62.  X*  +  (262  _  „2)^2  +  j4  ijy  x^  +  ax  +  b\ 

82.     The  process  may  in  smut;  cases  be  shortened  by  the  iise 
of  brackets,  as  in  the  I'oUowing  Example. 
X  +  6 j  x^  +  (a  +  fe  +  c)  x2  +  (a6  +  ac  +  be)  x  +  abc  ( x^  4-  (a  4-  c)  x  +  ac 
y?-¥b3? 

(a  -J-  c)  x2  +  (a?)  +  6rr  +  6c)  as 
(a  +  c)  x2  +  (a6  +  6c)  x 

acx  +  o6c 

acx  +  a6c 

X  -  1^  x^  -  mx*  +  ?ix^  -  71x2  ^  ^jjj  _  J  ^  ,.4  _  ^„,  -  1 )  .r' 

x'-x*  -0/i-?i-l)x2-(m-l)x+l. 

-  (m  -  1)  X*  +  nx^ 
-(m-l)x<  +  (?n,-l)  x3 

-(7>l-?J,-  1)  x'-?ix2 

-  (tji  -  71  -  1)  x^  +  (m  -  »i  -  1)  X- 

-  (771  -  1)  x2  +  7JiX 
-(m-1)  X2+ (771-1)  X 

X-1 
X-1 

Examples.— XV. 

Divide 

1.  X*  -  (a*  -  6  -  c)  x2  -  (/>  -  c)  rtx  +  6c  by  r-  -ax  +  c. 

2.  y^  -  (/  +  7/1  + 11)  1/2  +  (/,rt  +  In  +  7n.u)  1/  -  /7?i7i  by  y-n. 

3.  X*  -  (m.  -  c)  X*  +  (ii  -  CTrt  +  rf)  x^  + 

(r  +  CH  -  dTw)  x2  ■\-{cr  +  dn)  x  +  drhy  3^-  mx^  +  vx  +  r. 

4.  X*  +  (5  +  a)  x*  -  (4  -  rm  +  6)  x^  -  (4a  +  56)  x  +  46  by  x^  +  6x  -  4. 

5 .  I*  -  (a  +  6  +  c  +  rf)  x*  +  (aft  +  ac  +  a(Z  +  6c  +  6r;  +  erf)  X* 

-  (abc  +  abd  +  acd  +  bed)  x  +  a6cd  by  x*  -  (a  +  c)  x  +  ac. 
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83.     Tlie   t'oUowiiig    Examples    in    Division   are   of    great 
importance. 


Divisor. 

Dividend. 

Q 

COTIENT. 

x  +  y 

x^  -  y^ 

X-y 

x-y 

x^-y^ 

X-)ry 

x  +  y 

a^  +  y^ 

x^-xy  +  y^ 

x-y 

3?-y^ 

x^  +  xy  +  y^ 

84.  Again,  if  we  arrange  two  periea  of  binomials  consisting 
respectively  of  the  sum  and  the  dillerence  of  ascending  powers 
of  X  and  y,  thus 

a;  +  i/,  x2  +  y-,  x^  +  y^,ot^  +  y*,  x^  +  y^,  x"  +  y^,  and  so  on, 
x-y,x^-y\x^- y\  a;* - y*,  xP  - y^,  x« -  y%  and  so  on, 

x  +  y  will  divide  the  odd  terms  in  the  upper  line, 

and  the  eveii in  the  lower ^ 

x-y  will  divide  all  the  terms  in  the  lower, 
but  none in  the  upper. 

Or  we  may  put  it  thus  : 

If  n  stand  for  any  whole  number, 

35"  +  y"  is  divisible  by  x  +  y  when  n  is  odd, 
hy  x-y  never  ; 

af-y'is  divnsible  hy  x  +  y  when  n  is  even, 
hy  x-y  always. 

Also,  it  is  to  be  observed  that  when  the  divisor  is  a;  -  y  al  1 
the  terms  of  the  quotient  are  positive,  and  when  the  divisoi-  is 
x  +  y,  the  terms  of  the  quotient  are  alternately  positive  ami 
negative. 

Thus  — ^  •'*  =  x^  +  x^'y  +  xy^  +  y^, 

—  =  x^  -  x^  +  y?y^  -  xhj^  -f  xy^  -  y^. 
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85.  These  properties  iiiny  In-  easily  reiiieinbered  by  taking 
the  lour  simplest  cases,  thus,  x  +  y,  x-y,  x-  +  y'-,  x^-y'^,  of 
which 

the  first  is  divisible  by  .x  +  y, 

second  -"^  ~l/j 

third neither, 

fourth  bdtli. 

A;,'ain,  since  these  properties  are  true  for  all  values  of  x  and 
y,  suppose  y=\,  then  we  shall  have 

x'-\  ,  x2-l 

^T="-^'         x-r'^'^ 

ar''+l       .,  ,  ir»-l       ., 

-  =  x-  —  x+  1,  — ,=x--rj:+i. 

x+1  X  -  I 

Also 

x^  +  l       ,       „      „ 

-  —  x*-x^  +  x--x-\- 1, 

— ~— =ar^  +  a;^  +  .,-^  -  '-  -  r  -  1. 
x-1 


Examples.— xvi. 

Without  going  through  the  process  of  Division  write  down 
the  ipiotients  ii\  the  following  cases  : 

1.  When    the    divisor    is    m  +  n,    and   the    dividends   are 
respectively 

vi^  -  n^,  vi^  +  n^,  m->  +  n'',  m^  -  71",  7)1"  +  u". 

2.  When    the    divisor    is    m-u,    and   the    dividends    are 
respectively 

m'^  —  n'^,  ni-^  -  71',  m*  -  n*,  m'"'  -  71",  771^  —  71^. 

3.  Winn    the    divisor    is   a+1,    and    the    dividends    are 
resp<'ctiv(ly 

a-  -  1,  '<"•+  1,  a^+l,  aJ  +  l,  a"-  1. 

4.  When    tlie    divisor    is   j/-l,   and    the    dividends    are 
pjspectivflv 

j/2-1,  j/3-l,y5-l,  7/--l,/-l. 


V.    ON    THE    RESOLUTION    OF    EXPRES- 
SIONS   INTO.  FACTORS. 

86.  We  shall  discu.ss  in  this  Chapter  an  operation  which 
is  the  opposite  of  that  whicli  we  call  Multiplication.  In  ilul- 
tipiieation  we  determine  the  product  of  two  given  factors  :  iu 
the  operation  of  which  we  have  now  to  treat  the  product  is 
given  and  the  factors  have  to  be  found. 

87.  For  the  resolution,  as  it  is  called,  of  a  product  into  its 
component  factors  no  rule  can  be  given  which  shall  be  applic- 
able to  all  cases,  but  it  is  not  difficult  to  explain  the  process 
in  certain  simple  cases.     We  shall  take  these  cases  sei)arately. 

88.  Case  I.  The  simplest  case  lor  resolution  is  that  in 
which  all  the  terms  of  an  e.\pression  have  one  common  factor. 
This  factor  can  be  seen  by  inspection  in  most  cases,  and  there- 
fore the  .itlier  factor  may  be  at  once  determined. 

Thus  a^  +  ab=a(o  +  b), 

2a^  +  4rt2  +  8«  =  2ft  («'-  +  2ft  +  4), 
da^y  -  18x2^2  +  54x1/  =  Qxy  (x'  -  2xy  +  6). 


Examples.— xvii. 

Resolve  into  factors : 

1.  5x2-15,c.  5.  x^-ax^  +  bx^  +  cx. 

2.  ,3.r5  4-18x2-6a-.  6.  3:i^y^  -  2lxY  +  ^Is^K 

3.  49y^-Uy  +  7.  7.  54aW  +  108a%'^  -  2-iZa«b\ 

4.  4x3.v-12x2i/2  4-8x2/3.  8.  45xV-'>  -  90X-5?/ -  360xV\ 
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89.  Case  1 1.  The  next  case  in  point  of  simplicity  is  that 
hi  which  four  tenns  can  he  so  arranged,  tliat  the  first  two  have 
a  common  factor  and  the  last  two  have  a  common  factor. 

Thus 

a;2  +  ox  +  Z/j;  +  a6  =  {y?  +  ax)  +  (hx  +  a6) 

—  %  (x  +  a)  +  6  (x  +  a) 

=  (a;  +  \))  (x  +  a). 
Again 

ac  -  ad  -bc  +  bd  =  {ac  -  ad)  -  (be  -  Id) 

'=a{c-d)-h{c-d) 

=  (rt  -  b)  (r.  -  d). 

Examples. — xviii. 

Eesolve  into  factors  : 

1.  x^-ax-bx  +  ab.  5.  ahrr -nry  +  hry-if. 

2.  ab-^-ax-bx-x"^,  6.  abx  -  ahy  +  cdx  -  cdy. 

3.  bc  +  by  -cy  -  y^.  7.  cdx^  +  dm.T^  —  cnxy  -viny '. 

4.  bm  +  mn  +  ab  +  0  Jt.  8.  abcx  -  b^dx  -  acdy  +  bd^y. 

90.  Before  reading  the  Articles  that  follow  the  student  i > 
advised  to  turn  hack  to  Art.  5G,  and  to  observe  the  manner  in 
which  tlie  operation  of  multiplying  a  binomial  by  a  binomial 
produces  a  trinomial  in  the  Examples  tlu-i-e  given.  He  uill 
tlicn  !>e  jirepared  to  expect  that  in  certain  cases  a  trinomial 
can  be  resolved  into  two  binomial  /uctorit,  e.vainplea  of  which  wo 
shall  now  give. 

91.  Case   III.     To  find  the  factors  of 

x'^  +  lx  +  12. 
Our  object  is  to  find  two  numbers  whose  product  is  1 2, 

and  whose  sum  is    7. 
These  will  evidently  be  4  and  3, 

.-.  a;2  +  7a;  +  i2  =  (x  +  4)(.c  +  3). 
Again,  to  find  the  factors  of 

x2  +  5hx  +  &)\ 

Our  object  is  \\.  find  two  numliers  whose  prodnrt  is  65', 

and  ^\•ll()se  sum  is  56. 
These  will  clearly  be  36  and  26, 

.-.  x^  +  bbx  +  (V/^  =  (a;  +  36)  (r  +  26), 
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Examples.— xix. 

Resolve  into  factors  : 

a;-+llj;  +  30.  9.  '\f--\-\^ny-\-\'$,n^. 

x2  +  1 7x  +  GO.  I  o.  z-  +  l^K  +  100^2, 

3.  y2  +  13!/  +  12.  II.  a;^  +  5a-2  +  6. 

4.  1/2  +  21!/+ 110.  12.  x«  +  4r'5  +  3. 

5.  m2  +  35m  +  300.  13.  a;-!/2  4.i8x2/  +  32. 

6.  7712  +  237/14-102.  14.  x«i/^  +  7j;Y+12. 
a2  +  9«6  +  862.  15.  m^o  +  lOm^  +  16. 
x^  +  1377ia;  +  36m2.  16.  71^  ^  277*2  +  140g2. 

93.     Case   IV.     To  fiml  the  factors  of 
a,--9x  +  20. 

Our  object  is  to  find  two  in-jative  terms  -svhose  prochirt  is    20, 

and  wiiose  sum  ia  —  9, 
These  will  clearly  be  -  5  and  -  4, 

.-.  a;2  -  9x  +  20  =  U  -h)(x-  4). 


Examples. — xx. 

Resolve  into  factors  : 

I.     x2-7x+10. 

6.     ?t2  _  57,^  +  5g_ 

2.     x2  -  29x  + 190. 

7.     a:«-7a;3  +  12. 

3.     1/2  _  232, +  132. 

8.     a262_27a6  +  26. 

4.     1/2  -  30(/  f  200. 

9.       J^C«-1162c3  +  30 

5,     n2- 4371 +  460. 

10.     x-y-z^-13xyz  +  2 

92.     Case  V.     To  find  the  factors  of 
x2  +  5a;  -  84. 
Our  object  is  to  find  two  terms,  one  positive  and  one  negative, 
whose  product  is  -  84,  and  whose  Bum  is  5. 

These  are  clearly  12  and   -  7, 

.-.  a:2  +  5.c-R4=(x+12)(x-7). 
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Examples. — xxi. 

Resolve  into  factors  : 


94 


I. 

.t2  +  7./;-60.                     6. 

?r+25?)-150. 

2. 

.t2+12x-45.                    7. 

x-8  +  3x*-4. 

3- 

rt-+lla-12.                    8. 

a;2|/2  +  3.r^-  154. 

4- 

a- +  13a -140.                   9. 

m'«+15m5-  100. 

5- 

t-'+ 13/J-30U.                  10. 

7r+17/i  -390. 

Case  VI.    To  find  tin-  n 

clols  of 

X-  -  3j;  -  28. 


Our  object  is  to  find  two  terms,  one  positive  and  one  negative, 
whose  jnoduct  is  -  28,  and  whose  sum  is  -  3. 

These  will  clearly  be  4  and  -  7, 

.-.  x2-3.c-28  =  (.c  +  4)(x-7). 


Examples.— xxii. 

Resolve  into  factors  : 


I. 

X-  -  hx  -  66. 

6. 

z-  -  \bz  -  100. 

2. 

x^-lx-  18. 

7- 

a-i0-9.r'-l(). 

3- 

?>i2  -  9?/i.  -  36. 

8. 

t*(f2._24cd-180. 

4- 

7l2-llH-60. 

9- 

mSC-  -  iv?n  -  2. 

5- 

i/-13(/-14. 

10. 

j;\/  -  hp^(i  -  84. 

9.J.  The  results  of  the  four  jin  rcdin.Lj  articles  may  be  tii.n 
blated    in  general   terms  :    a  trinomial   of   one   of  the   f.tniis 

x^  +  ax  +  b,  x'^-nx  +  h,  x^  +  ax  -  b,  x'^  -  ax  -  b, 

mav  be  resolved  into  two  sini))le  factors,  when  b  can  be  re- 
solved into  two  f;iclor.s,  such  that  their  sum,  in  the  first  two 
li.rms,  or  their  diD'ereuce,  in  the  last  two  forms,  is  eijUul  to  a. 

96.  We  shall  now  ijive  a  set  of  Miscellaneous  Examples  ou 
the  resolution  into  factors  of  e.xpressions  which  come  under 
one  or  oth»'r  of  the  cases  already  explained. 
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Examples.— 

xxiii. 

Kesolve  into  lactor.-  : 

I.     sc^-  15j;  +  36. 

8. 

X-  +  mx  +  ?i.r  +  win. 

2.     a;^  +  4a-  -  45. 

9- 

2/«-42/^  +  3. 

3.     a26^-l(;ft6-36. 

10. 

x^y  -  a6x  -  cxxj  +  aftc. 

4.       2«-3//iX*-107»»'-'. 

II. 

x^  +  (a  -h)x-  ah. 

5.     ?/« +  «/•■' -90.  • 

12. 

X-  -(c-  d)  X  -  cd. 

6.     x*-x2-110. 

13- 

ab^  -  bd  +  cd  -  ahc. 

7.     or  +  3ax2  +  4a*x. 

14- 

4x2 -28x7/ +  481/2. 

97.  We  have  said,  Art.  45,  that  when  a  number  is  mnlti- 
plied  by  itself  the  result  is  called  the  Square  of  the  number, 
and  that  the  figure  2  placed  over  a  number  on  the  right  hand 
indicates  that  the  number  is  multiplied  by  itself. 

Thus        a^  is  called  the  square  of  a, 
(x  - 1/)2  is  called  the  square  oi  x-y. 

The  Square  Root  of  a  j^iven  number  is  that  number 
whose  square  is  equal  to  the  given  number. 

Thus  the  square  root  of  49  is  7,  because  the  square  of  7 
is  49. 

So  also  the  square  root  of  a^  is  a,  because  the  square  of  a  is 
o2 :  and  the  square  root  of  (x  -  y)-  is  x-y,  because  the  square 
of  x-y  is  (x- y)'. 

The  symbol  ^'  jHaced  hefore  a  number  denotes  that  the 
square  root  of  that  number  is  to  be  taken  :  thus  ,j2o  is  read 
"  tfie  square  root  of  25." 

Note.  The  squaie  root  of  a  positive  qiiantity  may  be  either 
positive  or  negati\  e.     For 

since  a  multiplied  by  a  gives  as  a  result  a*, 
and   -  a  multiplied  liy  -  a  gives  as  a  result  a^, 
it  follows,  from  our  definition  of  a  Square  Root,  that  either  a 
or  -  a  may  be  regarded  as  the  square  root  of  a-. 

But  throuirhout  this  chapter  we  shall  take  only  the  positive 
Talue  of  the  square  root. 
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98.  We  may  now  take  the  case  of  Trinomials  which  are 
verfect  squares,  -which  are  really  included  in  the  cases  dis- 
iiissed  in  Arts.  91,  92,  but  wliich.  from  the  importance  they 
assume  in  a  later  part  of  our  subject,  demaml  a  separate  con- 
.-ideration. 

!)9.     Case  VII.     To  find  the  factors  of 
x2+12x  +  36. 

Seeking  for  the  factors  according  to  the  hints  given  in  Art 
9i,  we  find  theiu  to  be  x  +  6  and  x  +  6. 

That  isx-  +  \-2x  +  36  =  {x  +  6)2. 

EXAMPLES.— XXiV. 
Resolve  into  factors  : 

'i.     x^  +  \8x  +  8\.  6 

2.  a;2  +  26x+169.  7 

3.  x2  +  34x  +  289:  8 

4.  y-  +  2y+L  9 
:.     ;:2  +  200i5  +  10000.  10 


x*4-14x"  +  49. 
X-+  10x7/ 4- 25j/'. 
m*+  lG??i-n'  +  64n* 
x«  +  24.r^+144. 
./•y  +  162x</  +  t)561. 


100.     Case  VIII.     To  find  the  factors  of 
/-■-  12X  +  36. 

Seeking  for  the  factoi-s  according  to  the  hints  given  in  Art. 
92,  we  find  them  to  be  x  -  6  and  x  -  6. 
That  ifl,  x2  -  12x  +  30  =  (x  -  6)2. 


EXAMPLES. 
Resolve  into  factors  : 


-XXV. 


I.  z*-8x+16.  2.  x2-28x+196.  3.  x2-36x  +  .324. 

4.  y*  -  40?/ +  400.         5.  ^2  _  luoa  +  2500.  6.  x* -22x^ +\2l. 

7.  x2-30xy  +  226?/2.  8.  «i*  -  32toV  +  256h*. 

0.  x«- 38x3 +  361. 
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101.  Case  IX.  We  now  proceed  to  the  most  important 
case  of  Resolution  into  Factors,  namely,  that  in  which  the  ex- 
pression to  be  resolved  can  be  put  in  the  form  of  tv:o  squares 
with  a  negative  sign  between  them. 

Since  m^-n^=(m  +  n)  (m  -  n), 

we  can  express  the  difference  between  the  squares  of  tw<i 
quantities  by  the  product  of  two  factors,  determined  by  the 
following  method : 

Take  the  square  root  of  the  first  quantity,  and  the  squaie 

root  of  the  second  quantity. 
The  sum  of  the  results  will  form  tlie  first  factor. 
The  difference  of  the  results  will  form  the  second  factni-. 

For  example,  let  a-  -  b-  be  the  given  expression. 
The  square  root  of  a-  is  a. 
The  square  root  of  6^  is  b. 
The  sum  of  the  results  is  a  +  b. 
The  difference  of  the  results  is  a  -  6. 

The  factors  will  therefore  be  a  +  6  and  a  —  b, 
that  is,  a^-b^  =  {a  +  b)  (a  -  b). 

102.  The  same  method  holds  good  with  respect  to  com- 
pound quantities. 

Thus,  let  a^  -  (6  -  c)-  be  the  given  expression. 
The  square  root  of  the  first  term  Is  a. 
The  square  root  of  the  second  term  is  6  -  c. 
The  sum  of  the  results  is  a  +  6  -  c. 
The  difference  of  the  results  is  a  -  6  +  c. 

. .  a^  -  (6  -  c)-  =  (a  +  6  -  c)  (a  -  6  +  c). 

Again,  let  {a  -  h)- -  {c  -  d)-  be  the  gfven  expression. 
The  square  root  of  the  first  term  is  a  -  6. 
The  square  root  of  the  second  term  is  c-d. 
The  sum  of  the  results  ia  a-b  +  c-d. 
The  difference  of  the  results  is  a  -  6  -  c  +  d. 
:.  {a  -  b;-  -  {c  -  dy  =  (a  -  b  +  c  -  d)  {a  -  b  -  c  +  d). 

[6.A.]  '  D 
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103.  The  terms  of  an  expression  may  often  be  arranged 
so  as  to  form  two  squares  with  the  negative  sign  between 
them,  and  then  the  expression  can  be  resolved  into  factors. 

Thus        a2  +  62-c2-rf2  4.2„/>  +  2crf 

=  a2+2«/j  +  62-c2  +  2c(i-d2 

=  {p?  +  lah  +  62)  -  {f  -  2cd  +  d^ 

=  {a  +  h)--  {c~df 

=  (a  +  b  +  c-d){a  +  b- c  +  d). 

Ex  AMPLES. — XXVi. 

Resolve  into  two  or  more  factors  : 

I.  x2-?/2.  2.  X--9.  3.  4x2-25. 

4.  a*-x*.  5-   '"-l-  6.  a;«-l. 

7.  x8-l.  8.  m^-16.  9.  303/2-49^2. 

10.  81a;2j/2 _  i2lo262.     1 1.  (a  -  hf  -  c\  I2.x'^~{m- n)\ 

13.  (a  +  ft)2-(c  +  d)2.  24.  2X1/ -x2- 1/2+1. 

14.  ix-\-yf-{x-yf.  25.  x^-2yz-y--z-. 

15.  x2  -  2.C!/  + 1/2  -  82.  26.  a-  -  4^-'  -  [)c-  +  1 26c. 

16.  (a  -  6)2  -  (m  +  n)-.  27.  a^-l(j62. 

17.  o2  -  2(u-  +  <:2  -  62  -  2bcl  -  d\       28.  1  -  49c2. 

18.  26f  -  62 - c2  +  tt2.  29.  a2  +  62-r_r?2-2a6-2crf 

19.  2 j)/ +  •*■'•  + r - ^''^^  3°-  a--h'-  +  c--d'-2ac-h'ihd. 

20.  2mu  -  ?/i2  -  n2  +  a2  ^  J2  _  2(i/,.    31.  3rtV-27ax. 

2 1 .  (arc  +  hyf  -  1.  32.  a'6"  -  <?. 

22.  («x  +  6»//-(ax-6;/)2.  33.  (r,x  -  2)2  -  (x  -  4)«. 

23.  l-a2-62  +  2a6.  34-  (7x  +  4(/;2  -  (2x  +  3i/)«. 

3^5.  (7.'>3)2- (247)2. 

104.     Case  X.     Since 

t±^  =  x2  -  ax  +  a\    and  -" -  =  x2  +  ax  +  a'    (Art.  83), 
z+a  x-a 

we  know  the  following  imjiortant  fncl.s  : 
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(1)  The  smn,  of  the  cuhes  of  two  numbers  is  divisible  by 
the  sum,  of  the  numbers  : 

(2)  The  difference   between  the  cubes   of  two   numbers   is 
divisible  by  the  difference  between  the  numbers. 

Hence  we  may  resolve  into  i'actors  expressions  in  the  form 
of  the  sum  or  diti'eience  of  the  cubes  of  two  numbers. 

Thus  a:3  +  27=ar'+33=(x  +  3)(a;--3x  +  9) 

1/3  -  64  =  t/  -  43  =  (y  -  4)  {,/  +  4y+  16). 

Examples.— xxvii. 

Express  in  factors  the  following  expressions  : 
I.  a^  +  b\  2.  u^    ¥.  3.  ((3-8.  4.  a;3  +  343. 

5.  63  _  125.  6.  r?  +  QAf.         7.  «''-216.         8.  8x3  + 27i/. 

9.  64a3_  100063.  10.  12Qx'^  +  b\2if. 

Express  in /our  factors  each  of  the  following  expressions  : 
II.  afi-'if.         12.  x^-1.         13.  a*^-64.         14.  729-^/^. 


105.  Before  we  proceed  to  describe  other  processes  in 
Algebra,  we  shall  give  a  series  of  examples  in  illustration  of 
the  principles  already  laid  down. 

The  student  will  find  it  of  advantage  to  work  every  example 
in  the  following  series,  and  to  accustom  himself  to  read  and  to 
explain  with  facility  those  examples,  in  wliich  illustrations  are 
given  of  what  may  be  called  the  short-hand  method  of  expressing 
Arithmetical  calculations  by  the  symbols  of  Algebra. 


Examples.— xxviii. 

Express  the  sum  of  a  ami  b. 

Interpret  the  expression  a-b  +  c. 

How  do  you  express  the  double  of  x  ? 

By  how  much  is  a  greater  than  5  ? 

If  X  be  a  whole   number,  what   is  the  number  next 


3 

above  it  ? 

6.     "Write  five  numbers  in  order  of  magnitude,  so  that  if 
phall  be  the  third  of  the  five, 


RESOLUTION  INTO  FACTORS. 


7.  If  a  be  multiplied  into  zero,  what  is  the  result  \ 

8.  I  f  zero  be  divided  by  x,  what  is  the  result  ? 

9.  What  is  the  sum  of  a  +  a  +  a  ...  written  d  times  ? 

10.  If  the  product  be  ac  and  the  multiplier  a,  what  is  th«. 
iiiultiplicand? 

1 1.  What  number  taken  from  a;  gives  ?/  as  a  remainder? 

12.  ^  is  X  years  old,  and  B  isy  years  old  ;  how  old  was  A 
when  B  was  born  ? 

13.  A  man  works  every  day  on  week-days  for  a;  weeks  in 
tlie  year,  and  during  the  remaining  weeks  in  the  year  he  does 
not  work  at  all.     During  how  many  days  does  he  rest  ? 

14.  There  are  x  boats  in  a  race.  Five  are  bumped.  How 
many  row  over  the  course  ? 

15.  A  mercliaiit  l)egins  trading  with  a  capital  of  x  pounds. 
He  gains  a  pounds  each  year.  How  much  capital  has  he  at 
the  end  of  5  years  ? 

16.  A  and  B  sit  down  to  play  at  cards.  A  has  x  shillings 
and  B 1/  shillings  at  first.  A  wins  5  shillings.  How  much  has 
each  wlien  they  cease  to  play  ? 

17.  Tliere  are  5  brothers  in  a  family.  The  age  of  the  eldest 
is  X  years.  Each  brother  is  2  years  younger  than  the  one  next 
above  liim  in  age.     How  oM  is  the  youngest  ? 

18.  I  travel  X  hours  at  the  rate  of  y  miles  an  hour.  How- 
many  miles  do  I  travel  i 

19.  From  a  rod  12  inches  long  I  cut  off  x  inches,  and  tln-ii 
I  cut  off  y  inches  of  the  remainder.  II(j\v  many  inches  are 
left  ? 

20.  If  ?i  men  can  dig  apiece  of  ground  iu  q  hours,  how 
many  hours  will  one  man  take  to  dig  it? 

21.  By  how  miuli  does  2.")  exceed  x1 

22.  15y  liow  nnuii  does  y  excred  25  ? 

23.  If  a  product  has  2m  repeated  8  times  as  a  factor,  how 
do  you  expns.s  the  product  ? 

24.  By  how  much  does  a  +  2li  exceed  a  -  2h  ? 

25.  A  girl  is  X  yeara  of  age,  how  old  was  she  5  ye.irs  since  ] 
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26.  A  boy  is  t/  years  of  age,  how  old  will  he  be  7  yeajs 
hence  ? 

27.  Express  the  difference  between  the  squares  of  two 
numbers. 

28.  Express  the  product  arising  from  the  multiplication  of 
the  sum  of  two  numbers  into  the  difference  between  the  same 
numbers. 

29.  Wliat  value  of  x  will  make  8x  equal  to  16  ? 

30.  What  value  of  x  will  make  28x  equal  to  56  ? 

X 

31.  "What  value  of  x  will  make  ^  equal  to  4  ? 

32.  "What  value  of  x  will  make  a;  +  2  equal  to  9  ? 

33.  What  value  of  x  will  make  x  -  7  equal  to  16  ? 

34.  What  value  of  x  will  make  x?  +  9  equal  to  34  ? 

35.  What  value  of  x  will  make  x-  -  8  e(|ual  to  92  ] 

EXAMPLES.— XXix. 

Explain  the  operations  symbolized  in  the  following  expres- 
sions : 

1.  a +6.  2.  a2-52,  2,.  ^a^-vh^.  4.  4(a-  +  62). 

5.  a^- 26  + 3c.   6.  ft  +  7Aix6-r.    7.  (rt  +  m)(6-c).    8.    V^ 
9.    ^/x'  +  j/-.  10.  a  +  2(3-c).  II.  (a  +  2)(3-c). 

a-  +  \r  J  J?  -  ifl  J'j^  4-  'u^ 

12.      ,   ,-.  13.  -^^^ ^  .      ^  14.  —7- — ^-  . 

4ab  -^       x-y  \'x+y 

Examples. — xxx. 

If  a  stands  for  6,  b  for  5,  x  for  4,  and  y  for  3,  find  the  value 
of  the  following  expressions  : 

I.  a  +  x-h~y.  2.  a  +  y-b-x.         3.  3a  +  4?/-6-2x. 

4.  3(a  +  6)  T- 2(:';  -  J/).        5.  {a  +  x){b-y).       6.  2a +  3      r  y).   . 

7.  {2a  +  Z)ix  +  y).  8.  2a  +  3x  +  y.  9.  ^^. 

10.  a6x.  II.  ab{x  +  y).  12.  ay{b  +  xf. 


54  kESdLUTlOK  WTO  FACTdkS. 


13.  rt6(x-]/)2.  14-    V56-  15-    \¥- 

16.  (^/x)2.  17.  (v/x  +  t)2.  ,8.    ^/5?«;. 

19.    V^f'i^-  20.  "'  +  ^.!  %  2 1 .  3a  +  (2x  - 1/)2. 

^     ^       ^  x  +  2/^  +  3 

22.   }rt-(6-i/)|irt-(x-i/)}.  24.  3  (a -to -1/)''  + 4  fa +  x)*. 

.23.  >a-6-?/)--l-(«-x  +  y)-.  25.  3 (a - 6)'- -I- ;4x -  1/2)"''. 

EXAMPLES.— XXXi. 

1.  Find  tlie  value  of 

3rt6c  -  a^  +  6'  +  c',  when  a  =  3.  />  =  2,  c  =  1. 

2.  Find  the  value  of 

x^  +  2/^  -  2^  +  Sxyz,  when  x  =  3.  v  =  2,  r^  =  5. 

3.  Subtract  «»  +  c^  from  (a  +  c)-. 

4.  Subtract  (x  -  j//-  from  x-  +  7/'^. 

5.  Find  the  coefficient  of  x  in  the  expression 

(a  +  6)-  X  -  (rt  +  6x/'. 

6.  Find  the  coiitiniied  product  of 

2x-  -  7?i,  2x  +  ?i,  X  +  2f??,  X  -  2n,. 

7.  Divide 

ff  cr3  +  (6c  ^ai)r'^->r  {hd  +  ae)  ?•  +  he  1  .}•  ar  +  & ; 
and  test  your  result  by  putting,' 

a  =  b  =  c  =  d  =  e=\,  and  r=  10. 

8.  Obtain  the  product  of  the  four  factors 

(a  +  b  +  c),  {b  +  c-a),  {c-^a-b),  (u  +  fi-c). 
What  does  this  become  when  c  is  zero;   when  b  +  c  =  a; 
when  a  =  b=c'i 

9.  Find  the  value  of 

(a  +  b){b  +  r)-(c  +  d){d  +  a)-{a  +  c){b-d), 

wdiere  b  is  ('(jual  to  (/. 

10.  P'ind  the  value  of 

3„  +  f.2h  -  r^)  +  { c2  -  (2a  +  3ft) !  +  }  3f  -  (2a  +  36) f^ 
wh.i  a  =  0,  i  =  2,  c  =  4. 
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ir.  If  «  =  1,  'j=2,  c=3,  d=4,  shew  that  the  numerical 
values  are  etj^ual  of 

\d-(c-b  +  a)\\(d  +  c)-{b  +  ay\, 
and  of  d-  -  ((•-  +  b-)  +  a^  +  2 {be  -  ad). 

12.  Bracket  tosctlmr  the  different  powers  of  x  in  the  follow- 
i:iL,'  expressions: 

(o)  ax-  +  hx^  +  cx  +  dx. 

()3)  ax^  -  bj.^  -  ex-  -  dx?  +  2x2. 

(7)  \'j?  -  a^  -  3a;-  -  bx?  -  bx-  ex. 

(5)  {a  +  x/-ib-o-)l 

(e)  (mx2  +  qx  +  \y  -  (nx^  +  qx+  If. 

13.  Multiply  the  three  factors  x-a,  x-b,  x-c  togfther, 
and  arrange  the  product  according  to  descending  powers  ut  x. 

14.  Find  the  continued  product  of  (x  +  a)  {x  +  b)  {x  +  c). 

15.  Find  the  cube  of  a  +  h  +  c;  thence  without  further 
multiplication  the  cubes  of  a+'/-c;  b  +  c-a;  c  +  a-b;  aud 
subtract  the  sum  of  these  three  cr.'ies  from  the  first. 

16.  Find  the  product  of  (3a  +  2h)  (3a  +  2c  -  36).  and  test  the 
result  by  making  a  =  1,  6  =  c  =  3. 

17.  Find  the  continued  product  of 

a  -X,  a  +  x,  a-  +  x-,  «>  +  x^,  a^  +  x?. 

1 8.  Subtract  {h  -  a)  (c  -  d)  from  (a  -b)(c-  d). 

What  is  the  value  of  the  result  when  a  =  2b  and  d  =  2cl 

19.  Add  together  Jj  +  y)  (a  +  .r),  x  -  y,  ax  -  by,  and  a{x  +  y). 

20.  What  value  of  x  will  make  tlie  difference  between 
(.c  +  1)  (x+  2)  and  (x  -  1)  (x  -  2j  e([ual  tu  54  I 

2 1 .  Add  together  ax  -by,  x-  y,  x(x  -  y),  and  (a  -x){b-  y). 

22.  What  value  of  x  will  make  the  difference  between 
(2x  +  4)  (3x  +  4)  and  (3x  -  2)  (2x  -  8)  equal  to  96  ? 

23.  jAdd  together 

2mx  -  3ny,  x  +  y,  4(m  +  n)(x-  y),  and  mx  +  vy. 

24.  Prove  that 

{x  +  y  +  zf  +  X--'  +  if-  +  z'-^{x  +  yf  +  {y  +  zf  +  {x  +  zf. 
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25.  Find  the  product  of  (2a  +  36)  (2a  +  3c  -  'JO),  and  test  the 
result  by  making  a  —  \,  6  =  4,  c  =  2. 

26.  If  a,  6,  c,  d,  e ...  denote  9,  7,  5.  3,  1,  find  the  values  of 

-  j ;  (Joe  -  ad)  (hd  -  ce) ;  j- :  and  d*  -  c'. 

cd  +  e      ^  '^  ^'    c  +  d  ' 

:j.     Find  the  value  of 

3a6c  -  a^  +  A"*  +  c^  when  a  =  0,  6  =  2,  c=l. 

:8.     Find  the  value  of 

o  -1     2a62     c"'     ,  ,    ,     , 

ia^ H v.,  A^hen  a  =  4,  6=l,c  =  2. 

CO-  ' 

29.  Find  the  value  of 

(a  -b-  c)''  +  (6  -  «  -  (•)-  +  (c  -  a  -  6)2  when  a  =  1,  6  =  2,  c= 3. 

30.  Find  the  valiu  of 

(a  +  6-c)2  +  (a-  6  +  c)2  +  (6  +  c-rt)2  when  a=l,  6  =  2,  c=4. 

31.  Find  the  value  of 

(a  +  6)2  +  (6  +  c)-' +  (c  +  a)2  when  a  =  -1,  6*--2,  c=  -3. 

32.  Shew  that  if  the  sum  of  any  two  numbers  divide  the 
(lilierence  of  their  squares,  the  quotient  is  eqiuil  to  the  differ- 
ence of  the  two  numbers. 

33.  Shew  that  the  ])roiluct  of  the  sum  and  difference  of  any 
1\\  ;>  numbers  is  equal  to  tlie  dilference  of  their  square.s. 

•^4.  Shew  that  the  sc^uare  of  the  sum  of  any  two  consecu- 
till-  integers  is  always  greater  by  ojie  than  four  times  their 
j)riMluct. 

35.  Shew  that  the  square  of  the  sum  of  any  two  consecutive 
even  whole  numbers  is  four  times  the  square  of  the  odd  number 
between  them. 

36.  If  the  number  2  be  divided  into  any  two  parts,  the 
dillerenco  of  their  squares  will  always  l)e  equal  to  twice  tin; 
difference  of  the  parts. 

^7.  If  the  number  50  be  divided  into  any  two  parts,  tli.r 
dilference  of  their  squares  will  always  be  equal  to  SOMunes  th  .• 
difference  of  the  parts.  flB* 

38.  If  a  number  n  be  diWded  into  any  two  parts,  the 
difference  of  their  squares  will  always  be  equal  to  n  times  the 
difference  of  the  parts. 


ON  SIMPLE  EQUATIONS.  57 

39.  If  two  numbers  differ  by  a  unit,  their  product,  together 
with  the  sum  of  their  squares,  is  equal  to  the  difference  of  tlie 
cubes  of  the  numbers. 

40.  Shew  that  tlie  sum  of  the  cubes  of  any  three  consecu- 
tive whole  numbers  is  divisible  by  three  times  the  middle 
number. 


VI.    ON    SIMPLE    EQUATIONS. 

106.  An  Equation  is  a  statement  that  two  expressions 
are  equal. 

107.  An  Identical  Equation  is  a  statement  that  two  ex- 
]iressions  are  equal  for  all  numerical  values  that  can  be  given 
to  the  letters  involved  in  them,  provided  tliat  the  same  value 
be  given  to  the  .same  letter  in  every  part  of  the  ea nation. 

Thus,  (x-  +  a)2  =  x2  +  2aa;  +  a2 

is  an  Identical  Equation. 

108.  An  Equation  op  Condition  is  a  statement  that  two 
expressions  are  equal  for  some  particular  numerical  value  or 
Talues  that  can  be  given  to  the  letters  involved. 

Thus,  x+l  =  6 

is  an  Equation  of  Condition,  tlie  only  number  which  x  can 
represent  consistently  with  this  equation  being  5. 

It  is  of  such  equations  that  we  have  to  treat. 

109.  The  Root  of  an  Equation  is  that  number  which,  when 
put  in  the  place  of  the  unknown  quantity,  makes  both  sides  of 
tlie  equation  identical. 

110.  The  Solution  of  an  Equation  is  the  process  of  find- 
ing what  number  an  unknown  letter  must  stand  for  that  the 
eipiation  may  be  true  :  in  other  words,  it  is  the  method  of 
iiiuling  the  Root. 

The  letters  that  stand  for  unknown  numbers  are  usually 
X,  y,  z,  biit  the  student  must  observe  that  any  letter  may 
stand  for  an  unknown  number. 

111.  A  Simple  Equation  is  one  which  contains  the 
first  ])oioer  only  of  an  unknown  quantity.  Thi?  is  also  called 
iin  Equation  of  the  First  Degree, 
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112.  The  foUoM'ing  Axioms  form  the  gioun  \\voik  of  the 
solution  of  all  equations. 

Ax.  I.  If  equiil  quantities  be  added  to  equal  quantities, 
the  sums  will  be  equal. 

Thus,  if  a  =  6, 

Ax.  II.  If  equal  quantities  be  taken  from  eoual  (juaiititic.-^, 
the  remainders  -will  be  equal. 

Thus,  if  a:  =  !/> 

X-Z  =  1J-Z. 

Ax.  III.  If  equal  (juantities  be  muitijjiied  b^  e<[ual  quan- 
tities, the  products  will  be  ecjual. 

Thus,  it  a  =  i. 

Ax.  IV.  If  ecjual  quantities  be  divided  by-k?qual  quantities, 
the  quotients  will  be  e(iual. 

Thus,  if  xy  =  xz, 

y  =  z. 

113.  On  AxioMis  I.  and  II.  is  founded  a  process  of  great 
utilitv  in  tlie  .solution  of  equations,  called  The  Tr  vn.si'Osition 
OF  Ti;ii.MS  from  one  .-^ide  of  the  equation  'o  the  otiier,  which 
may  be  tlms  stated  : 

"Anv  term  of  an  ecjuation  may  be  tran.sferreil  from  one  side 
of  the  e<|iiati<m  to  tlie  other  'if  its  sign  be  changed" 

For  let  x-a  =  b. 

Then,  by  Ax.  I.,  if  we  add  a  to  both  udes,  the  sides  remain 
equal : 

therefore  x-a  +  a-b  +  a, 

that  is,  x  =  b  +  a. 

Again,  let  x-\-c=^d. 

Then,  by  Ax.  II.,  if  we  .subtract  c  iiom  vi..oh  side^  the  sides 
remain  equal : 

I ;  ere  fore  x  +  c-i:  =  d-c, 

r.iatis,  X  =  (i-c, 
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1 14.  We  may  change  all  the  signs  of  each  side  of  an  e(iua- 
ticm  without  altering  the  equality. 

Thus,  if  a-a;  =  6-c,  • 

x-a  =  c-h. 

115.  We  may  change  the  position  of  the  two  sMes  of  the 
equation,  leaving  the  signs  unchanged. 

Thus  the  equation  a-h  =  x-  c,  may  be  written  thus, 
x-c  =  a-h. 

116.  We  may  now  proceed  to  our  first  rule  for  the  sohition 
of  a  Simple  Equation. 

Rule  I.  Transpose  the  known  terms  to  the  right  hand  side 
cf  the  equation  and  the  unknown  terms  to  the  other,  and  com- 
I'ine  all  the  terms  on  each  side  as  far  as  possible. 

Then  divide  both  sides  of  the  equation  l)y  the  coefficient  of 
the  unknown  quantity. 

This  rule  we  shall  now  illustrate  by  examples,  in  which  x 
stands  for  the  unknown  quantity. 

Ex.  1.     To  solve  the  equation, 

ox  -G  =  'Sx  +  2. 

Transposing  the  terms,  we  get 

5a;  -  3x  =  2  +  6. 

Combining  like  terms,  we  get 

2x  =  8. 
Dividing  both  sides  of  this  eiiualion  by  2.  we  pet 
x  =  4, 
and  the  value  of  x  is  determined.  / 

Ex.  2.     To  solve  the  equation, 

7x  +  4  =  25x  -  32. 
Transposing  the  terms,  we  get 

7x-25x=  -  32  -4. 

Combining  like  terms,  we  get 

-18x=  -36. 
Changing  the  signs  on  each  side,  we  get 

18a; =36. 
Dividing  both  sides  by  18,  we  get 
x  =  2, 
and  the  value  of  x  is  determined. 
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Ex.  3.     To  solve  the  equation, 

2x  -  3a-+  120  =  4a:  -  6x+  132. 


that  is, 

2x  -  3x  -  4x  +  6x  =  13j  -  lii/, 

or, 

8x-7i=i2, 

t  herefore, 

x=12. 

C.X.4. 

To  solve  the  equation, 

3x  +  5-8(13-x)  =  0, 

that  is, 

3x  +  5-104  +  8x.-0. 

or, 

3x  +  8x=104-5, 

or. 

llx  =  99, 

therefore, 

x=9. 

Ex.  5. 

To 

solve  the  equation, 
6x-2(4-3x)  =  7-3(17--:, 

thai  is. 

6x-8  +  6x=7-.')l  +  ,'].i,  ' 

or. 

6x  +  6x-3x=7-51-|-S, 

or, 

12x-3x=15-51, 

or. 

9x=  -36, 

llien-fnre. 

?:=  -4. 

EXAMPLES.— XXXii. 


1.  7x  +  5  =  5x  +  ll. 

2.  1-2j-  +  7  =  8x  +  15. 

3.  23Gx  +  425  =  97x  +  r)f)4 

4.  5x  -  7  =  3x  +  7. 

5.  12x-9  =  8x-l, 
5.  124r+19=112x  +  43. 
7.  18-  2.r  =  27  -."Jx. 
i.  li'r)-7x=14r)-12./. 


9.  26-8x  =  80-14x. 

10.  133-3x  =  x-83. 

11.  1 3  -  3x  —  ox  -  o. 

12.  127  +  9x=12x+100. 

1 3.  1 5  -  5x  =  6  -  4x. 

14.  3.- -22  =  7x-^6. 

15.  8  +  4x=12x-16. 

16.  5x  -  (3x  -  7)  =  4x  -  (6x  -  35). 

17.  Gx  -  2(9  -  4x)  +  3  (5x  -  7)  =  lOx  -  (4  +  16x)  +  35. 

18.  9x-3(5x-6)  +  30  =  0 

19.  12x-5(9x  +  3)  +  6(7-8x)  +  783  =  0. 

20.  x-7(4x-ll)  =  14(x-5)-19'8-x\-t:. 

21.  ri  +  7)(x-3)  =  (x-5)(x-15). 
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22.  (x-8)(.c+12)=(j;+l)(x-6). 

23.  (x-2)(7-a;)  +  (x-5)(x  +  3)-2(x-l)+12=(>. 

24.  (2x-7)(x  +  5)  =  (9-2.v;)(4-x)  +  229. 

25.  (7-6x)(3-2x)  =  (4x-3)(3x-2). 

26.  14  -  X  -  5  (x  -  3)(x  +  2)  +  (5  -  x) (4  -  bx^  =  45x  -  76. 

27.  (x  +  5)2-(4-x)2=21x. 

28.  5(x-2)2  +  7(x-3)2  =  (3x-7)(4x-19)  +  42. 

29.  (3x -  17)2  +  (4x - 25)2 _  (5^ _  OQi^  =  1 . 

30.  (x  +  5)  (x  -  9)  +  (x  +  10)(x  -  8)  =  (2x  +  3)  (x  -  7)  -  1 13. 


VII.    PROBLEMS    LEADING   TO    SIMPLE 
EQUATIONS. 

117.  When  we  have  a  question  to  resolve  by  means  of 
Algebra,  we  represent  the  number  sought  by  an  unknown 
symbol,  and  then  consider  in  what  manner  the  conditions  of 
the  question  enable  us  to  assert  thd  two  expressions  are  equal 
Thus  we  obtain  an  equation,  and  by  resolving  it  we  determine 
the  value  of  the  number  sought. 

The  whole  difficulty  connected  with  the  solution  ol  Alge- 
braical Problems  lies  in  the  determination  from  the  conditions 
of  the  question  of  ttvo  different  expressions  having  the  same 
numerical  value. 

To  explain  this  let  us  take  the  following  Problem  : 

Find  a  number  sucli  that  if  15  be  added  to  it,  twice  the  sum 
will  be  equal  to  44. 

Let  X  represent  the  number. 

Then  x+  15  will  represent  the  number  increased  by  15. 
;.n  I  2(x  + 15)  will  represent  twice  the  sum. 

But  44  will  represent  twice  the  sum, 
tlierefore  2(x+15)  =  44. 

Hence  2x  +  30  =  44, 

that  is,  2x=14, 

or,  x=7, 

and  therefore  the  number  sought  is  7. 
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118.  We  shall  now  {rive  a  series  of  Easy  Prolileiiis,  in 
which  the  conditions  by  wliich  an  eijnality  between  two  expres- 
sions can  be  asserted  may  be  readily  seen.  The  student  should 
be  thoronj^'hly  familiar  with  the  Exani})les  in  set  xxviii,  the  use 
of  wliich  he  will  now  find. 

We  shall  insert  some  notes  to  explain  the  method  of  repiv- 
senting  quantities  by  algebraic  symbols  in  cases  where  some 
dirticiilty  may  arise. 

Examples. — xxxiii. 

1.  To  the  double  of  a  certain  number  I  add  14  and  olitain 
as  a  result  154.     What  is  the  number? 

2.  To  four  times  a  certain  number  I  add  16  and  obtain  as 
a  re.sult  188.     What  is  the  number] 

3.  By  adding  46  to  a  certain  number  I  obtain  as  a  result  a 
number  three  times  as  large  as  the  original  nuwiber.  Find  the 
original  number. 

4.  One  number  is  tliree  times  as  large  as  another.  If  1 
take  the  smaller  from  Hi  and  the  greater  from  30,  liie  remain- 
ders are  eipial.     What  are  the  numbers? 

;.  Divide  the  number  !»2  into  four  parts,  such  that  the  first 
is  greater  tlian  the  second  by  10.  greater  than  the  third  by  18, 
and  greater  than  the  fourth  by  24. 

6.  Tiie  sum  of  two  numbers  is  20,  and  if  three  times  the 
smaller  number  be  added  to  five  times  the  greater,  the  sum  is 
84.     What  are  the  numbers  ? 

7.  The  joint  ages  of  a  father  and  his  sou  are  80  years.  If 
the  age  i>f  the  son  were  duubled  he  would  be  10  years  older 
than  lii-i  iallicr.     What  is  the  age  of  each  ? 

8.  A  mm  has  six  sons,  each  4  years  older  than  the  one 
next  to  iiim.  The  eldest  is  three  times  as  old  as  the  youngest. 
Wiiat  is  the  age  of  each  ? 

9.  Add  £24  to  a  certain  sum,  and  the  amount  will  be  as 
much  above  £80  as  tlie  sum  is  V)elow  £80.     What  is  the  sum  \ 

10.  Thirty  yards  of  cloth  and  forty  yards  of  silk  together 
cost  £66,  and  the  silk  is  twice  as  valuable  as  the  cloth.  Find 
the  cost  of  a  yard  of  each. 


PROBLEMS.  LEADING  TO  SIMPLE  EQUATIONS.    63 


1 1  Find  the  number,  the  double  of  which  being  added  to 
•J4  the  result  is  as  much  above  80  as  the  number  itself  is  below 
100. 

i^  The  sum  of  £500  is  divided  between  A,  B,  G  and  D. 
A  and  B  have  together  £280,  A  and  0  £260,  A  and  D  £220. 
How  much  does  each  receive  ! 

1 3.  In  a  company  of  266  persons,  composed  of  men,  women, 
and  children,  there  are  twice  as  many  men  as  there  are  women, 
and  twice  as  many  women  as  there  are  children.  How  many 
are  there  of  each  ? 

14.  Divide  £1520  between  A,  B  and  C,  so  that  A  has  £100 
less  than  B,  and  B  £270  less  than  C. 

15.  Find  two  numbers,  differing  by  8,  such  that  four  time? 
the  less  may  exceed  twice  the  greater  by  10. 

16.  A  and  B  began  to  play  with  equal  sums.  A  won  £5, 
and  then  three  times  .I's  money  was  equal  to  eleven  times  JS'a 
money.     What  had  each  at  first  ? 

17.  A  is  58  years  older  than  B,  and  ^'s  age  is  as  much 
above  60  as  Bs  age  is  below  50.     Find  the  age  of  each. 

18.  A  is  34  years  older  than  B,  and  A  is  as  much  above  50 
as  B  is  below  40.     Find  the  age  of  each. 

19.  A  man  leaves  his  property,  amounting  to  £7500,  to  be 
divided  between  his  wife,  his  two  sons  and  his  three  daughters, 
as  follows  :  a  son  is  to  have  twice  as  much  as  a  daughter,  and 
the  wife  £500  more  than  all  the  five  children  together.  How 
much  dill  each  get  ? 

20.  A  vessel  containing  some  water  was  filled  up  by  pour- 
ing in  42  gallons,  and  there  was  tlien  in  the  vessel  7  times  as 
much  as  at  first.     How  many  gallons  did  the  vessel  hold  ? 

21.  Three  persons,  .4,  B,  C,  have  £76.  B  has  £10  mor« 
ihan  A,  and  C  has  as  much  as  .4  and  B  together.  How  much 
has  each  ? 

22.  What  two  numbers  are  those  whose  difference  is  14, 
and  their  sum  48  I 

23.  A  and  B  play  at  cards.  A  has  £72  and  B  hai  £52 
when  they  begin.  When  they  cease  playing,  A  has  three  timw 
as  much  as  B.     How  much  did  A  win  1 
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Note  T.  If  we  have  to  express  algebraically  two  parts  into 
which  a  given  number,  suppose  50,  is  divided,  and  we  repre- 
«nt  one  of  the  parts  by  x,  the  other  will  be  represented  by 

.u)-x. 

Ex.  Divide  50  into  two  such  parts  that  tlte  double  of  one 
|i.irt  may  be  three  times  as  great  as  the  other  part. 

Let  X  represent  one  of  the  parts. 

Then  50  -  x  will  represent  the  other  part 

Now  the  double  of  the  first  part  will  be  rejireseuted  by 
2x,  and  three  times  the  second  part  will  be  represented  by 
3  (50  -  X). 

Hence  2x  =  3(50-x), 

or,  2x=150-3x, 

or,  5x=150; 

.-.  x  =  30. 

Hence  the  parts  are  30  and  20. 

24.  Divide  84  into  two  such  parts  tliat  three  times  one  part 
may  be  equal  to  four  times  the  other. 

25.  Divide  yo  into  two  such  parts  that  four  times  one  part 
niav  be  ef[ual  to  five  times  the  other. 

26.  Divide  (JO  into  two  such  parts  that  one  part  it»  greater 
tli;ni  I  lie  other  by  24. 

27.  Divide  84  into  two  such  parts  that  one  part  is  less  than 
i::e  other  by  3(5. 

28.  Divide  20  nitn  two  such  parts  that  if  three  times  one 
1  art  be  addid  to  Hve  times  the  other  i)art  the  sum  may  be  84. 

Note  II.  Wluii  we  have  to  compare  tiie  ages  of  two  per- 
sons at  one  time  and  also  some  years  after  or  before,  we  niu.st 
l.e  careful  to  remember  tliat  hoth  will  be  so  many  years  older 
or  younyer. 

T1ni?>  if  X  be  tlie  a-e  of  A  at  the  present  time,  and  2x  be 
the  ii-e  of  B  at  the  present  time, 

The  a^^'e  of  .1  5  years  hcnee  Mill  be  x  +  5, 
and  the  uge  of  1^  5  years  heuce  w  iil  be  2*  +  6. 
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Ex.  ^  is  5  times  as  old  as  B,  and  5  years  hence  A  will 
only  be  three  times  as  old  as  B.  What  are  the  ayts  of  A  and 
B  at  the  present  time  ? 

Let  X  represent  the  age  of  B. 

Then  5x  will  represent  the  age  of  A. 

Now  x  +  5  will  represent  ^'s  age  5  years  hence, 
and        5x +  5  will  represent  A 's  age  5  years  hence. 

Hence  5x  +  5  =  3  (x  +  5), 

or  5x  +  5  =  3x  +  15, 

or  2x=10; 

.-.  x  =  5. 

Hence  A  is  25  and  5  is  5  years  old. 

29.  A  is  twice  as  old  as  B,  and  22  years  ago  he  was  three 
times  as  old  as  B.     What  is  ^'s  age  ? 

30.  A  father  is  30  ;  his  son  is  6  years  old.  In  how  many 
years  will  the  age  of  the  father  be  just  twice  that  of  tlie  son  \ 

31.  /I  is  twice  as  old  as  B,  and  20  years  since  he  was  three 
times  as  old.     What  is  B's  age  ? 

32.  A  is  three  times  as  old  a-<  B,  and  19  years  hence  he  will 
be  only  twice  as  old  as  B.     What  is  the  age  of  each  ? 

33.  A  man  has  three  nephews.  His  age  is  50,  and  the 
joint  ages  of  the  nephews  are  42.  How  long  will  it  be  before 
tiie  joint  ages  of  the  nephews  will  be  equal  to  the  age  of  tlie 
uncle  I 

Note  III.  In  problems  involving  weights  and  measures, 
after  assuming  a  symbol  to  represent  one  of  the  unknown 
quantities,  we  must  be  careful  to  express  the  other  quantities 
in  the  same  terms.  Thus,  if  x  represent  a  number  of  pence,  all 
the  sums  involved  in  the  problem  must  be  reduced  to  pence. 

Ex.  A  sum  of  money  consists  of  fourpenny  pieces  and  six- 
pences, and  it  amounts  to  £1.  16s.  8(1  The  number  of  corns 
is  78.     How  many  are  there  of  each  sort  ? 

[S.A.]  "  K 
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Let  X  be  tlie  iimaber  of  i'ourpeiiny  pieces. 

Then  A.c  is  their  A'alu(i  in  pence. 

Also  78  — x  is  the  number  of  sixpences. 

And  6  (78  — x)  is  their  value  in  pence. 

Also  £1.  Hjs.  8d.  is  equivalent  to  440  pence. 

Hence  4a;-f  G(78-.r)  =  440, 

or4x  +  4(;8-Uu;  =  440, 
Iroiii  whifli  we  find  x=14. 

Hence  tliere  are  14  fourpenny  pieces, 
and  64  sixpences. 

34.  A  bill  of  £100  was  paid  with  guineas  and  half-crowns, 
and  48  more  half-crowns  than  guineas  were  used.  How  many 
of  each  were  paid  ? 

35.  A  person  paid  a  bill  of  £3.  14s.  with  shillings  and 
hall-crowns,  and  gave  41  pieces  of  money  altogether.  How 
many  of  each  were  paid  ? 

36.  A  man  has  a  sum  of  money  amounting  to  ill  1.  1.3s.  4d., 
consisting  only  of  shillings  and  fourpenny  pieces.  He  has  in 
all  300  pieces  of  money.     How  many  has  he  of  each  sort  ? 

37.  A  bill  of  .£50  is  paid  with  sovereigns  and  mnidores  of 
27  shillings  each,  and  3  more  sovereigns  than  moidores  are 
given.     How  many  of  each  are  used  i 

38.  A  sum  of  money  amounting  to  £42.  8s.  is  made  up  of 
shillings  and  half-crowns,  and  there  are  six  times  as  many 
half-crowns  as  there  are  shilling-.  How  many  are  there  of 
each  sort / 

39.  I  have  £.").  lis.  ?><l.  in  sovereigns,  shillings  and  pence. 
I  have  twice  as  many  shillings  and  tliree  times  as  many  pence 
as  I  have  sovereign.s.     How  many  have  I  of  each  sort  I 


VIII.     ON    THE     METHOD    OF    FINDING 
THE  HIGHEST  COMMON   FACTOR. 

lia.  An  expr.'ssion  is  said  to  be  a  Factor  of  another 
expression  when  tlie  latter  is  divisible  by  the  former. 

Thus  3rt  is  a  factor  of  12a, 
5xy of  15x2)/-. 

120.  An  expression  is  said  to  be  a  Common  Factor  of  two 
or  more  other  expressions,  when  each  of  the  latter  is  divisible 
by  the  former. 

Thus  3a  is  a  common  factor  of  12a  and  15a, 

3x1/ of  Ibx^y^  and  21x^i/', 

4z   of  82,  1222  and  IGz^. 

121.  The  Highest  Commvn  Factor  of  two  or  more  expres- 
sions is  the  expression  of  highest  dimensions  by  which  each  of 
the  former  is  divisible. 

Thus  6a-  is  the  Highest  Common  Factor  of  12a-  and  18a^ 

bjo^y  of  lOxhj,  loxY 

and  25x*i/'. 

Note.  That  which  we  call  the  Highest  Common  Factor  is 
named  bv^  others  the  Greatest  Common  Measure  or  the  Highest 
Common  Divisor.  Our  reasons  for  rejecting  these  names  will 
be  given  at  the  end  of  the  chapter. 

122.  The  words  Highest  Common  Factor  are  abbreviated 
thus,  H.C.F. 

123.  To  take  a  simple  example  in  Arithmetic,  it  will 
readily  be  admitted  that  the  highest  number  which  will 
divide  12,  18,  and  30  is  6. 

Now,  12  =  2x3x2, 

18  =  2x3x3, 
30  =  2x3x5. 
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Having  tlius  reduced  the  niinihers  to  their  simplest  factors, 
it  appears  tliat  wu  may  determine  the  Highest  Common  Factor 
in  the  I'ollowin^  way. 

Set  down  the  factors  of  ouu  of  tlie  numbers  in  any  order. 

Place  beneath  tliem  the  factors  of  the  second  number,  in 
such  order  tliat  facti>i-s  like  any  of  those  of  the,  first  rwimher  shall 
stand  under  those  factors. 

Do  the  same  for  tlie  third  number. 

Then  tlie  number  of  vertical  columns  in  which  the  numbers 
are  alike  will  be  the  number  of  factors  in  the  H.c.F.,  and  if 
we  multiply  the  figures  at  the  head  of  those  columns  together 
the  result  will  be  the  h.c.f.  required. 

Thus  in  the  example  given  above  two  vertical  columns  are 
alike,  and  therefore  there  are  two  factors  in  the  h.c.f. 

And  the  numbers  2  and  3  wliich  stand  at  the  heads  of 
those  columns  being  multiplied  together  will  give  the  h.c.f. 
of  12,  18,  ana  30. 

124.     Ex.1.     To  find  the  H.C.F.  of  a^i^x  and  a''6V. 
aWx  =  aaa  .bb  .x, 
a^b^x^  =  aa    .  bbb .  xx  ; 
:.  B.c.F.  =aabbx 
=  a-V^x. 

Ex.  2.     To  find  the  h.c.f.  of  34a'^b^c*  and  Sla^ft^c*. 
34(j^6«c*  =  -2x  n  xaa    .  bhhbhb .  cccc, 
510=^6^  =  3  X  17  X  aaa .  bbbb     .  cc  ; 
.*.  H.C.F.  =  1  laabbbbcc 
=  na'b*c\ 


Examples.— xxxlv. 


Find  the  Highest  fominon  Factor  of 

I.  ((^Z*  and  a'lr.  3.   14x-i/^and  24x'y. 

3,  z^h  and  x'y'z'-.  4.  4bm^7iy  and  GUm^rip*. 
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5.  18a6Vd  and  36a-6ct/-.  8.  ITpg-,  34^23  and  51/)^. 

6.  a^i-',  n^ft-^  and  a'6*.  9.  Sx^j/^;:-*.  12.c-^»/-23  and  20x*t/3j.2_ 

7.  4a'>,  lOac-  and  306r.  10.  SOx^y^,  90j;V  and  120xY. 

125.  The  student  must  he  urged  to  commit  to  memory  the 
'bllowing  Table  of  forms  which  can  or  cannot  be  resolved  into 
iactors.  "Where  a  blank  occurs  after  the  sign  =  it  signifies 
that  the  form  on  the  left  hand  cannot  be  resolved  into  simpler 
factors. 

x2-t/2  =  (x-  +  j/)(x-7/)^  a;2-l=(x  +  l)(x-l) 

x2  +  J/2=  *  a;2+l  = 

y?  —  y^  =  {x  —  y){3? At xy -^-y"^  x^-\  =  {x~  l)(.x--  +  x+  1) 

7?-¥]j^  =  {x-^y){x'-7rij  +  y^  x^  +  1  =  (.'•  +  1)  (x^  -  X  +  1) 

a:4-,/  =  (x-2  +  J/2)(x2-t/2)  X*-l=(x2+l    (x2-l) 

X*  4-  J/*  =  X*  +  1  = 

x2+2x2/  +  i/2  =  (x  +  t/)2  x2  +  2x+l  =  (x+l)2 

x2-2x2/+?/2  =  (x-2/)2  x2-2x  +  l  =  (x-l)2 

x^  +  3x^1/  +  3x!/2  +  y^  =  (x  + 1/)3  x^  +  3x2  +  3x  + 1  =  (x  +  1)' 

^-'ix^y  +  'ixf-f-=[£-yf  x3-3x2  +  3x-l  =  (x-l)3 

The  left-hand  side  of  the  table  gives  the  general  forms,  the 
right-hand  side  the  partixular  cases  in  which  y=l. 

126.  Ex.  To  find  the  h.c.f.  of  x^-l,  x2-2x+l,  and 
x2-i-2x-3. 

x2-l=(x-l)(X+  1), 

x2_2x  +  l=(x-l)(x-l), 
x2  +  2x-3  =  (x-l)(x  +  3), 

.'.  H.C.F.  =  X-1. 

Examples. — xxxv. 

1.  a^  -  52  and  a^  — }?.  4.  a'  +  x^  and  (a  +  x)^. 

2.  a2 - Ifi  and  a* -  6^.  5.  9x2 _  1  ^ud  (3x  +  1)1 

3.  a2  — x2  and  (a  — x)2.  6.   1  -25a  2  and  (1  — 5a)2. 

7.  x2  —  2/2,  (x  +  j/)2  and  x2  +  3xj/  +  ^y^. 

8.  x2  —  1/^,  x^  —  y^  and  x-  —  Ixy  +  6i/2. 

9.  x2  —  1,  x^  —  1  and  x2  +  x  —  2. 
10.  1  —  «2j  1  +  a^  and  a^  +  5a  +  4. 


7k>  method  0^  finding  the 

127.  In  larj^e  numbers  the  factors  cannot  often  be  deter 
mined  V)y  inspection,  and  if  we  have  to  find  the  H.C.F.  of  two 
Mich  niinibtrs  we  have  recourse  to  the  following  Arithmetical 
Rule: 

"  Divide  the  greater  of  the  two  numbers  by  the  less,  and  the 
divisor  by  the  remainder,  repeating  the  process  until  no  rr 
mainder  ia  left  :  the  last  divisor  is  the  H.c.F.  required." 

Thus,  to  find  the  h.c.f.  of  689  and  1573. 
689;  1573(2 
1378 

~195;689(3 
585 

K)4;  195(1 
104 

"l)i;  104(1 
91 

13;  91  (7 
91 

.-.  13  is  the  H.i  F.  of  689  and  1573. 

Examples.— xxxvi. 

Find  the  h.c.f.  of 

I.     6906  and  10359.  4.  126025  and  40115. 

3.     1908  and  2736.  5.  1581227  and  16758766. 

3.     49608  and  169416.  6.  35175  and  236845. 

128.  The  Arithmetical  Rule  is  foundi-d  on  the  following 
•])eration  in  Algebra,  which  is  called  the  Proof  of  the  Rule  foi 

finding  the  Highest  Common  Factor  of  two  expressions. 

l^et  a  and  h  be  two  expre-isions,  arranged  according  to  de- 
scending powers  of  some  conminn  letter,  of  which  a  is  not  of 
lower  dimensions  than  5. 

Let  6  divide  a  with  -p  as  quotient  and  remainder  c, 

c 6  q  <i. 

d c r  with  no  remainder. 
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The  form  of  the  opeiatiun  may  be  shewn  thus  : 

h)  a  i^p 

pb 

7)b{q 

d)c{r 
rd 

Then  we  can  shew 

I .  That  rf  is  a  common  factor  of  a  and  6. 

II.  That  any  other  common  factor  of  a  and  6  is  a  factor  of 
d,  and  that  therefore  d  is  the  Highest  Common  Factor 
of  a  and  b. 

For  (I.)  to  shew  that  rf  is  a  factor  of  a  and  b  : 
b  =  qc  +  d 
=^qrd  +  d 
=  {qr+l)d,  and  .'.  d  is  a  factor  of  b  ; 

and  a=2)b  +  c 

.=p{qc  +  d)  +  c 
=  pqc+pd  +  c 
=pqrd+pd  +  rd 
=  {pqr  +p  +  r)d,  and  .".  d  is  a  factor  of  a. 

And  (II.)  to  shew  tliat  any  common  factor  of  a  and  b  is  a 
factor  of  d. 

Let  8  be  any  common  factor  of  a  and  6,  such  that 
a  =  m8  and  b=  nS. 

Then  we  can  shew  that  8  is  a  factor  of  d. 

For  d  =  b-qc 

=  b  -  q{a  -  pb) 

=  b-qa+pqb 

=  n8  -  qmS + pqyiB 

=  {n-qm  +  pqn)  8,  and  .".  S  is  a  factor  of  d. 

Now  no  expression  higher  than  d  can  T>e  a  factor  of  d  ; 
.'.  d  is  the  Highest  Common  Factor  of  a  and  b. 
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129.     Ex.     To  fiiul  the  H.c.F.  of  x-  +  2i+l  aiul 

a;3  +  2x2  +  2.*- +  I. 

x2  +  2x+i;x3  +  2x2  +  2a;+l(x 

X3+2X2  +  X 


a;+l^x2  +  2x+  H^j-j- 1 
x^  +  x 


x+  1 
Hence  x  +  1  being  the  Last  divisor  is  tin-  h.c.f.  required. 

130.  In  tlie  algi'l)raicnl  process  four  <lcvices  are  frcijvicntly 
iisL-ful.  These  we  sliall  now  state,  and  exemplify  eadi  in  the 
next  Article. 

I.  If  tilt;  sign  of  the  first  term  of  a  remainder  be  negative, 
we  may  change  the  sign.s  of  all  the  terms. 

II,  If  a  remainder  contjiin  a  factor  which  is  clearly  not  a 
common  factor  of  the  given  expressions  it  may  lie 
removed. 

III.  Wc  may  miiliiply  or  divide  either  of  the  given  expre.s- 
.sions  by  any  numbt-r  which  does  not  introduce  or 
remove  a  common  factor. 

IV.  If  the  given  expressions  have  a  coniuion  factor  which 
can  be  seen  by  inspection,  we  may  remove  it  from 
both,  and  find  the  Highest  Common  Factor  of  the 
parts  which  renuiin.  //  we  multiply  this  result  by 
the  ejected  factor,  we  shall  obtain  the  Highest  Com- 
mon Factor  of  the  given  expressions. 

131.  Ex.  I.     To  find  the  H.C.F.  of  2x2- x_i  and 

6x2 -4x- 2. 

2x«-x-l)6x2-4x-2(3 
6x2 -3i- 3 

-   x+l 
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Change  the  signs  of  the  remainder,  and  it  becomes  x  —  1. 

x-i;2x2_x-l(2a;  +  l 

2x2 -2x 


x-1 
x-1 

The  H.C.F.  required  i?  x—  1. 

Ex.  1 1 .     To  find  the  h.c.f.  of  x^  +  3x  +  2  and  x^  +  5x  +  6. 

x2  +  3x-lr2;x2  +  5x  +  6(l 
x2  +  3x  +  2 

2x  +  4 

Divide  the  remainder  by  2,  and  it  becomes  x  +  2. 
x  +  2)x2  +  3x  +  2(^x+l 
x2  +  2x 


x  +  2 
x  +  2 

The  H.C.F.  required  is  x  +  2. 

Ex.  III.    TofindtheH.c.F.of  12x2 +  x- land  15x-+8x  +  l. 

Multiply  15x2  +  8x  +  l 

by        4 


12x2  +  x- 1;  60x2  +  32a;  +  4  (^5 
60x2+   53._5 

27x  +  9 

Divide  the  remainder  by  9,  and  the  result  is  3x  + 1. 
3x+i;i2x2  +  x-l(^4x-l 
12x2 +  4x 


-3x-l 
-Sx-1 

The  H.C.F.  is  therefore  3x  +  1. 

Ex.  IV.     To  find  the  h.c.f.  of  x^-  5x2  +  6cr  and 

X  --  10x2  +  21x. 

Remove  and  reserve  the  factor  x,  which  is  coiauiun  to  both 
expressions. 


U  METHOD  OF  PINDWG  TffH 


Then  we  have  remaining  x-  — 5x  +  6  and  y?—  l0a;  +  21. 

The  H.c.F.  of  these  expressions  is  x  — 3. 

The  H.C.F.  of  the  original  expressions  is  therefore  x^-3x 

Examples.— xxxvii. 

Find  the  h.c.f.  of  the  I'ollowing  expresaions : 

1.  x2  +  7x+12  andx2  +  9x  +  20. 

2.  x2  +  12x  +  20andx2  +  14x  +  40. 

3.  x2  -  17x  +  70  and  x^  -  13x  +  42. 

4.  x2  +  5x  -  84  and  x^  +  2 Ix  +  108. 

5.  x2  +  x-12  andx2-2x-3. 

6.  x^  +  5x1/  +  6j/2  and  x^  +  6x3/  +  93/^. 

7.  x2  -  6x?/  +  81/2  and  x^  -  8x1/  +  1  ^f. 

8.  x2  -  1 3xj/  -  30J/2  and  x^  -  1 8x1/  +  45?/2, 

9.  3?-y^  and  x-  —  2xj/  +  y-. 

1 0.  x^  +  1/^  and  x^  +  3x''7/  +  3x!/*  +  j/'. 

11.  x^-i/^and  x2-2xj/  +  ^2. 

12.  x^  +  y''  and  x^  +  y^. 

13.  X*  -  3/*  and  x^  +  2xj/  4  i/*, 

14.  a2  -  62  +  26c  -  c2  and  a^  -f  2a6  +  62  _  2ac  -  26c  +  c*. 

15.  12x2  +  7xi/  +  i/2and  28x''  +  3xi/-2/2. 

1 6.  6x2  +  xy-y'i  and  39x2  _  22x1/  +  32/«. 

1 7.  15x*  -  8x1/  +  j/2  and  40x2  -  3xi/  - 1/2 

18.  x*-5x3  +  5x2-l  and  x*  +  x3-4x2  +  x  +  ]. 

19.  X*  +  4x2  ^.  16  and  a^  +  x*  -  2r'  +  17x2  -  10x  +  20. 

20.  X*  +  xh/  +  y*  and  x*  +  2x^y  +  2xhf  +  2xi/^  +  y*. 

21.  x«-6x«  +  9x2-4und  x«  +  x''-2x* +  3x2-x-2. 
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22.  15a*  +  lOa^i  f  \(C-¥  +  6aft3  -  3?)*  and  Ga^  +  19a26  +  Saft^  -  563. 

23.  15a,-3  -  1 4^2v  +  iAxf  -  If  and  27x3  +  333.2^^  _  gOx/  +  ^f. 

24.  21x2  -  83x?/  -  27x  +  22//'-  +  99?,'  and  12x2  _  353^  _  gx 

-33w2  +  22(y. 

25.  3a3-12a2_a26+ 10rt6-262and  fin''- I7a26+ 8rt6"'-6^ 

26.  1 8a3  -  1  Sa^x  +  6ox-  -  Gx^  and  eoa^  -  75ax  +  1 5x2. 

27.  21x3-26x2-f8xand6x2-x-2. 

28.  6x*  +  29^(2x2  +  9a*  and  Sx^  -  15ax2  +  o?x  -  ha?. 

29.  X**  +  X^2  4.  r^ij  4-  ^3  ajj  J  ^.4  _  ^4  • 

30.  2x3  +  10x2  +  i4x  +  6  and  x3  4- x2  +  7x  +  39. 

3 1 .  45((3x  +  3«2x2  -  9«x3  +  6x*  and  1 8a2x  -  Sx^. 

132.  It  is  sometimes  easier  to  find  the  H.c.F.  by  reversing 
the  order  in  which  the  expressions  are  given. 

Thns  to  find  the  h.c.f.  of  21x2  +  38x  +  5  and  129x-2  +  221x  +  10 
the  easier  course  is  to  reverse  the  expressions,  so  that  they 
stand  thus,  5  +  38x  +  21x'^  and  10  +  221x+ 129x'2,  and  then  to 
proceed  by  the  ordniary  process.  The  h.c.f.  is  3x  +  5.  Otlier 
examples  are 

(1)  187x3  -  84x2 +  31x- 6  and  253x3- 14x2  + 29x- 12, 

(2)  371^/3  +  26?/ -oOy  +  Z  and  469i/3  +  75(/2  _  lOiy  -  21, 
of  which  the  h.c.f.  are  respectively  llx  — 3  and  7i/  +  3. 

133.  If  tlie  Highest  Common  Factor  of  three  expressions 
a,  b,  c  be  required,  find  first  the  h.c.f.  of  a  and  b.  If  d  be  the 
H.C.F.  of  a  and  b,  then  the  h.c.f.  of  d  and  c  will  be  the  h.c.f. 
of  a,  b,  c. 

ly*.     Ex.     To  find  the  h.c.f.  of 

x3  +  7.r2  —  X  —  7,  ^■3  +  5x2  _  -j  _  5^  and  x*  —  2x  +  1. 

The  H.C.F.  of  x3  +  7x2  —  x  —  7  and  x3  +  5x2  —  x  —  5  will  be  found 
to  be  x2  —  1. 

The  H.C.F.  of  x2-l  and  x2-2x+l  will  be  found  to  be 
x-1. 

Hence  x-  1  is  the  h.C-F.  of  the  three  expressions. 
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Examples.— xxxviii. 

Find  the  Highest  Common  Factor  of 

1 .  x^  +  5a;  +  6,  x^  +  7a;  +  10,  and  x-  +  liut  -r ao- 

2.  x3  +  4x2-5,  x'-Sx  +  a,  and  x3  +  4x--8x  +  3. 

3.  2x2  +  x-l,  x2  +  5x  +  4,  and  x'+ 1. 

4-     1/^-1/^-1/  + 1,  3i/2-2!/-l,  andi/3-j^2  +  i/-l. 

5 .  x-^  -  4x2  +  9x  -  10,  x3  +  2x2  -  3x  +  20,  and 

.'r'  +  5x''-v>j;-»-So. 

6.  x3 -  7x-  +  16x  -  12,  3x3 -  i^^%  +  i6x,  au.l 

5x3-!0.r-  +  7x-l4. 

7.  1/3  -  5j/-  +  1  ly  -  1 5, 1/''  _  j/2  4-  3?/  +  5,  ana 

21/  -7)/-+  lew- 15. 

Note.     We  use  the  name  Highest  Common     actm  n.nt-ad 
of  fireninAt  Common  Measure  or  Highest  Common  Divisor  lor  the 
*i"ollowii)g  reasons  : 

(1)  We  have  used  the  word  "Measure  ■  m  tt-n.  a 
different  sense,  that  is,  to  denote  the  number  of  tiW6d"'any 
<|iiantity  contsiins  the  unit  of  measurement 

(2)  Dir-isor  does  not  necessarily  imply  a  quannrv  v..iich 
is  contained  in  another  an  exact  number  of  times,  "luus  in 
performing  the  operation  of  dividing  333  i)V  l3,  we  cim  13 
divisor,  but  we  do  not  mean  that  333  contains  la  au  aead 
number  of  times. 


IX.     FRACTIONt 

135.     A  QUANTITY  a  is  called  an  Exact  iVivisoii  01  m  q^mn- 
tity  b,  when  h  contains  a  an  exact  iniin})er  ot  iiiuts. 

A  quantity  a  is  called  a  Mi;i,tipi.k  of  a  cj^uanniy  0,  wucii  " 
contains  b  an  exact  number  ot  time*. 
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136.  Hitb«»»^o  we  have  treated  of  quantities  \vlii(  h  mi, tain 
the  unit  of  ni^^i-iuremeut  iii  each  case  an  exact  niuuliL-:-  ot 
times. 

We  have  now  f  o  treat  of  quantities  which  contain  some  exad 
divisor  of  a  pnuiary  unit  an  exact  number  of  times. 

137.  We  mtist  first  explain  what  we  mean  by  a  primary 
unit. 

We  said  in  Art.  33  that  to  measure  any  quantity  we  ta^e  a 
known  standard  or  unit  of  the  same  kind.  Our  choice  as  to 
the  quantity  to  be  taken  as  the  unit  is  at  fir.st  unrestricted,  but 
when  once  made  we  must  adhere  to  it,  or  at  least  we  must 
give  distinct  notice  of  any  change  which  we  make  with  respect 
to  it.     To  such  a  unit  we  give  the  name  of  Primary  Unit. 

138.  Xext,  to  explain  what  we  mean  by  an  exact  divisor  of 
a  primary  unit. 

Keeping  our  Primary  Unit  as  our  main  standard  of  mea- 
surement, we  may  conceive  it  to  be  divided  into  a  number  of 
parts  of  ecpial  magnitude,  any  one  of  which  we  may  take  as  a 
Subordinate  Unit. 

Thus  we  may  take  a  pound  as  the  unit  by  which  we  mea- 
sure sums  of  money,  and  retaining  this  steadily  as  the  primary 
unit,  we  may  still  conceive  it  to  be  subdivided  into  20  equal 
parts.  We  call  each  of  the  suljordinate  units  in  this  case  a 
shillin",  and  we  say  that  one  of  these  equal  subordinate  units  is 
one-twentieth  j)art  of  the  primary  unit,  that  is,  of  a  pound. 

These  subordinate  units,  then,  are  exact  divisors  of  the 
primary  unit. 

139.  Keeping  the  primary  unit  still  clearly  in  view,  we 
represent  one  of  the  subordinate  units  by  the  following  nota- 
tion. 

We  agree  to  represent  the  words  one-third,  one-fifth,  and 
one-twentieth  by  the  symbols  5,    ^,    ^,  and  we  say  that  if 

the  Primary  Unit  be  divided  into  three   equal  parts,  5  will 

represc  nt  one  of  these  parts. 
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If  we  have  to  represent  tivo  of  these  subordinate  units,  we 

do  so  by  the  symbol  -  ;  if  three,  by  the  symbol  '.   ;  if  four,  by 

4 
the  symbol  -,  and  so  on.     And,  generally,  if  the  Primarj'  Unit 

be  divided  into  h  equal  parts,  we  represent  a  of  those  parts  by 

the  svnibol  ,. 
0 

140.  The  symbol  ^  ^ve  call  the  Fraction  Symbol,  or,  more 

briefly,  a  Fraction.  The  number  helow  the  line  is  called  the 
Denominator,  because  it  denominates  the  number  of  equal 
parts  into  which  the  Primary  Unit  is  divided.  The  number 
above  the  line  is  called  tlie  Nu.mijrator,  because  it  enumerates 
how  many  of  these  equal  parts,  or  Subordinate  Units,  are 
taken. 

141.  The  term  numher  may  be  correctly  applied  to  Frac- 
tions, since  they  are  measured  by  units,  but  we  must  be 
careful  to  observe  the  folU)\viiig  distinction  : 

An  Integer  or  Whole  Number  is  a  multiple  of  the  Primary 

Unit. 
A   Fractional   Number  is  a  multiple  of  the  Subordinate 

Unit. 

142.  The  Denominator  of  a  Fraction  shews  what  multiple 
the  Primary  Unit  is  of  the  Subordinate  Unit. 

The  Numerator  of  a  Fraction  shews  what  multiple  the 
Fraction  is  of  the  Subordinate  Unit. 

143.  The  Numerator  and  Denominator  of  a  fraction  are 
called  tlie  Terms  of  the  Fraction. 

144.  Having  thus  explained  the  nature  of  Fractions,  we 
next  proceed  to  treat  of  the  operations  to  which  they  are  sub- 
jected in  Algebra. 

145.  Def.  If  the  quantity  x  be  divided  into  h  equal  parts, 
and  a  of   those   purls  be  taken,  the  result  is  said  to  be  the 

traction  ,  ol  x. 

0 

If  X  be  the  unit,  this  is  called  the  fraction  ,. 
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146.  If  the  unit  be  divided  into  h  equal  parts, 

r  will  represent  one  of  the  parts. 

2 

J- two 

6 

T three  

0 

And  generally, 

1  will  represent  a  of  the  parta. 

147.  Next  let  us  suppose  that  each  of  the  h  parts  is  svh- 
divided  into  c  equal  parts  :  then  the  unit  has  been  divided 
into  be  equal  parts,  and 

T—  will  represent  one  of  the  subdivisions. 

2 

T—  two 

be 

And  generally, 

To "  

„     ,        ^.    ^  ac    a 

148.  To  shew  that  ^  =t- 

Let  the  unit  be  divided  into  b  equal  parts. 

Then  r  will  represent  a  of  these  parts (1), 

Next  let  each  of  the  b  parts  be  subdivided  into  c  equal 
'  parts. 

Then  the  primary  unit  has  been  divided  into  be  equal  parts, 

tQid.  ^—  will  represent  ac  of  these  subdivisions (2). 

be 

Now  one  of  the  parts  in  (1)  is  equal  to  c  of  tne  subdivisions 
in  (2), 

.•.  a  parts  are  equal  to  ac  subdivisions  ; 
.  a_ac 
''b~bc' 
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Cor.     We  draw  from  this  proof"  two  inferences  : 

I.  If  the  numerator  and  denominator  of  a  fraction  be 
multiplied  by  ihe  same  number,  the  vahie  of  the  frac- 
tion is  not  altered. 

II.  If  the  numerator  an<l  denominator  of  a  fraction  be 
divided  by  the  same  number,  the  value  of  the  fraction 
is  not  altered. 

149.  To  make  the  important  Theorem  established  in  the 

preceding  Article  more  clear,  we  shall  give  the  following  proof 

4     16 
that  H  =  6n'  ^y  taking  a  straight  line  as  the  unit  of  length. 

I   I   I   I   I   I   I   I   I   I   I    11   I   M   I LI 

A  E  D  F  B  C 

Let  the  line  AC  be  divided  into  5  ecjual  parts. 

Then,  if  B  be  the  point  of  division  nearest  to  C, 

AB  is  ^  of  AG.  (1). 

5  . 

Next,  let  each  of  the  parts  be  subdivided  into  4  equal  parts 

Then         AG  contains  20  of  these  subdivisions, 
and  AB  16 

:.  ABiB^^^oiAJ.  (2). 

Comparing  (1)  and  (2),  we  conclude  that 

4^16    , 
6~20" 

150.  From  the  Theorem  established  in  Art.  148  we  derive 
the  following  rule  for  reducing  a  fraction  to  its  lowest  terms  : 

Find  ike  Highest  Govxmon  Factor  of  the  numerator  and  denomi- 
nator and  divide  hoih  by  it.  The  resulting  fraction  ivill  be 
one  equivalent  to  the  origiiiai  fraction  expressed  in  the  simplest 
terms. 
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151.  When  the  numerator  and  denominator  each  consist  of 
a  single  term  the  H.c.F.  may  be  determined  by  inspection,  or 
we  may  proceed  as  in  the  following  Example  : 

lOa^t-c* 
To  reduce  the  fraction  ,  ^  .,, ,  „  to  its  lowest  terms, 

lOa^ft  'c*     2  X  5  X  aadbhcccc 
12a-6V~   2  X  6  X  aabbbcc  ' 

We  may  then  remove  factors  common  to  the  numerator  and 

,    „  ,  .   .       5  X  ace 

denominator,  and  we  shall  have  remaming  -— — r- ; 

.•.  the  required  result  will  be  -^v  • 

152.  Two  cases  are  especially  to  be  noticed. 

(1)  If  every  one  of  the  factors  of  the  numerator  be  removed, 
the  number  1   (being   always  a  factor   of  every  algebraical 
expression)  will  still  remain  to  form  a  numerator. 
3a-c  3aac  1 


Thus 


12aV-     3  X  4  X  aaacc     4ac' 


(2)  If  every  one  of  the  factors  of  the  denominator  be  removed, 
the  result  will  be  a  whole  number. 

12a^c-     3  X  4  X  aaacc 

Thus  -1^,-  =  — ^ =  4ac. 

3a-c  3  X  aac 

This  is,  in  fact,  a  case  of  exact  division,  such  as  we  have 
explained  in  Art.  74. 


EXAMPLES. — XXXiX. 

Reduce  to  equivalent  fractions  in  their  simplest  terms  the 
following  fractions : 

■      4o2  8x3  loa^ 

'•     I2a3'  ^'     36a;2*  ^"  i^aW 

ISs^y^  Ta^^  ^  4axy 

^     45x3i/V  ^*     2Ta36V  '  'iabc 

b\ay-z  J.      15a6V  8x^V 

^-     34a->2-  »•     I2a362c2*  ^'  6x^* 

[S.A.]  r 
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42m^7i^2*  •     a'^  +  ab'                     '     2lm^p-7'mx' 

xy  4ax  +  2x-                       ay  +  y' 

Zxy^  —  bxhjz  8aa;^  — 2z-'              •*'     ahc  +  hcy' 

,      4a^x  +  6a^y  12a6''  -  6«/;             „           c=*-4<i' 

'   ■      8x2^ri8i/-"  '^'       86-C-2C   '          '  *     c2^f4ac  +  4o2 

3a:*  +  3x2j/2  ^        _W^j-Wy^ 

"'     5x*  +  5xh/'  ~^     14a%cufi  -  I4a%cy'' 

lOx-lOy  5.g»  +  45dx^ 

^°"     4x'^-8xy  +  4y^  ^5-     lOcx"  +  QOcrfx^' 

ax  +  &u  ,      lOa-  +  20ab  +  106* 

^  26. — 


7a2x2-76V  5a3  +  5a26 

6«6  +  8c(Z  4x2-8xy  +  4j/2 

^^'     270^623.— 48^252^-  27-         48(x-^)2^'* 

gey  -  xyz  _       Sttw;  +  5?ix* 

^"     2az-2az^'  '     ^nvy  +  Tiyixy' 

• 
153.  We  shall  now  give  a  set  of  Examjiles,  some  of  which 
may  be  worked  by  Resolution  into  Factors.  In  others  the 
H.c.F.  of  tlie  numerator  and  denominator  must  be  found  by 
the  usual  process.  As  an  example  of  the  latter  sort  let  us 
take  the  followinj^ : 

To  reduce  the  fraction  „-,  -„-,  -„o — «■  '0  its  lowest  terms. 
■'  2x'-9x2-38x  +  21 

Proceeding  by  the  usual  rule  for  finding  the  h.c.f.  of  the 
numerator  and  denonunator  we  find  it  to  be  x  -  7. 

Now  if  we  divide  x'  — 4x2— 19x— 14  by  x-7,  the  result  is 
x2  +  3x  +  2,  and  if  we  divide  2x-'' - Ux^ - 38x  +  2 1  by  x-7,  the 
result  is  2x2  4. 5x  -  3. 

Hence  the  fraction  „  ,     ,       „  is  equivalent  to  the  proposed 
JtX  +  ox  —  o 

fraction  and  is  in  its  lowest  terms. 


Examples.- -xl. 

o2+7o+10  x2--9x  +  20  x2-2x-3 

I.        ,— -     .  „•  2. 


a«  +  6a+6'  x2-7x+12'  ^'    x2-10x  +  21* 
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x--8xj/-105r/2-         5-      a:2  +  a5+"i'  •  y»-f 

„     a?-ox-  +  Ux-\o  a^  +  l 


a^-8x2  +  21x-18  .      3«x--13ax+14a 

^'       3r»-16x2-r21x  '  ^  ■       7x3-17x-^  +  6x  ' 

x3- 7x^+1 6x  -  1 2  14x2-34x+12_ 

'°'       3x3 _  lAx^^iQx  •  *7-     9ax2-39ax  +  42a 

X*  +  xhj  +  xi/3  -  y^  J.        10(1  -  24a2  +  14a^ 

^'-     a;4_a~32/_x!/i-ii'  *     15-24a  +  3a2  +  6a3- 

a3  -(.  4a-i  _  5  2ab^  +  ah-  -  8ab  +  5a 

53  +  452_5j  a3-3re2  +  3a-2 

^3-     -^!_66  +  5^*  ^°"     a3-4a-'  +  6a-4" 

3x2  +  2x-l                   o-  -  g  -  20  x3-3x^/4x-2 
"'■     x3  +  x2^x-r         ^^"  a-  +  a  -  12'         ^^"    x3-x2-2x  +  2 

(x  +  y  +  2)-  +  (2  -  yf  +(x-zy  +  {y-  x)2 

^  X-  +  2/2  +  2^ 

2x*-x-^-9x2+13x-5,  15a2  +  a6-262 

^'"        7x3-19x2+17x-5  ^^"     9a' +  3a6  -  262- 

16x^-53x2  +  45x  +  6  x2  -  7x  +  10 

^        8x*^30x3T31x--12'  ^'^'      2x2 -X- 6' 

4x2  _  i2ax  +  9a'  ,      x^  +  3x2  ^4^  +  12 

^^'     "8x3-27a3      •  ^^'      x3  +  4x^  +  4x  +  3* 

6x3  _  23a;2  +  16x  -  3  ,      x*-x2-2x  +  2 

^        6x3-17x2+llx-2"  ^           2x3-x-l     ■ 

3^-6x^  +  Ux-6  x3-2x2-15x  +  36 

^9"     "^3^2x2^  +  2  ■  ^^"          3^2Z4x"l^~' 


m^  +  m^  +  m-Z  3x3  +  x2-5x  +  21 

3°-     m3  +  37?i2  +  5m  +  3"  ^        Gx^  +  29x2  +  26x  -  2 

x^  +  5x*  —  X*  —  5x  x*  —  x^  -  4x2  —  X  +  1 

^^'       x*V3x3^^^^3  •  ^^'     '4x3-3x2-8x-T  ' 

a2_^2_26c-c2  a3  -  7a2+16a-12 

'^^"     fl2  +  2a6  +  62_^«-  '*°-     "3a3-14o2+16(|  • 
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154.  The  fraction  y  is  said  to  be  a  proper  fraction,  when  a 
is  less  than  6. 

The  fraction  y  is  said  to  be  an  improper  fraction,  when  a  is 
greater  tlum  h. 

155.  A   whole  number   x   may  be  written  as  a  fractir>nal 
number  by  writing  1  beneath  it  as  a  denominator,  thus  -. 

,  p.  r.      m  y       a    ,.  c     ac 

156.  lo  prove  that  ,  ot  -,=  ,  ,. 

'  0       a     od 

Divide  the  unit  into  bd  jiarts. 

,„.        a    „  c     a     ,.  be 
ihen  r  ot   ,= 
0       a 


=b''^bd 

(Art.  148) 

=  r  of  6c  of  these  parts 

(Art.  147) 

=  T-  of  6c  of  these  parts 

(Art.  148) 

=  ac  of  these  parts 

(Art.  147). 

-r^  =  ac  of  these  parts ; 

a    ..  c    ac 
b      d~bd' 

But 


This  is  an  imjiortant  Theorem,  for  from  it  is  derived  the 
Rule  for  what  is  called  Multiplication  of  Fractions.     We 

extend  the  meaniiiL;  of   the  sigTi    x    and  define   ,  Xt  (which 

according  to  our  definition  in  Art.  36  has  no  meaning)  to  mean 

r  of  -,,  and  we  conclude  that  .-  x  ,=  ,  ,,  which  in  words  "ives 
b       d  b     d     bd  "^ 

us  this  rule — "  Take  the  product  of  the  numerators  to  form 

the  numerator  of  the  resulting  fraction,  and  the  product  of  the 

denominators  to  form  the  denominator." 

The  same  rule  holds  good  for  the  multiplication  of  three  or 
more  fractions, 
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157.     To  fthew  that  t-^-i  =  i—- 
b     a     be 


The  quotient,  x,  of  r  divided  by  -5  is  such  a  number  that  x 
multiplied  by  the  divisor  3  will  give  as  a  result  the  dividend  t  . 


xc 

•'•  ~d'' 

a 
~b' 

d 

c 

.  xc 

d    , 
=  -  of 
c 

a 
b' 

xcd 

ac{ 

•   cd 

~bi' 

:  a;  = 

ad 

"be- 

Hence  we  obtain  a  rule  for  what  is  called   Division   of 
Fractions. 

-,.       a     c    ad  t 

bince  r^^  j=  ir> 
0     a     be 

a     c  _a    d 
b'^'d'b^e- 

Hence  we  reduce  the  process  of  division  to  that  of  multipl' 
cation  by  inverting  the  divisor. 

15b.     The  following  are  examples  of  the  Multiplication  an  1 
Division  of  Fractions. 

2x      ..    _  2x      3a_6ax_2x 

3x_^      _3.c^3a_3x     J_  _  3x  _    x 
^'     26-  26•T~26''3^~6^/)~2^• 


3•      n^'l 
4- 


4a^     3c  _  3  X  4  X  a-c  _  2a 
9c2  ^  2tt "" 2  X  9x  ac- ^ 3c ' 


5- 


14a;2^7x_14x2     9y_9xl4xz^     2x 
27^2  ■  9y  ~  27y2  ^  7x  ~  7  x  27  x  xi/2  ~  3y 

2a      96      5c  _  2rt  X  96  X  5c      3 
36  ^  TOc  ^  4a  ~  36  xT0or4a  ""  4" 
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,       x^  —  Ax     x-  +  7x_x(x  — 4)     x(x  +  7) 
x^  +  lx^      x-4  ~x-(x  +  7)       x-4 
_x(x-4)j(x  +  7)_ 
~  x2(x  +  7)(x-4)~ 

a-  -  6-       ,4  (a-  —  a6)  _      a''^  —  6^  o'  +  aft 

'*     a^  +  ;;ia6  +  ^- ■     a"-  +  a6    ~a^+2a6  +  /j2     4(a--a6) 
_  (a  +  6)(a  -  6)      a  (a  +  /)) 
~  (a  +  6)  (rt  +  6)     4a  (a  -  6) 
_(o  +  i)(a-6)a(a  +  6)  _1 
~  (aT6)  ((rri)4a(a^?))  ~  -1 

Examples.— xli. 

Simplify  the  followinj:^  expressions  : 

3x     7x  3a     26  4x2     3x 

^'     Ay^'^y  ^-     46  ""S^-  3*     9i/-' '^  Si/' 

80^63      15xy2  9x2i/2a      20aWc        ,      2a     46     5r 

4"     45x2)/ ^  24a362"       5-      io;^:.'62j,  ^  iSxy-'z'        °*     56  "*  3c '^  fir/' 

3x2y     5y%      12x2  7«*6*     20cV^'     4rtc 

7-     4^ '^  6xy  ^  20xy''^*  5c^Z3 '^  42«<6-' ^  36^' 

9ni27i2     5^,2^     24X-1/2  25P?/i-      70«''^     3pTO 

"■      8/)^       2xt/      9()n}n'  H/i-j*     Ibp'^i     4k^u 


Examples.— xlii. 

Peduce  to  simple  fractions  in  their  lowest  terms: 
a-b      a2  -  6-^ 


a*  +  o6     a'^  -  ab' 

x*  +  4x     4x--12x 
x2-^x^3x2+12x' 

z«  +  3x-l-2     x2-7x  +  12 
s?^5x  +  6'*  "   x2  +  x      ■ 

a2-4f»  +  3      a2-9rt  +  20      a}  -  7« 
7  ■     o*^  5a  +  4  '^  a^'i'^l  Oa V  2 1  ^  a^^  5a" 

J2_7ft4.6     62+106  +  24     6»-86^ 
^-     62"+  36  -  4  '^  6-^  -  1 46  +  48  "^  6*  +  66 ' 


4- 

x2  +  x-2     x'--13x  +  42 

x2-7x    ^      x^  +  2x 

5- 

x2-llx  +  .30    x2-3x 
x2-6x  +  9    '^x^-Sx 

6. 

x2  _  4      x2  _  25 

x^  +  5x/x»  +  2x" 
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II. 


13- 


a?-y'  xy  -  2y^    x--xy 

3?  -  3xy  +  2y2      x^  +  xxj     {x  -  xjY 

(x  -  mf  —  n^    a?  -{n-  m)^ 
(x  -  n'f  -  m^     X-  -  {m  -  ny 

{a  +  by-(c  +  d)-  ^  {a-b)--(d  -  cf 
(a  +  cf  -  (6  +  (ly     (a  -  c)'-  -  {d  -  hf 

x^  —  2xy  +  y-  -  z-    x  +  y-z 
x^  +  2xy  +  y-  -z-    x-y  +  z' 


Examples. — xliii. 

Simplify  the  following  expressions  : 

2rt_^36  ^      loy^df  Sx^y  .   2x3 

X   '  oc'  "     I4z  '   Iz'  ^'     loab^  '  3U^' 

4.     ^^3a6.  5.       -■'  ^—^  6.     1-=-—. 

■nx  zj)  -2     p  -  I  ox 

5x^2        8  1  .      1  1  .       1 

'^'      7    ■    ■  ■  x2-3x  +  2  •  x- r         ^"  x2-17x  +  30  ■  X- 15' 

158.     We  are  now  able  to  justify  the  use  of  the  Fraction 
Symbol  as  one  of  the  Division  Symbols  in  Art.  73,  that  is, 

we  can  sliew  that  y  is  a  proper  representation  of  the  quotient 

resulting  from  the  division  of  a  by  b. 

For  let  X  be  this  (juotient. 

Then,  by  the  detiuition  of  a  quotient.  Art.  72, 
b  X  x  =  a. 

But,  from  the  nature  of  fractions, 

ox  T  =  «; 

a 
:.-=x. 

0 
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159.     Ihre  wc  mux  state  an  important   i  neoreiu,  whicfl  ■»•#» 

sliiil!  ri'(|iiirc  in  tlie  next  (.'liajjter. 

If  ad  =  be,  to  tjhew  that  ,  =  -.. 
h     a 

Since  ad  =  be. 


ad     be 
bd~U 

.  a     c 

■'I'd: 

X.  THE  LOWEST  COMMON    mui-TIPLE. 

16(\  An  expression  is  a  Common  MuL-mui!:  of  two  or 
more  other  expressions  when  the  former  is  exautn  clivisihle  by 
eaili  of  tlie  hitter. 

Thus  24x^  is  a  common  multiple  of  6,  Hx^  and  12r'. 

161.  The  Lowest  Common  Multiple  of  two  or  more 
expressions  is  the  expression  of  lowent  dimtintiA/ns  which  i.'^ 
exactly  divisible  by  each  of  theiu 

Thus  18a!*  is  the  Lowest  Comuiou  ;»iuin(nc  of  Gx',  9x^, 
and  3x. 

The  words  Lowest  Common  Multiple  are  abbreviated 
into  L.C.M. 

lf)2.  Two  numbers  are  said  to  be  prime  to  each  other 
whiih  have  no  coninuin  factor  but  unity. 

Thus  2  and  3  are  prime  to  each  other. 

163.     If  rt  and  h  be  prime  to  each  other  the  fraciion 

is  ill  its  lowest  terms. 

Hence  if  o  ami  h  be  prime  to  each  other,  und  i  =j,  "I'd 
if  m  be  the  h.c.f.  of  c  and  d, 

o=       and  0"- — . 
7/i  m 


i 
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164.  In  finding  the  Lowest  Common  Multiple  of  tAvo  or 
more  expressions,  each  consisting  of  a  single  term,  we  may 
proceed  as  in  Arithmetic,  thus  : 

(1)  To  find  the  l.c.m.  of  Aa?x  and  18aa^, 


2 

4a%, 

18aa:3 

a 

2a3x, 

9aa:3 

X 

2a-x, 

9x» 

2a-, 

9x-' 

LCM.  =  2  X  a  X  a;  X  2a2  X  9x2  _  36a3j4 
(2)  To  find  the  l.c.m.  of  ah,  ac,  be. 


a 

ah, 

ac,  be 

b 

b, 

c,  be 

c 

1, 

c,    c 

1, 

1,    1 

L.C.M.  =  a  xbx  c  =  abc. 
(3)  To  find  the  l.c.m.  of  I2a\  Ubc^  and  36a62, 
2      I2u\  Uhc\  36a62 


6 

6a\ 
a-c, 

1hc\ 

18a62 

a 

lhc\ 

30*2 

b 

ac, 

-he"'. 

362 

c 

ac, 

7c-, 

36 

a, 

"<••, 

36 

L.C.M.  =  2  X  6  X  a  X  6  X  c  X  o  X  7c  X  36  =  252a262c2. 


Examples.— xliv. 

Find  the  l.c.m.  of 


1.  4a^x  and  da-x-. 

2.  3.0-1/  and  12.r>/-. 

3.  4a%  and  8a'-6-. 

4.  ax,  U'X  and  a2x2. 

5.  2ax,  4ax-  and  x^. 


6.  a6,  a^c  and  6-c^. 

7.  a2x,  a^j/  and  x-y-. 

8.  bla-x'^,  34ax^  and  ax^ 

9.  5j!j2^^  IO927.  and  20pqr. 
IQ.  18ax-,  72«i/2  and  ]2xj/. 
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165.  The  method  of  findiiij:^  the  L.C.M.,  given  in  the  pre- 
ceding article,  may  be  extendt-d  to  the  case  of  compound 
expressions,  when  one  or  more  of  their  factors  can  be  readily 
determined.     Thus  we  may  take  the  following  Examples  : 

(1)  To  find  the  L.c.M.  of  a-x,  o?  —  x-,  and  a?^->rax, 


a  —  x 

a  —  x,a^  —  x^,  a^Jrox 

a  +x 

1,      a+x,   a^->rax 

1,         1,          a 

L.c.jr.  ={a  —  x){a  +  x)a  —  (a^  —  x-)a  =  a^  —  aa^. 

(2)  To  find  the  L.C.M.  of  x2-  1,  a;*-  1,  and  4.r«-4j<, 
x2-l      x'-l,x*-l,4ofi-4x* 
I       1,      X'+\,      4x* 
L.C.M.  =  (x2  - 1)  (x2  +  1)  4x<  =  (j-»  -  1)  4x*  =  lx«  -  4x^ 

166.     The   student  who  is  familiar  with    the    methods  of 
resolving  simple  expressions  into  factors,  especially  those  given 
iu  Art.   12."),  may  obtain  the  l.c.m.  of  such  expressions  by  a 
process  which  may  be  best  explained  by  the   following  Ex 
amples : 

Ex.  1.     To  find  the  l.c.m.  of  a^-a--  and  a^-x^. 
a^  -x^  =  {a-  x)  (a  +  x), 
n^  -x?  =  (a  —  x)  (a^  +  ax  -I-  x*) 

Now  the  L.C.M.  must  contain  in  itself  each  of  the  factors  in 
each  of  these  products,  and  no  others. 
.•.  L.C.M.  is  (ffl  -  x)  (a  +  x)  (t2  +  ax  +  x^), 

the  factor  a-x  occurring  once  in  each  product,  and  therefore 
once  only  in  the  L.C.M. 

Ex.  2.     To  find  the  l.c.m.  of 

a2  -  i2,  a2  -  2ah  +  })\  and  a^  +  2<ib  +  hK 
a^-b^  =  (a  +  h)(a-h), 
a'^-1ah  +  h-=(a-h){a-h), 
«*  +  iiah  +  h'^  =  {a  +  ?/)  (a  +  6)  ; 
L.C.M.  is  (a  +  6)  (o  -  i)  (ff  -h){a  +  h). 
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the  factor  a  —  6  occiirrinfj  tvnce  in  one  of  the  products,  and  a  +  6 
occurring  iwice  in  another  of  the  products,  and  therefore  each 
of  these  factors  must  occur  twice  in  the  l.c.m. 


Examples.— xlv. 

Find  the  l.c.m.  of  the  following  expressions  : 

1.  x^  and  ax  +  x-.  10.  x^  —  1,  x-  +  1  and  cc*  -  1. 

2.  x^  —  1  and  X- —  x.  11.  x^  — x,  x^  — 1  and  x^  +  1. 
3    a^  — 6^  and  a-  +  a6.                12.  x-- 1,  x--x  and  x^— 1. 

4.  2x  -  1  and  4x^-1.  1 3.  2a  +  1,  4a-  -  1  and  Sa^  + 1. 

5.0  +  6  and  a-*  +  h^.  14.  x  +  ?/  and  2x2  ^  2xj/. 

6.  x+ 1,  X  — 1  and  X-— 1.  15.  (a  +  6)^  and  a^  —  6^. 

7.  x  + l,x^— 1  andx-  +  x+ 1.  16.  0  +  6,  a-6  and  a-  — 6^. 

8.  x+1,  x2+l  and  x^  +  l.  17.  4(1 +x),4(l -x)and  2(l-x2) 

9.  x-1,  x^-  1  and  x^-l.  18.  x- 1,  x-  +  x  + 1  and  x^-1. 

19.  (a  -  V)  (a  -  c)  and  (a  -  c)  (6  -  c). 

20.  (,x  +  l)(x  +  2),  (x  +  2)(x  +  3)and  (x+l)(x  +  3). 

21.  X-  - 1/2,  (x  + 1/)  2  and  (x  - 1/)2. 

22.  (a  +  3)  (a  +  1),  (a  +  3)  (a  - 1)  and  a^  - 1. 

23.  x-{x -  y),  x(x2  -  y-)  and  x  +  r/. 

24.  (x  + 1)  (x+  3),  (x  +  2) (x  +  3) (x  +  4)  and  (x  + 1)  (x  +  2). 

25.  x^-y\  3(x-y)2  and  12  (x^  +  i/S). 

26.  6(x2  +  xi/),  8(xy-y^  and  10(x2-i/2). 

167.  The  chief  use  of  the  rule  for  finding  the  L.C.M.  is  for 
the  reduction  of  fractions  to  common  denominators,  and  in  the 
simple  examples,  which  we  shall  liave  to  put  before  the  student 
in  a  subsequent  chapter,  the  rules  which  we  have  already  given 
will  be  found  generally  sufficient.  But  as  we  may  have  to  find 
the  L.C.M.  of  two  or  more  expressions  in  which  the  elementary 
factors  cannot  be  determined  by  inspection,  we  must  now  pro- 
ceed to  discuss  a  Rule  for  finding  the  l.c.m.  of  two  expreasiong 
which  is  upplicabk-  tu  every  ca.se. 
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168.     The  rule  for  finding  the  l.c.m.  of  two  expressions  o 
and  h  is  this. 

Find  (I  the  highest  common  factor  of  a  and  h. 

Then  the  l.c.m.  of  a  and  h  ■=  ,xb, 
a 

h 
or,     =  ,  X  a. 
a 

In  words,  the  l.c.m.  of  two  expressions  is  found  l>y  the  fol- 
lowing process  : 

Divide  one  of  the  expressions  by  the  h.c.f.  and  vmltiply  the 
quotient  bij  the  other  expression.      The  result  is  the  L.C.M. 

Tlie  proof  oi  this  rule  we  shall  now  give. 

169.     To  find  the  l.c.m.  of  two  algehraical  expressions. 
Let  a  and  b  be  the  two  algebraical  expressions. 
Let  d  be  their  H.C.F. , 
X  the  required  l.c.m. 

Now  since  x  is  a  nmltiple  of  a  and  b,  we  may  say  that 

x  =  ma,     x  =  nb; 

:.  ma  =  nb  ; 

m     b     / ,   ,    ,  --.v 

.-.  -  =-     (Art.  159). 

n     a  ' 

Now  since  x  is  the  Lowest  Common  Multiple  of  o  and  6. 
m  and  n  can  have  no  common  factor ; 

■.  the  fraction  -  must  be  in  its  lowest  terms  ; 
Ji 

.-.  m  =  -,  and    n  = -j     (Art.  16b). 

a  a 

Hence,  since  x  =  ma,. 

b 

x=  jxa. 

a 

Alno.  since  x  =  nb, 

x=^xb. 
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170.      Ex.     Find  tlieL.c.M.  ofx2-13a;  +  42andx2-19:c  +  84. 
First  we  find  the  h.c.f.  of  the  two  expressions  to  be  x  — 7. 

Then       l.c.m.  =  ^     ^     1  ■       '. 

x-1 

Now  each  of  the  facttirs  composing  the  numerator  is  divisible 

by  X  -  7. 

Divide  x-  — 13x1-42  by  x  — 7,  and  the  quotient  is  x  — 6. 

Hence  l.c.m.  =  (.(;-6)(,c2- i9,c  +  84)  =  x3-25x-'+  198x-504. 

Examples.— xlvi. 

Find  the.L.C.M.  of  the  following  expressions  : 

1.  X-  +  5X  +  6  and  X-  +  6X  +  8. 

2.  a- -a- 20  and  a2  + a- 12. 

3.  X-  +  3x  +  2  and  x-  +  4x  +  3. 

4.  x2  +  1 1 X  +  30  an  d  x^  +  1 2x  +  35, 

5.  x2  -  9x  -  22  and  x^  -  1 3x  +  22. 

6.  2x2  ^  33;  ^  1  a,^  J  x^  -  X  -  2. 

7.  x' +  x-1/ +  x?/ + 1/- and  X*  -  ?/*. 

8.  x^  -  8x  +  15  and  x-  +  2x-lo. 

9.  21x2  _  26x  +  8  and  7x-''  -  4x2  _  2lz  + 12. 

I  o.     x^  +  xhj  +  X7/2  4-  y^  and  x-'  -  x2y  +  x?/2  -  y^. 
II.     c^  +  2a26  -  ah'  -  26^  and  (i?  -  2a26  -  ah-  +  26^ 

171.  To  find  the  l.c.m.  of  three  expressions,  denoted  by 
a,  b,  c,  we  hud  m  the  L.C.M.  of  a  and  b,  and  then  find  M  the 
L.C.M.  of  m  and  c.     M  is  the  l.c.m.  of  a,  b  and  c. 

The  proof  of  this  rule  may  be  thus  stated  : 

Every  common  niultiple  of  a  and  b  is  a  multiple  of  m, 
and  every  multiple  of  m  is  a  multiple  of  a  and  b, 
therefore  every  common  multiple  of  m  and  c  i.s  a  common 

multiple  of  a,  b  and  c, 
and  every  common  multiple  of  a,  b  and  c  is  a  common 

multiple  of  m  and  c, 
and  therefoi-e  the  L.C.M.  of  m  and  c  is  the  l.c.m.  of  a,  b 

and  c. 
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Examples. — xlvii. 

Find  the  l.c.m.  of  tlu'  i'ulluwing  expressions  : 

1 .  X-'-  -  3x  +  2,  X-  -  4x  +  3  and  x'-  -  5x  +  4. 

2.  x2  +  5x  +  4,  x^  +  4x  +  3  and  x^  +  7x  +  12. 

3.  x2  -  9x  +  20,  x2  -  1 2x  +  35  and  x^  -  1  Ix  +  28. 

4.  6x2  _  -c  _  2,  2I.C-  -  17x  +  2  and  14x2  4. 5x  -  1. 

5.  J?  -  1,  X-  +  2x  -  3  and  6x2  _  3;  _  2. 

6.  7?  -  27,  X-  -  15x  +  36  and  x^  -  3x2  -  o ,.  +  (^ 


XI.  ON   ADDITION  AND  SUBTRACTION 
OF  FRACTIONS. 

172.  Having  established  the  Rules  for  finding  the  Lowest 
Common  Multiple  of  given  expressions,  we  may  now  proceed 
to  treat  of  the  method  by  which  Fractions  are  combined  by 
the  processes  of  Addition  and  Subtraction. 

173.  Two  Fractions  may  be  replaced  by  two  equivalent 
fractions  with  a  Common  Denominator  by  the  following 
rule  : 

Find  the  l.c.m.  of  the  denominators  of  the  given  fractions. 

Divide  the  l.c.m.  by  the  Denominator  of  each  fraction. 

Multiply  the  first  Numerator  by  the -first  Quotient. 

Multiply  the  second  Numerator  by  the  second  Quotient. 

The  two  Products  will  be  the  Numerators  of  the  e([uivalent 
fractions  whose  common  denominator  is  the  L.C.M.  of  the 
original  denominators. 

The  same  rule  holds  for  three,  four,  or  more  fractions. 

174.  Ex.  1.  Reduce  to  equivalent  fractions  with  the 
lowest  common  denominator, 

2x  +  5       ,  4x-7 
-3- and  -_. 
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Denominators  3,  4. 

Lowest  Common  Multiple  12. 

Quotients  4,  3. 

New  Numerators  8x  +  20,  12z-21. 

8X  +  20    12X-21 


Equivalent  Fractions 


12     '        12 


Ex.  2.     Reduce  to  equivalent  fractions  with  the  lowest 

conmioii  denominator, 

56  + 4c    6a -2c    3a -56 

o6    '       ac    ''       be     ' 

Denominators  ab,  ac,  be. 

Lowest  Common  Multiple  abc. 

Quotients  c,  b,  a. 

New  Numerators  56c  +  4c-,  6ab  -  2bc,  Sa"^  -  5ab. 

„     •     1     ^  T^      ^.        56c  +  4c'-    6a6-26c    3a'^-5a6 

Equivalent  J?  tactions  — r ,    r ,  r . 

^  abc  abc  abc 


Examples. — xlviii. 

Reduce  to   equivalent  fractions  with   the  lowest  common 
(denominator : 

,      a  -  6       ,  a''^  —  a6 

6.  —-r  and  r^"- 

a-*6  aJ)^ 

3  ,3 

7.  and . 

1 +x  1 -X 

8.  ,     —  and ^. 

\-y'  1+y' 


I. 

3x       ,  4x 
-and^-- 

2. 

3x-7      J  4x-9 
6      ""^     18    • 

3- 

5x2     a"fl      H)x   • 

4- 

4a +  56       ,  3a -46 

T—  and       . —  . 

za-                 oa 

5  ,       6 

- —  and   . 

1  -  X  1  -  x-* 


9.     r —  and 


4a  —  5c       ,  3a  —  2c  <*       j        b 

,  -     and    ,  _.-^r-.  10.     -and    — r ,. 

5ac  12a''c  c  c(6  +  x) 

_   1^ ,  1 

"•     (a-6)(6-c)  (a-6)(a-c)' 

and 


a6  (a  -  6)  (a  -  c)  ac  (a  —  c)  (6  —  c)' 
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I/O.      lo  shew  that  -,-  +  ,=   ■-,  , 
b     a        bd 

Su]ipose  the  unit  to  he  divided  into  bd  equal  parts. 
ad 
bd 

be 
bd 


Then  j-,  will  represent  ad  of  these  parts, 

be 
and  -.-%  will  represent  be  ot  ihese  parts. 


^T        a     ad   ,       A   ^    y  .  , 
^^^  b^bd'    ^  ' 

,  c     be 

Hence  r  +  .  will  represent  ad  +  be  of  the  parts. 

But  --,  ,      will  represent  aa  +  bc  of  tlie  pans. 
bd 

_,       ^       a     c     ad  +  be 
^  nereiore  r  +  ~i—  — i  i — • 
b     d         bd 

By  a  similar  process  it  may  lie  shewn  that 
a     c     ad  —  be 
b~d^~bd~' 

,-«      o-        «     c     ad  +  bc 
1/6.     Since  ^-.^=-^^, 

our  Rule  for  Addition  of  Fractions  will  run  thus  : 

"Reduce  the  fractions  to  equivalent  fractions  havinjj  the 
Lowest  Coninion  Deiioniiiialor.  Then  add  the  NunRMalors  ot 
the  equivalent  fractions  and  place  tlie  result  as  the  Numerator 
of  a  fraction,  wliose  Denominator  is  the  Common  Dem.'minator 
of  the  equivalent  fractions. 

The  fraction  will  be  equal  to  the  sum  of  the  original  frac- 
tions." 

The  beginner  should,  however,  generally  take  two  fraction.s 
at  a  time,  ami  then  combine  a  third  with  the  resulting  fraction, 
as  will  be  shewn  in  subsec^ueut  Example.s. 

. ,        .        a     c     ad -be 
Also,  since  j-^=     W    ' 

the  Kule  for  Subtracting  one  fraction  from  another  will  be, 
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•'  Reduce  the  fractions  to  eciuivalent  fractions  havinj^  the 
Lowest  Com  in  on  Denominator.  Then  subtract  the  Numerator 
of  the  second  oi"  the  e([uivalent  fractions  from  the  Numerator 
of  the  first  of  tlie  equivalent  fractions,  ami  place  the  result  as 
the  Numerator  of  a  fraction,  whose  Denominator  is  the  Common 
Denominator  of  the  etiuivalent  fractions.  This  fraction  will  be 
equal  to  the  dilference  of  the  original  fractions." 

These  rules  we  shall  illustrate  hy  examples  of  various  degrees 
of  difficulty. 

Note.  When  a  ne;^'ative  sign  precedes  a  fraction,  it  is  V>est 
to  place  the  numerator  of  that  fraction  in  a  bracket,  before 
combining  it  with  the  numerators  of  other  fractions. 

177.     Ex.  1.  To  simplify 

4.C-3!/     •3.c  +  7y  _5x-2y     9x  +  2y 

Lowest  Common  Multiple  of  denominators  is  42. 

Multiplying  the  numerators  by  6,  3,  2,  1  respectively, 

24.C -'[Sy     9£ +^21  y  _  lOx -4jf     9£ +^^ 

42        '*"~T2  42       "^      42 

24.';  -  I P?/  4-  9x  +  2  b/  -  ( K  >./:  -  4?/)  +  9x  +  2y 
^  42 

24a:-187/  +  9.£  +  21i/-10x  +  4y  +  9j;  +  2i/ 
-  '^  42 

_32x4-9y 
~      42    '• 

„       ^    _      .      ,.-    2x  +  \     4x  +  2     1 

Ex.2.  To  simplify -^~--._  +  ^. 

Lowest  Common  ^lultiple  of  denominators  is  105x. 
Multiplying  the  numerators  by  35,  21,  15x,  respectively. 

70x  +  35_84x  +  42     J_5x_ 
lUSx  lObx        105s 

_  70x  +  35  -  (84a:  +  42)  +  15z 
~  lUox 

70.c  +  35-84x-42-hlox_x-7 
~  lOSx  ~  105x' 
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Examples.— xlix. 

4a; +  7     3x-4  3a  -  46     2a  -  6  + 1;     13a -4c 

3- 
4- 


4x-3y     3x+7y     bx-2y     9x  +  2y 
"~y~'^~'l4~     "21'"*"      42~' 


3x-2y     bx-ly    8x4-2y 
^'    ~5x     ■''    lOx    "^^a^""' 


4x2  _  7^2     3x^^     5-2y 
5"         3x«      "*"     6x     ■*"     12    ■ 

40=^  +  56'^     ?^±?^     'jl?^ 
•    ~W~'^     56"    "^     9    • 

4x  +  5     3x-7       9 
^'    ""3~        5x    ■^12x='" 

5a  +  26  _  4c  -  36  6a6  -  76( 
~3c     2a~''"  I4ac 

2a  +  5c  4ac  -  3c*  5ac  -  2c"'' 

3JT/-4     5y2  +  7     6x2-11 
x-y^  xy^  x-'y 

a-b     4a -56     3a  -  76 
a^6         a26c  bh^ 


178.     Ex.     To  simplify 

a-6     a+b 
a  +  b     a-b' 

L.C.M  of  denominators  is  o*  -  62. 


Multiplying  the  numerators  by  a-6  and  a  +  h  respectively, 
we  get 


u2  -  2a6  +  62     a^+  2ab  +  62 

o2-62      ■^^a2-6-^ 
a*-  2a6  +  62  +  0*  +  2a6  +  6» 

a^-62 
2a2^262 
"   fi2-62"-  ' 
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Examples.— 1. 
1        1  ^     i_ ]_  _J_+JL 

'■j;-6"''x  +  5'  "x-7x-3'  -^'l+xl-x 

x  +  y     x-y  1  2  a      £     (a(^  -  6c)  x 

^    X  -  y     X  + !/'  ^*    1  -  X     1  -  x^"  ■     c      c  (c  +  dx)  " 

XX  _         1      ,        X 

7. + .  8.  +7 ^« 

'      x  +  y     x-y  x-y     (x-y)- 

2  3a  1  1^  _ 

"*    X  +  o     (x  +  a)*'  ■  2a  (a  +  x)     2a  (a  -  x) ' 

179.     Ex.  1.     To  simplify 


1  +  y     \-y     1  +  ?/' 

Taking  the  first  two  fractions 

3  5  * 

\-^y^l-y 

_3--^3y     5  +  5y 

_8  +  2y 
-1-^2  . 

we  can  now  combine  with  this  result  the  third  of  the  original 
fractions,  and  we  have 

3        _5 6 

1+y     \-y     1  +  1/2 

^8  +  2y     _6_ 

1  -  2/2         1  +  y2 

^  8  +  2i/  +  81/  +  2y3  _  6-6y2 
1  -  y*  T^y 

8  +  2y  +  8i/24. 2?/3_6  +  6y2 
2y^  +  14y2  +  2y  +  2 

1-y* 


100  ON  ADDITION  AND  S  UP  TRACTION 


Ex.  2.     To  simplify 


2  2 

+ 


(a  -h){h-c)     (a  -  h)\c  -  a)     {b-c){c-  a)' 

I..C.M.  of  first  two  (lenominatoi-8  being  (a  -b)  (6  -  c)  (c  -  a) 

2c -2a  26  -  2c       _  2     

~(a-6)(t-c)(r-a)''"(rt-6)  (i!>  -  c)  (c  -  a)  "•■  (6  -  r)  (o-rt) 

=  2fc-2a  2 

~  (a  -  fc)  (6  -  c)  (c  -  a)     (6  -  '•)  (c  -  a)" 

L.c.M.  of  the  two  ik'noniinator~i  being  (a-h)  {b  -  c)  {c-a) 

2b-2a  +  2ar-2b  0 


'{a-b)(h-c)(c-a)    (a  -b){b-  c)  (c  -  a) 


=0. 


Examples.— li. 

1        J^     _2o_  _1 1  2b  4¥ 

'•    1+a^l-a'^l-a^'  '^'    a-b     a  +  b     a-  +  b^    a*->^b*' 

1  1  2x  X        J/  X* 

1-x     1  +  x     1+x"'''  ^'    y     x  +  y     x^  +  xy 

X  x^  X  f.     x  +  3     x-4x  +  5 

3-    r-'xT-^^'^ITx^'"  xT4    a;-3'*'x  +  7" 

x-J.     x_-2     X--3 
x-2     x-3     x-4* 

_3_         4a 5a2_ 

X  -  o     (x  -  a)'-     (x  -  a)^' 

1 1 3 

^'    x-l     x  +  2     (x+l)"(x  +  2)" 

1  3 

lo.    , — , 


(r  +  l)(x  +  2)     (x+l)(x  +  2)(x  +  3/ 

<■"-  X  X 

1^ i_ 

(rt  ■\-c){a->r  d)     {a  +  c)  (a  +  e)* 

a-b  h - c  c-a 

'3-    (6  +  c)(c  +  o)  "^  (c  +  a)  (a +  6)  "^  (0"+  6)  (6  +  c)* 


OF  FRACTIONS. 


X  -  a     X  -h  (a  -  b)- 

11 .) --V !■ . 

**■    x-b     x-u     {x  -  a)  (x  -  b) 

x  +  y       2  '■         x'-if  -  x^ 
^       y       x+ij     y{x--y) 


1 6. 


a  +  b  6  +  c  .         c  +  it 


(b  -  c)  (c  -  a)     (c  -  a)  (a-b)    {a-  b)  (b  -  c)' 


X  2x1/ 

' '    x^  +  xy  +  y-  x^  —  y^' 

2           2  2        (a-br-  +  ib-cf  +  {c-aY 

'«•    u-b     b-c  c-a          ia-b){b-c){c-a)      ' 

a  +  b       2a  a'-b  -  a^ 

^'       b        a  +  b  a-b  -  b^ 

1  1                                1 


(n  +  l)(u  +  2)     (u+l)()i  +  2)(n  +  3)     (71 +  1)  (71  + 3) 
or  — be  b'-ac  c-  —  ab 


■    {a  +  b)(a  +  c)     {b  +  a){b  +  c)     (c4-6)(c  +  a)" 

ab  ,   —ab  ,       __ 

180.     bince  ~r~"''   ^       TX~"'  •^'''"  ''' 

ab  _  —ab 

From  this  we  lenm  that  we  may  change  the  sign  of  the 
denominator  of  a  Iraction  if  we  also  change  the  sign  of  the 
numerator. 

Hence  if  the  numerator  or  denominator,  or  both,  be  expres- 
sions with  more  than  one  term,  we  may  chiiige  ^l-e  sign  of 
ever}'  term  in  tlie  denominator  ii  we  also  change  the  sign  of 
every  term  in  the  uumeialor 

,,  a  —  b      —(a-b) 

c-a      -{c-d) 

_  -a  +  b 

"-r+d ' 

or,  writing  the  terms  of  the  new  iraction  so  that  the  positive 
terms  may  stand  first, 

b  —  a 
~  d-c' 


181. 


ON  ADDITTON^  AND  SUPTRACTTON 


Ex.     To  simplify  ti^'^:^^)-^-^' 


Chariginj:^  the  signs  of  the  iinnu-nitor  ami  cknominator  ol"  llie 
second  fractiun, 

X  (a  +  x)      -  hax  +  xr 
a  —  X  a  —  x 

_ai  +  X*  -  (  -  5ax  +  x2)_o.T  +  .x*  +  5ax  - ^ _  6ax 
a  —  X  a  —  X  o-x' 

182.     Again,  since  —ab=  the  product  of  -a  and  b, 
and       «/)=  the  pioduct  of  +a  and  6, 

the  sign  of  a  product  Avill  he  chan^'ed  hy  changing  the  signs  of 
one  of  the  factors  comjiosing  the  product. 

Hence  (a  —  b)(b-  c)  will  giv    a  si-t  of  terms, 

and  (b-a)  (b-c)  will  give  the  same  set  of  terms  with  dif- 
ferent signs 

This  may  be  seen  by  actual  nuiltiplication  : 

(a  -  b)  {b  -  c)  =  ab  -  ac  -  6^^  +  he, 
{b-d)  {b-c)=  -ab  +  ac  +  b'^  -  be. 

Consequently  if  we  have  a  fraction 

1^ 

{a-b){h--cy 

and  we  change  the  factor  a-b  into  h-n,  we  shall  in  effect 
chanrie  the  sign  of  every  term  of  the  exiircssion  wliich  would 
result  from  tlie  multiplication  of  (a  -  b)  into  (/>  -  '). 

Now  we  may  change  the  signs  of  the  denominafor  if  we  also 
change  the  signs  of  the  numerator  (Art.  180) ; 

1  -J 

'  *  (a  -b)(j)-  c)  ~  {b  -  a)  {b-c)' 

If  we  change  the  signs  of  two  factors  in  a  denominator,  the 
sign  of  the  numerator  will  remain  unaltered,  tlius 

J^ 1 

(o-6)(6-c)"(6-a)(c-6)" 
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183.     lix.     Simplify 
1 


(a  -6)  (6  -  c)     (6  -  a)  (a  -  c)    (c  -  a)  (c  -  6)' 

First  change  the  signs  of  the  factor  (6 -a)  in  the  second 
fraction,  changing  also  the  sign  of  the  nnraerator  ;  and  change 
the  signs  of  the  factor  (c  -  a)  in  the  third  fraction,  changing 
also  the  sign  of  the  nmnerator, 

the  result  is  , x--r-c'~\'^ 


{a-b){b-c)     {a-h){a-c)     {a-c){c-h)' 

Next,  change  the  signs  of  the   factor  (c-6)  in   the  third, 
changing  also  the  sign  of  the  numerator, 

,    .  1  -1  1 

^^'^  ^^^''^^  '^  (^^6)7637)  +  (^Tfcy^c)  -  (a-c)(6-c)- 

L.c.M.  of  the  three  denominators  is  (a -h){h-  c)  {a -  c), 

a-c  -b  +  c  a~b 

^  (a-b){F-c){a-c)  '^{a-b)ia-  c)  (b-c)'  (a^"6)  (a  -  c)  (6  -  c) 

a-c-b  +  c-{a-b)_  0 __q 

"(a-6)(6-c)(a-c)     {a - b)  {b - c)  {a - c)" 

Examples.— lii. 


X       x-v  3  +  2x     2-3x     16x-a;2 

X-y      y-x  2-X  2-t-X  X^  —  4 


X  X  x^  1 1__         -^ 

^-    7+1     l-x'^x2-r  "^    62/4-6     2y-2     Z-Sy^' 

1  2  1 

5-    (m-2)(m-3)'^(m-l)(3-m)'^(m-l)(m-2)" 

1  1  0^  +  6^      2ab^        2a% 

^-    {a-b){x  +  b)'^{b-a){x  +  ay        '^^    a?--W    a^-lfi"" a?^W 

o     _i 1         ,         1 

*•    4(l+x)     4  (X- 1)^2(1 +x2)- 

_J 1  ,  1 

^'    (x-i/)(2/-2)^(y-x)(x-2)     (3-x)(2-y)* 

J^ 1  I 

^°'    a  (a -  6)  (a  -  c)  "^  6  (6 -a)  (6 -  c)  "^  c  (c -  a)  (c  -  6V 
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184.     Ex.     To  simplify 

__     1  1 

a;2  _  1  ix  +  20  "*"  x-  -  1 2a;  +  35" 

Here  the  denominators  may  be  ex-^jregs^  d  in  I'actor:^,  and  wp 

have 

1^  _  1 

(x  -  5)  (x  -  G ;  "^  (X  -  n)  (x  -  7/ 

The  L.c.M.  of  the  denominators  is  (^x  — 5)  (x  — 6)  (x  — 7),  uno 
we  have 

x-7  x-6 


(x-5)(x-6)(x-7)     (x-5)(x-(i)(x-7) 

_  2x-13 

(x  —  5)  (x-  —  G)  (x  —  7)" 


Examples.— liii. 


x'-i" 

+  9x4-20  ■^■x^ 

1 
+  12X  +  35* 

1 

1 

c2^15x  +  54' 

x2 

-13X  +  42  '  : 

1       ^  + 

1 
-2X-143' 

x^ 

+  7X-44     x2 

1 

2x 
—. ^+  „ 

1 

^   x2^3a.4.2     x''*  +  4x  +  3     x2  +  5x  +  6' 
m       2)ri,  2j7UI 

1+x  1-x  2 

6.    , ,+  . 


1  +  X  +  x^      1  -  X  +  X-      1  +  x-  +  X*' 

5  2        Jj:^_        Tj? 

^'    3 ( \-x) ~  1  Tx "^ 3x2  +  3 ~ i J3^?Z3- 

*•    8  (x -  1)  "^  4  (3  - 1)     8  (x- 6)  ^  (I'-x)  (X- 3)  (x"- SY 
9.    1-X  +  X--X3  +  ---. 


XII.  ON  FRACTIONAL  EQUATIONS. 

185.  We  sliall  explain  in  this  Chapter  the  method  of 
solving,  first,  Equations  in  which  fractional  terms  occur,  and 
secondly,  Problems  leading  to  such  Equations. 

186.  An  Equation  involving  fractional  terms  may  he 
reduced  to  an  equivalent  Equation  without  fractions  by  mul- 
tipbjing  every  term  of  the  equation  by  the  Lowest  Common 
Multiple  of  the  denominators  of  the  fractional  tervis. 

This  process  is  in  accordance  with  the  principle  laid  down 
in  Ax.  III.  page  58  ;  for  if  both  sides  of  an  equation  be  multi- 
plied by  the  same  expression,  the  resulting  products  will,  by 
that  Axiom,  be  equal  to  each  other. 

187.  The  folloM'ing  examples  will  illustrate  the  process  of 
clearing  an  Equation  of  Fractious. 

EX.  1.    l+J-8. 

The  L.c.M.  of  the  denominators  is  6. 
Multiplying  both  sides  by  G,  we  get 
6x     6x     ^„ 

or,  Sx  +  X  =  48, 

or,  4x  =  48; 

.-.  x=]2. 

Ex.  2.   J  +  -J--  =  x-2. 

The  L.c.M.  of  tie  denominators  is  14. 

Multiplying  both  sides  by  14,  we  get 

14x     14a:  +  14     ,,       „„ 
--  + 14x-2ay 
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or,  7ar  +  2x  +  2  =  14z-28, 

or,  7x  +  2x-14.r= -28-2, 

or,  -  5x  =  -  30. 

Changing  the  signs  of  both  sides,  we  get 
5x  =  30; 
.-.  a;  =  6. 

188.  The  process  may  be  shortened  from  the  lollowin^,' 
considerations.  If  we  have  to  iiiulli|)ly  a  Iractiou  by  a  nuiltiiOe 
of  its  denominator,  we  may  lirst  divide  the  multiplier  by  the 
denominator,  and  then  vnUtiply  the  numerator  by  the  quotient. 
The  result  will  be  a  whole  number. 

Thus,  -  X  12  =  .r  X  4  =  4x, 

^^x56  =  (x-l)x8  =  8x-8. 

Ex    1     ^  +  ^  +  ^  =  39 
ILA.  1.    2  +  3  +  4     ■'''• 

The  L.c.M.  f)f  the  denominators  being  12,  if  we  multiply  the 
numerators  of  the  fractions  by  6,  4,  and  3  respectively,  ami  (he 
other  side  of  the  equation  by  12,  we  get 

6x  +  4x  +  3x  =  468, 

or,  13x  =  468; 

.-.  x  =  36. 

^^'  '^'    X     2x^3x     12- 

The  L.C.M.  of  the  denominators  is  12x.  Hence,  if  we  mul- 
tiply the  numerators  bv  12,  6,  4,  and  x  respectively,  we  get 

90  -90 +  28=1 7x, 

or,  34  =  17x, 

or,  17x  =  34; 

.-.  x=2. 
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EXAMPLES.— liv. 


I. 

1=^ 

-> 

¥=0. 

X      X      „ 

3-    r5  =  «- 

4- 

2x     ,     7x 

5. 

3c-f=a 

x  +  2 

,     2x     176- 
x-l     x-2 

7. 

y+^=i2 

+  9. 

17- 

5 

+ 

~7~~~2~" 

„     2x     -„     4x     „  _     X    X     „3     X 

«•    -3-  +  ^'  =  -5-^^-  ^^-    2  +  r'4-4- 

3x     ^     5x     „  x  +  9     2x     3x-6     „ 

9-  T^''=-^  +  2.  19.  -T-  +  T=-5-  +  =^- 

7x     .     9x     „  17 -3x     29-llx     28x+ 14 

'°-  y-"=io-^-  '°-  ^5-  =^-^— +-21— 

5x     o     -^     7x  2X-10     ^ 

II.  -9-8=74-^2.  31.  -y-=o. 

X      ,     .,     X  3x  +  4     4x-51     ^ 

''■    6-^  =  --^-8-  ^^-    -7-^-47-  =  ^- 

__     3x     ^„     5x  3^1, 

13.  56--T-  =  48-  3-.  23.    --3=--l. 
■^              4               8  -^     X  X 

3x     180 -5x     _  12  +  x     ,     6 

14.  -4  +— 6— =  '^-  ^4.    -^-5  =  -. 

3x     „      x-8  1        1         1         ,„ 

^5-    T-'l  =  -2-  ^5.    4^  +  r0^  +  2f>^^  =  40. 

16.    ^^^-=51  26.    2lx  +  ^-^=3^x-44. 

234     12  4282 

„3     3     1     325 

27.     2 = 

^       4     X     X     100 

,,     _1      18 -X       1        1     3-2x     2 
^^-    22  +  -3-=V  +  3  +  -10-  +  5- 

X     X     5x     ,-       2 
^9-    3  +  4-6-^2  =  l3X-o8. 

7x+2     --     3x     3x4-13     17x 
30.    __._i2--  =  -^ _. 
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189.  It  must  next  be  obsciveil  that  in  clearing  an  equation 
of  fractions,  whenever  a  I'ractinn  is  jjrecedi-i I  by  a  negative  sign, 
^^■e  must  place  the  result  olitaineil  liy  multiplying  that  nume- 
!  i:or  in  a  bracket,  alter  the  removal  of  the  denominator. 

Fur  example,  we  ouglit  to  proceed  thus: — 

Fx    1      x+2^x-2     J-1 
'    ■     '        5  "~    2  7    ■ 

Multiply  by  70,  ilic  i,.c.M.  of  the  deniiiiii;iator3,  and  we  get 
1  4x  +  28  =  3.^.v;  -  70  -  (lOx-  -  10), 
or         14./-  +  28  =  35./;-7O-lOx+10, 
!r.)iii  wliicli  we  shall  find  z  =  8. 

Ex.2.     ll-??_.i^±?  =  i 
bx  3x 

Multiplying  by  15^:,  the  l.c.m.  of  the  denominators,  we  get 
51-6x-'20x+10)  =  l.'j.r, 
or        5 1  -  6x  -  20.<;  -10=1  ox, 
from  whiuh  we  shall  find  x=\. 

Note.  It  is  from  want  of  attention  to  this  way  of  treating 
fractions  ])ro(eded  liy  a  neL,'ative  sign  that  beginners  make  so 
many  mistakes  iu  the  solution  of  e([uutiuu9. 

Examples.— Iv. 

T  +  2     _,  5x     5x     9     3-x 

I.    5x-  ^^  =  71.  4-    T-T  =  4-^2-- 

3-x       2  -       bx-4     ^     l-2x 

'■    "--3-=V  5.    2x-      ,-  =  7—^. 

5-2x     _  6x-8  ,     x  +  2     14     34  5x 

3-    -;^-  +  2  =  x— 2-.  6.      .-=--— ^-. 

6x  +  3     3  -  4x     x_31_9-5x 

''■        8""         3      "^2"  2~         (i     ■ 

„x+5x-2x+9  „x+2x 

8.    — „ r— =  ^T-.  lo.    x-3- 


7  5  11   ■  8        3 

+4  x+5    x+: 

-5-  "•    -7-  =  -T 


z+1     x-4     x+4  x+5_x+2     x-2 


0^^  FRACTIONAL  EQUATIONS.  (og 


X    x-1  ^  a;  +  l     x-3     a;  +  30 

'=•  3- Tr=^-^-  '5-  -2— ^-^=-13- 

x+2     i(;-2     x-1  ,     2x     a;  +  3     .,       „, 

,3.    --=--      ---.  16.     ^----  =3x-21. 


X  +  9     3x  -  6     ^     2x  2x  +  7     9x  -  8     x  -  1 1 

'4-    -T R-^3-  w.  17-        7- 


7         5 

9a 

11     "     2 


l^zl^-l     ^  +  15x_7x-8 
•    ~T  26~~~22    • 

8x-15     ll.<;-l_7x  +  2 

'^^-  ~^        7    ~  13  ; 

7x4-9     3x  +  l_9x-13     249-9X 
20.    -  g  ^  _   —  -— . 

X      ,^      XX      X      10 -X     „„3 
21      -  +  10x  =  -2.4-^  +  ^— — +  93;^. 

190.  Literal  etiuatioiis  are  those  in  wliicii  known  quantities 
are  represented  by  letters,  usually  the  fii'st  in  the  alphabet. 
The  following  are  examples  : — 

Ex.  1.     To  solve  the  equation 

that  is,  ax-bx  =  ac-  be, 

or,  (a  -b)x={a-b)c, 

therefore,  x  =  c. 

Ex.  2,     To  solve  the  equation 

a-x  +  ix  -  c  =  b-x  +  cx-  d, 
that  is,  a-x  +  bx-b-x-cx  =  c- d, 

or,  (a^  +  b-b--c):r  =  c-i, 

tlierefore. 


Examples.— Ivi. 

1.  ax4-bx  =  c.  4.    dm-5x  =  bc-ax. 

2.  2a  —  ex  =  3c  —  56x.  5.    abc-a-x  =  ax—a-b. 

3.  hc  +  ax  —  d  =  a-b-fx.  6.    3acx  — 6ftcr?=12cdx  +  afcc. 
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7 .  F  +  Sacfcc  +  3i  =  fee  +  SaftA  —  W'  -  actx. 

8.  —  ac-  +  6-c  +  obex  =  a6c  +  crtix,  —  ac-x  +  h"-c  —  mc. 

9.  (a  +  X  +  6)  (a  +  6  -  x)  =  (a  +  x)  (6  -  x)  -  a6. 

10.  {a-x){a  +  x)  =  2a-  +  2ax~x'. 

11.  (a2  +  x)2  =  x2  +  4a2  +  a*. 

12.  (a- -  x)  (a- +  x)  =  a*  +  2ax  -  X-. 

ax-b  x  +  ac  m  (p-x  +  x^)  mx- 

IT.. \-a  = .  17.    — ~ '  =  'mqx  + . 

•^         c  c  '  px  ^        p 

3a-bx     I  -     X     ,     c 

14..    ax -=. —  =  ^.  10.    — o=j  — X. 

^22  ad 

4ax  -2b  x^  —  a    a-x     2.r    a 

15.  6a =  x.  19.    —r }— =  -; • 

■'  3  ^        bx  b         0      X 

bx+1      afx^-l)  3     ab-x-     4x-ac 

16.  ax =  — ^ -.  20. -.  ^.- = . 

X  X  c        ox  ex 

a6  +  x     62-x_x  — 6     ab-x 
'I-    "^^  Wb'~~^^  P"' 

3ax  —  26     ax  —  a_ax     2 
^^'         36  ^2ir"'T"3" 

,     ax      X      . 
T.x.    am  — 0  — -,— H =  0. 

•^  b      m 

2a^^ Px         life  _  3acx  _  ^-2al^x 

^    (a  +  b)     d{a  +  b)    a  +  b~    b  (a  +  bj  ' 

ax^  ax     ^  ab     ,        ,     1 

25.  i +  a  +  —  =  0.  27.    —  =  bc  +  d  +  -. 

■'     b  —  cx  c  X  X 

,     a(d'^  +  x?)  ax  „  to  [a  -  x) 

26.  — — i '--  =  ac-^^.  28.    c  =  a  +  ~-^—    -J-. 

ox  a  .5a  +  X 

29.    (a  +  x)  (6  4-  x)  -  a  (6  +  c)  =  -^  +  x'-. 

ace     (a  +  6V.x     .  „, 

io.    — i — bx  =  ae-  3ox. 

•'a  a 

191.  In  the  examples  already  given  the  l.c.m.  of  the 
(lenoniinatore  can  '_'onerally  be  determined  by  inspection. 
When  compound  expressions  appear  in  the  denominators,  it 
is  sometimes  desirable  to  collect  the  fractions  into  two,  one 


I 
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on  each  side  of  the  equation. '  When  this  has  been  done,  we 
can  clear  the  equation  of  fractions  liy  multiplying  the  nu- 
merator on  the  hjt  hy  the  denominator  on  the  right,  and  the 
numerator  on  the  nc/ht  by  the  denominator  on  the  left,  and 
making  the  produ  ts  equal. 

For,  if  T=  J,  it  is  evident  that  ad  =  bc. 
0    a 

p  4.-c-f-5     13.c-6_2.r-3 

10         lx+T~~~b~* 
,    4tx  +  b     2a;-3_13a:-6 
■■       10  5      ~  Ix  +  A  ' 

•    4x-i-5-(4a:-6)_13x-6^ 
10 

n 

■■    10~  7a;  +  4 

.-.    Il(7a;  +  4)  =  10(13x-6); 

u  £    J  104 

whence  we  find  x  =  -—-. 

53 

Examples.— Ivii. 

3a;  +  7_3a;  +  5  2            5 

4a;  +  5~4xT3*  *    T-^bx~  I  -2x^^'* 

2      ^  +  6  ^     X  1        _1 3 

22  +  5     2x-5"  7-    X-]  "^x  +  l"~a;2-r 

2x  +  7^4x-l  4x  +  3_8x  +  19     7x-29 

x  +  2      2x-r  •        9~~      18         5^~r2' 

5x-1^5x-3  x_.':--5x_2 

■*■    2x  +  3     2x-3"  9-    3     3^-^7-3- 

1,2^                          3x  +  2     2x-4     , 
;  +  i ^  =  0.  10.    ;-  + ^  =  5. 


^     3x-2  '  4x-3  '"•     x-l^x  +  2 

II.    l(x  +  3)-l(ll-x)  =  |(x-4)-Jj(x-3). 

(x  +  lH2x  +  2)_  3        x  +  1        x2 

'''•     (x-3)(x  +  6)      ^-"-  '4-    ^+"T~r-~l  =  r-'^2 

(2x  +  3)x      1         ^  2  8  45 
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■    x-8'2x-16        24     3X--24' 

17.  — H— 1 — li =  xH  2x  -  4 

'  a:^  -  2x  +  4 

18.  .,  — .V ; =  2x''-4x-3. 

X-  +  3x  -  4 

/^l     2\     1        3x-(4-5x) 

192.  Equations  into  which  Decimal  Fractions  enter  do  not 
•present  any  serious  ditticulty,  as  may  be  seen  from  the  follow- 
ing Examples : — 

Ex.  1.      To  solve  the  equation 

•5  J  =  •03x  +  1  -41. 

Turning  the  decimals  into  the  form  ot  Vulgar  Fractious, 
we  get 

5x_j3x^     141 

io~Ioo'*'ioo" 

Then  multiplying  both  sides  by  100,  we  get 
50x  =  3x+141  ; 
therefore  47x=141; 

therefore  x  =  3. 

Ex.  2.     l-2x-^i^~"^'''  =  -4x  +  8-9. 
■5 

First  clear  the  fraction  of  decimals  by  multiplying  its 
numerator  and  denominator  by  100,  and  wt-  get 

1-2X-— f-^=-4x  +  8-9; 
50 

,                        12i     18X-5     4x    89 
therefore  -^^ -__  =  __  +  _;^ 

therefore  60x  -  1 8x  +  5  =  20x  -f  445  ; 

therefore  22x  =  440; 

therefore  .r  =  2(). 
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Examples. — Iviii. 

1.  -Sx  — 2  =  -25x  +  '2x- 1. 

2.  3'25x-5-l  +.'c-  ■75x  =  39  +  -ox. 

3.  •125x  +  -01x=13--2x+-4. 

4.  •3x+i:J05x  +  -5x  =  22-9.j--195x. 

5.  •2x--01x  +  -005x  =  ll-7. 

6.  2-4x-:^^:i^-'^-'^  =  -8x  +  8-9. 

•0 

7.  2-4.C- 10-75=  ^ox.  8.    •5x  +  2--75x  =  -4x- 11. 

4-0.3 
9.     -—  +  3-875  =  4 -025. 
Ux 


10.    2-5x-^"(^-2)  =  -5- 


8     • 


8-5     -2        1      1--1X  •48x     3-4x 

II.    -7, =4 .  12.      ^ ;^-=1993. 

2       X       4  X  6  2 

2 - 3x      hx_  _ 2x-3 _ X--2      ,,7 
^3-    ~l'^""^l-25     ~9  T-8"^^9" 

9  I  .no        1 

,  4.    ll_^  +  -  .  -04  (x  +  -9)  =  241-2. 
^  X  X 

•45x  -  -75      1  -2     •3x  -  -6 
,3.    -5x  + ^^6— =  ^2" Ty-. 

,      .      3-5x     24 -3x      ._. 

1 6.    -o r- ^ —  =  -3  /  ox. 

X  — 2  8 

•135X--225     -36     -Ogx-'IS 
,7.    •I0X  + =  --^ ,g— . 

193.      To  shew  that  a  simple  equation  can  onbj  have  one  root. 

Let  x  =  a  be  the  equation,  a  form  to  which  all  equations  of 
the  first  degree  may  be  reduced. 

Now  suppose  a  aud  P  to  be  two   roots   of  the   equal  ion. 
Then,  by  Art.  109, 

a  =  a, 
and  )8  =  a, 

therefore  a  =  P; 

in  other  words,  the  two  supposed  roots  are  identicaL 

XS.A.1  H 


XIII.    PROBLEMS    IN    FRACTIONAL 
EQUATIONS. 

194.     We  shall  now  give  a  series  of  Easy  Problems  resulting 
for  the  most  part  in  Fhactiunal  Equations. 

Take  the  following  as  an  example  of  the  form  in  which  such 
Problems  should  be  set  out  bj'  a  beginner. 

"Find  a  niuuber  such  that  the  sum  of  its  third  and  fourth 
parts  shall  be  ei^ual  to  7." 

Suppose  X  to  represent  the  number. 

Then  -  will  represent  the  third  part  of  the  number, 

and  -  will  represent  the  fourth  part  of  the  number. 

Hence  :r  +  7  will  represent  the  sum  of  the  two  parts. 
I>     4 

But  7  will  represent  the  siinb.of  the  two  parts. 

Therefore  ^  "*"  4  ~  '^' 

Hence  4x  +  3x  =  84, 

that  is,  7a;  =  84, 

that  is,  a;  =  12, 

and  thcreiore  the  number  sought  is  12. 

EXAMPLES.— liX. 

1.  Wliat   is  the  nninbcr  of  which  the  half,  the  fourth,  and 
I  lie  lifth  ))arts  ailded  together  give  as  a  result  95  ? 

2.  What  is  the  nund)er  of  which  the  twelfth,  twentieth, 
and  fortieth  parts  added  together  give  as  a  result  38  ? 

3.  What  is  the  number  of  which  the  fourth  part  exceeds 
the  lillh  part  by  4  ? 
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4.  Wliat  i.s  the  niiiriber  of  which  the  twenty-fifth  part 
exceeds  the  thirty- fifth  part  by  8  \ 

5.  Divide  60  into  two  such  parts  that  a  seventh  part  of  one 
may  be  eciual  to  an  eighth  part  of  the  other. 

6.  Divide  50  into  two  such  parts  tliat  one-fourth  of  one 
part  being  added  to  five-sixths  of  tlie  other  part  the  sum  may 
be  40. 

7.  Divide  100  into  two  such  parts  that  if  a  third  part  of  the 
one  be  subtracted  from  a  ioiu"th  part  of  the  other  the  remainder 
may  be  Jl. 

8.  What  is  the  number  which  is  greater  than  the  sum  of  its 
third,  tenth,  and  twelfth  pai'ts  by  58  ? 

9.  When  I  have  taken  away  from  33  the  fourth,  fifth,  and 
tenth  parts  of  a  certain  number,  the  remainder  is  zero.  What 
is  the  number  ? 

10.  What  is  the  number  of  which  the  fourth,  fifth,  and 
sixth  parts  added  together  exceed  the  half  of  the  number 
by  1 1  -2  / 

11.  If  to  the  sum  of  the  half,  the  third,  the  fourth,  and  the 
twelfth  parts  of  a  certain  number  I  add  30,  the  sum  is  twice  as 
large  as  the  original  number.     Find  the  number. 

12.  The  ditterence  between  two  numbers  is  8,  and  the 
quotient  resulting  from  tlie  division  of  the  greater  by  the  less 
is  3.     A\"hat  are  the  numbers  ? 

I  3.  The  seventh  part  of  a  man's  property  is  equal  to  his 
whole  property  diminished  by  ^1626.      What  is  his  property? 

14.-  The  difference  between  two  numbers  is  504,  and  the 
quotient  resulting  from  the  division  of  the  greater  by  the  less 
is  15.     What  are  the  numbers  ? 

15.  The  sum  of  two  numbers  is  5760,  and  their  difference 
is  equal  to  one-third  of  the  greater.     What  are  the  numbers  ? 

16.  To  a  certain  number  I  add  its  half,  and  the  result  is  as 
much  above  60  as  the  number  itself  is  below  65.  Find  the 
number. 
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17.  The  ditterence  between  two  numbers  is  20,  and  one- 
seventh  ot  the  one  is  et|Ual  to  one-third  of  the  other.  What 
are  the  numbers  \ 

18.  The  sum  ot  two  numbers  is  31207.  On  dividing  one 
by  the  otlier  the  (luotient  is  tuund  to  be  15  and  the  remainder 
1335.     What  are  tlie  numbers  ? 

19.  The  ages  of  two  brotiiers  amount  to  27  years.  On 
dividing  the  age  ol'  the  elder  by  that  ol"  the  younger  the  t[Uo- 
tient  is  'i\.     What  is  the  age  of  each  ? 

20.  Divide  237  into  two  such  parts  that  one  is  four-fifths  of 
the  other, 

21.  Divide  ^1800  between  A  and  U,  so  that  B'?>  share  may 
be  two-seventlis  of  A's,  share. 

22.  Divide  46  into  two  such  parts  that  the  sum  of  the 
quotients  obtained  by  dividing  cue  part  by  7  au  I  the  otlier  by 

3  may  be  ecpial  to  10. 

23.  Divide  the  number  a  into  two  such  parts  that  the  sum 
of  tlie  fpioticiits  ol)tained  by  dividing  one  part  by  m  and  the 
other  by  n  may  be  equal  to  h. 

24.  The  sum  of  two  numbers  is  a,  and  their  difference  is  b. 
Find  the  nundx  is. 

25.  On  nuiltiiilyiiig  a  certain  number  by  4  and  dividing 

the  product  by  3,  1  obtain  24.     What  is  the  number  ] 
»  "  5 

26.  Divide  i.'864  between  A,  B,  and  C,  so  that  A  gets  — - 

of  wliat  B  gets,  and  C's  share  is  equal  to  the  sum  of  the  shares 
of  A  and  B. 

27.  A  man  leaves  the  half  of  his  property  to  his  wife,  a 
sjxlli  part  to  each  of  his  two  children,  a  twelfth  part  to  his 
broih.-r,  and  the  rest,  amounting  to  i,()00,  to  charitable  uses. 
Wii  It  wius  tile  amount  of  his  property  ? 

28.  Find  two  numbers,  of  which  the  sum  is  70,  such  that 
the  first  divided  by  the  .second  gives  2  as  a  quotient  and  1  as 
a  remainder. 

29.  Find  two  numliers  of  which  the  difference  is  25,  such 
that  the  second  divided  by  iIki  first  -ivos  4  as  a  quotient  and 

4  iL-  a  reniaiiuhi, 
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30.  Divide  the  nnmher  208  into  two  parts  snch  that  the 
>imn  of  thi'  fonrtli  of  the  ^/reater  and  the  third  of  the  less  is 
less  bv  4  than  four  times  the  difference  between  the  two  parts. 

31.  Tliere  are  thirteen  days  between  division  of  term  and 
tl-.e  end  of  the  first  two-thirds  of  the  term.  How  many  days 
are  there  in  the  term  ? 

32.  Out  of  a  cask  uf  wine  of  which  a  fiftli  part  had  leaked 
awav  10  uallous  were  ilrawn,  and  then  the  cask  was  two-thirds 
full.     How  much  did  it  hold  ? 

33.  The  sum  of  the  aj:,'es  of  a  father  and  son  is  half  what  it 
will  be  in  25  years  :  the  difference  is  one-third  what  the  sum 
will  be  in  20  years.     Find  the  respective  a<4es. 

34.  A  mother  is  70  years  6ld,  her  daughter  is  exactly  half 
that  age.  How  many  years  have  passed  since  the  mother  was 
3J  times  the  age  of  the  daughter  ? 

35.  A  is  72.  and  B  is  two-thirds  of  that  age.  How  long  is 
it  since  A  was  5  times  as  old  as  B  ? 

Note  I.  If  a  man  can  do  a  piece  of  work  in  x  hours,  the 
part  of  the  work  which  he  can  do  in  one  hour  will  be  repre- 
sented by  -. 

Thus  if  A  can  rea]>  a  field  in  12  hours,  he  will  reap  in  one 
1 
hour  ~  of  the  field. 

Ex.  A  can  do  a  piece  of  work  in  5  days,  and  B  can  do  it 
in  12  days.  F^ow  long  will  A  and  B  working  together  take  to 
do  the  work  i 

Let  X  represent  the  number  of  days  A  and  B  will  take. 
Then  -  will  re])resent  the  part  of  the  work  they  do  daily. 

Now  -  represents  the  part  A  does  daily, 
and  r-^  represents  the  part  B  does  daily. 


ii8      PROBLEMS  IN  FRACrrOh'AL  EQUATIONS. 


Hence  ^  +  r^  '^'^  represent  the  part  A  and  B  do  daily. 

Consequently -  +  j2  =  -. 

Hence  12x  +  5x  =  60, 

or  17x  =  60; 

60 

■  ^~\r 

9 
That  is,  they  will  do  the  work  in  ?,—  days. 

36.  A  can  do  u  piece  of  work  in  2  days.  B  can  do  it  in  3 
days.     In  what  time  will  they  do  it  if  they  work  together  ? 

37.  A  can  do  a  piece  ot"  work  in  50  days,  B  in  60  days, 
and  C  in  75  days.  In  what  time  will  they  do  it  all  working 
together  ? 

38.  A  and  B  together  finish  a  work  in  12  days  ;  A  and  G 
in  15  days  ;  B  and  G  in  20  days.  In  what  time  will  they 
finish  it  all  working  together? 

39.  A  find  B  can  do  a  piece  of  work  in  4  hours  ;  A  and  G 
:>j  1 

in  3  -  hours  ;  H  and  V  in  5-  hom-s.     In  what  time  can  A  do 

it  alone  ? 

40.  A  can  do  a  ])icce  of  work  in  2  ^  days,  F!  in  3.-  days, 

and  0  in  :'.'   ilays.     In  what  time  will  they  do  it  all  working 
together  I 

41.  A  does  '-  of  a  piece  of  work  in  10  days.     Tic  tlun  calls 

in  /?,  ami  tlu-y  finish  the  work  in  3  days.     How  long  woiihl  B 
taki-  to  do  one-third  of  the  work  l>y  hinistlf  ? 

NoTK  II       If  a  fiip  "an  fill  a  vcssid  in  x  hours,  the  pait  of 

the  vessel  lillcd  \>\  it  in  om-  hour  will  he  represente<l  hy     . 

Ex.  Tlirt-e  tfips  running  separatily  will  fill  a  vessel  in  20, 
30,  ;uiil  40  minutes  resi)e<'.tively.  In  wliat  time  will  ihey  fill  it 
when  thev  all  run  at  the  siinie  time  i 
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Let  X  represent  the  number  of  minutes  they  will  take. 

Then  -  will  represent  the  part  of  the  vessel  filled  in  } 
minute. 
Now  g    represents  the  part  filled  by  the 'first  tap  in  1  minute, 


1^ 

30 

J_ 

40 


second . 
third . . 


Hence  20  +  3^-^40  =  ? 

ur,  multiplying  both  sides  by  120x, 

6x  +  4a;  +  3a;  =  120, 
that  is,  13x  =  120; 

120 

•■•  ^=-iy 

3 

Hence  they  will  take  9^  minutes  to  fill  the  vessel. 

42.  A  vessel  can  be  filled  by  two  pipes,  running  separately, 
in  3  hours  and  4  hours  respectively.  In  what  time  will  it  be 
lilled  when  both  run  at  the  same  lime  ? 

43.  A  vessel  may  be  filled  by  three  different  pipes :  by  the 

tii"st  in  1-  hours,  bv  the  second  in  3-  hours,  and  by  the  third 
3  *  3  '  •' 

iu  5  houi-s.     In  what  time  will  the  vessel  be  filled  when  all 

tliree  pipes  are  opened  at  once  ? 

44.  A  bath  is  filled  by  a  pipe  in  40  minutes.  It  is  emptied 
by  a  waste-pipe  in  an  hour.  In  what  time  will  the  bath  be 
full  if  both  pipes  are  opened  at  once  ? 

45.  If  three  pipes  fill  a  vessel  in  a.  b,  c  minutes  running 
separatelv,  in  what  time  will  the  vessel  be  filled  when  all  three 
are  opeued  at  once  ? 
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46.  A  \t«ssel  containing  To.")  i^'allons  can  be  filled  by  three 
pipes.  The  first  lets  in  12  gallons  in  3-  minutes,  the  second 
15-  gallons  in  2^  niijmtes,  the  third  17  gallons  in  3  minutes  : 
in  wliat  time  will  the  vessel  be  filled  by  the  three  pipes  all 
I'linning  together  ? 

47.  A  vessel  can  be  filled  in  15  minutes  by  three  pipes, 
one  of  which  lets  in  H)  gallons  more  and  the  other  4  gallons 
less  than  the  third  eat  h  mi  mite.  The  cistern  holds  2400  gallons. 
How  much  comes  thnm-li  .'iich  pipe  in  a  minute  ? 

Note  TII.     In  quest  ion*  involving  distance  travelled  over  in 

a  certain  time  ut  a  certain  rate,  it  is  to  be  observed  that 

Distance     „• 

.-,^- =  Time. 

Rate 

That  is,  if!  travel  20  miles  at  the  rate  of  5  miles  an  hour, 

20 
number  of  hours  I  take=  ^  . 

Ex.  A  and  B  set  out,  one  from  Newmarket  and  the  other 
from  Cambridge,  at  the  same  time.  The  distance  between  the 
towns  is  13  miles.  A  walks  4  miles  an  hour,  and  B  3  miles  an 
hour.     Where  will  they  meet  ? 

Let  X  represent  their  distance  from  Caml)ridge  when  they 
meet. 

Then  13 -a:  will  represent  their  distance  fiom  Newmarket. 

Then  ?  =  time  in  hours  that  B  has  been  walking, 

1^Z^=  A 

4         

.\nd  since  both  have  been  walking  ttie  same  time, 

X_13-^:C 

3~     4  "' 
or     4x  =  39-3z, 
or     7x  =  39 ; 
39 
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4 
That  is.  thej'  meet  at  a  distance  of  5-  miles  from  Cam- 

7 
bridge. 

48.  A  ])ersoii  starts  from  Ely  to  walk  to  Cambridge  (which 

IS  distant  16  miles)  at  the  rate  of  4-  miles  an  hour,  at  the 

>ame  time  that  another  person  leaves  Camhridcie  for  Ely 
walking  at  tiie  rate  of  a  mile  in  18  minutes.  Where  will  they 
meet  ? 

49.  A  person  walked  to  the  top  of  a  mountain  at  the  rate 
of  2-  miles  an  hour,  and  down  the  same  way  at  the  rate  of 

3-  miles  an  hour,  and  was  out  5  hours.  How  far  did  he  w-alk 
altogether  ? 

50.  A  man  walks  a  miles  in  6  honrs.     Write  down 

(1)  The  number  of  miles  he  will  walk  in  c  hotirs. 

(2)  The  number  of  hours  he  will  be  walking  d  miles. 

51.  A  steamer  which  started  froni  a  certain  place  is  fol- 
lowed after  2  days  by  another  steamer  on  the  same  line.  The 
first  goes  244  miles  a  day,  and  the  second  286  miles  a  day.  In 
how  many  days  will  the  second  overtake  the  first  ? 

52.  A  messenger  who  goes  31-  miles  in  5  hours  is  followed 

after  8  liours  by  another  who  goes  22-  miles  in  .3  hours.  When 
will  the  second  overtake  the  first  ? 

53.  Two  men  set  out  to  walk,  one  from  Cambridge  to 
London,  the  other  from  London  to  Cambridge,  a  distance  of 
60  miles.     The  former  walks  at  the  rate  of  4  miles,  the  latter 

3 
at  the  rate  of  3-  miles  an  hour.     At  what  distance  from  Cam- 
4 

bridge  will  they  meet  ? 

54.  ^4  sets  out  and  travels  at  the  rate  of  7  miles  in  5  hours. 
Eight  hours  afterwards  B  sets  nut  fi-niu  the  same  place,  and 
travels  along  the  same  road  at  the  rate  pf  5  miles  in  3  hours 
After  what  time  will  B  overtake  A  ] 
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Note  IV.     lu  ]ir(>l)leins  rL'liitin<;  to  clocks  the  chief  point  to 
be  noticed  is  that  the  minute-hand  moves  12  times  as  fast  as   \ 
the  lioiu-hand. 

The  following  examples  should  l)e  carefully  studied. 

Find  the  time  between  3  and  4  o'clock  when  the  hands  of  a 
clock  are 

(1)  Opposite  to  each  other. 

(2)  At  right  angles  to  each  other. 
(3i     Coincident. 


\ 


-=4' 


(1)  Let  O-V  represent  the  position  of  the  minute-hand  in 
Fig.  I. 

OD  represents  the  position  of  the  hour-hand  in  Fig.  I. 
M  marks  the  12  o'clock  point. 
T 3  o'clock 

The  lines  OM,  OT  represent  the  position  of  the  hands  at 
3  o'clock. 

Now  suppose  the  time  to  be  x  minutes  past  3, 

Then  the  minute-hand  has  since  3  o'clock  moved  over  the 
arc  MDN. 

And  the  hour-hand  has  since  3  o'clock  moved  over  the 
arc  TD. 

Hence  arc  MDN=  tv:elve  times  arc  77A 

If  then  we  represent  MDN  by  x, 

we  shall  represent  TD  by   -^. 

LA 

Also  we  .shall  represent  MThy  15, 
and  DN  hy  30. 
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Now  MDN=MT+TD  +  DN, 

that  is,  1=15  +  ^  +  30, 

or     12x=180  +  x  +  360 

or     llx  =  540; 

540 
.•.x=— . 

Hence  the  time  is  49:pr  niimites  past  3. 

(2)  In  Fig.  II.  the  description  given  of  the  state  of  the 
clock  in  Fig.  I.  applies,  except  that  Z>A"  will  he  represented  by 
15  instead  of  30. 

Now  sx;ppose  the  time  to  he  x  minutes  past  3. 

Then  since 

MnN=MT+TD  +  DN, 

x=15  +  -^  +  15. 

from  which  we  get 

_360 

Q 

that  is,  the  time  is  32—  minutes  past  3. 

(3)  In  Fig.  III.  the  hands  are  both  in  the  position  ON. 

Now  suppose  the  time  to  be  x  minutes  past  3. 

Then  since 

MN=MT+TN, 

,.       X 

or     12x=180  +  x, 

180 
or    x  =  --, 

4 
that  is,  the  time  is  16—  minutes  past  3. 

55.  At  what  time  are  the  hands  of  a  watch  opposite  to 
each  other, 

(1)  Between  1  and  2, 

(2)  Between  4  and  5, 

(3)  Between  8  and  9  ? 
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56.  At  what  time  are  the  hands  of  a  watcli  at  liyljt  anjjles 
to  each  other, 

(1)  Between  2  and  3. 

(2)  Between  4  and  5, 
(:3)     Between  7  and  8  ? 

57.  At  what  time  are  the  liands  of  a  watch  togfther, 

(1)  Between  3  and  4, 

(2)  Between  6  and  7, 

(3)  Between  9  and  10  .' 

58.  A  peison  buys  a  certain  nnmber  of  apples  at  the  rate 
of  five  for  twojience.  He  sells  half  of  thein  at  two  a  j)enny, 
and  the  remaining  half  at  three  a  penny,  and  clears  a  penny 
by  the  transaction.     How  many  does  he  buy  I 

59.  A  man  gives  away  half  a  sovereign  more  than  half  as 
many  sovereigns  as  he  has :  and  again  half  a  sovereign  more 
than  half  the  sovereigns  then  remaining  to  him,  and  now  has 
nothing  left.     How  much  had  he  at  first  ? 

60.  What  must  be  the  value  of  n  in  order  that  ^; — - 

in  +  b!)rt 

? 
3 


may  be  ecjnal  to  .,.-  when  a  is  ;-  ? 


61.  A  body  of  troops  retreating  before  the  enemy,  from 
which  it  is  at  a  certain  time  25  miles  distant,  niarcliLS  18  mile.> 
a  day.  The  enemy  jausues  it  at  the  rate  of  23  miles  a  ilay, 
but  is  fiist  a  day  later  in  starting,  then  after  2  days  is  forced 
to  halt  for  one  day  to  repair  a  bridge,  and  this  they  have  to  do 
again  after  two  days'  more  marching.  After  how  many  days 
from  the  iKginning  of  the  retreat  will  tiie  retreating  force  be 
overtaken  I 

62.  A  person,  after  paying  an  imotne-lax  of  sixpence  in  the 
jiound,  gavt!  away  oiie-tliirteenlli  of  his  remaining  income, and 
had  .£540  left.     What  was  his  original  mitonie  \ 

63.  From  a  sum  of  money  I  take  away  ^50  more  than  the 
half,  then  from  the  remainder  £'.W  more  than  tiie  filth,  then 
from  the  second  remainder  .£20  more  than  the  fourth  ])art  : 
■nnd   it  last  only  iilO  remnins.     W!:at  was  the  original  sum  ' 


PROBLEMS  IN  FRACTIONAL  EQUATIONS.       125 


64.  1  bought  a  certain  number  of  eggs  at  2  a  penny,  and 
the  same  numlier  at  3  a  penny.  I  sold  them  at  5  I'ur  twopence. 
and  lost  a  penny.     How  many  egt,'S  did  I  buy  ? 

65.  A  cistern,  holding  1200  gallons,  is  tilled  by  3  pipe.s 
A,  B,  C  in  24  minutes.  The  pipe  .4  re'iuires  30  minutes  nidiv 
than  C  to  rtll  the  cisteisi.and  10  gallons  ler-s  run  tl:rough  C  per 
minute  than  through  .1  and  B  together.  What  time  would 
each  pipe  take  to  till  the  cistern  by  itself? 

66.  A,  B,  and  C  drink  a  bairel  of  beer  in  24  days.     A  and 

4 
B  drink  ^rds  of  what  C  does,  and  B  drinks  twice  as  much  as  A. 

In  what  time  woiild  each  separately  drink  the  cask  ] 

67.  A  and  B  shoot  by  turns  at  a  target.  A  ]iuts  7  bullets 
out  of  12  into  the  centre,  and  B  puts  iu  9  out  of  12.  Between 
them  they  put  in  32  bullets.     How  many  shots  did  each  fire? 

68.  A  farmer  sold  at  market  100  head  of  stock,  horses, 
oxen,  and  sheep,  selling  two  o.xen  for  every  horse.  He  obtained 
on  the  sale  £2,  Is.  a  head.  If  he  sold  the  horses,  oxen,  and 
sheep  at  the  respective  prices  £22,  £12,  lO.s-.,  and  £1,  10s.,  how 
many  horses,  oxen,  and  sheep  respectively  did  he  sell  ? 

69.  In  a  Euclid  paper  A  gets  160  marks,  and  J5  just  passes. 
A  gets  full  marks  for  book-work,  and  twice  as  many  marks 
for  riders  as  B  gets  altogether.  Also  B,  sending  answers 
to  all  the  questions,  gets  no  marks  lor  riders  and  half  marks 

for  book-work.     Supposing  it  necessary  to  get  -  of  full  marks 

in  order  to  pass,  find  the  number  of  marks  which  the  paper 
carries. 

70.  It  is  between  2  and  3  o'clock,  but  a  person  looking  at 
the  clock  and  mistaking  the  hour-hand  for  the  minute-liand, 
fancies  that  the  time  of  day  is  55  minutes  earlier  than  the 
reality.     "What  is  the  true  time  ? 

71.  An  army  in  a  defeat  loses  one-sixth  of  its  number  in 
killed  and  wounded,  and  4000  prisoners.  It  is  reinforced  by 
3000  men,  but  retreats,  losing  a  fourth  of  its  number  in  doing 
so.     There  remain  18000  men.     What  was  the  original  force? 

72.  The  national  debt  of  a  countiy  was  increased  by  one- 
fonrth  in  a  time  of  war.     During  twenty  years  of  peace  whicii 
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fullowed  £25,000,000  was  paid  off,  and  at  the  end  of  that  time 
tile  interest  was  reduced  from  4J  to  4  per  cent.  It  was  then 
found  that  tlie  interest  was  the  same  in  amount  as  before  the 
war.     Wliat  was  the  amount  of  the  debt  before  the  war  ? 

73.  An  artesian  well  supplies  a  brewery.  The  consump- 
tion of  water  <,'oes  on  each  week-day  from  3  A.M.  to  6  P.M.  at 
double  the  rate  at  which  the  water  flows  into  the  well.  If 
the  well  contained  2250  gallons  when  the  consumption  began 
on  Monday  morning,  and  it  was  just  emptied  when  the  con- 
sumption ceased  in  the  evening  of  the  next  Thui-sday  but  one, 
what  is  the  rate  of  the  influx  of  water  into  the  well  in  gallons 
per  hour  ? 


XIV.  ON  MISCELLANEOUS  FRACTIONS. 

195.  In  this  Cliapter  we  shall  treat  of  various  matters  con- 
nected with  Fractions,  so  as  to  exhibit  the  mode  of  applying 
the  elementary  rules  to  the  simplification  uf  expressions  of  a 
more  complicated  kind  than  those  which  have  hitherto  been 
discussed. 

196.  Tlie  attention  of  the  student  must  first  be  directed 
to  a  point  in  which  the  notation  of  Algebra  differs  from  that  of 
Arithmetic,  namely  when  a  whole  naniber  and  a  fraction  stand 
side  by  side  ivith  no  svjn  between  them. 

3  3 

Thus  in  Arithmetic  2-  stands  for  the  sum  of  2  and  =. 

But  in  Algebra  x-  stands  for  the  product  of  a;  and  -. 

So  in  Algebra  3 stands  for  the  product  of  3  and ; 

.     ^0  +  6     3a  +  2b 

that  is,  3 =  — - — 

c  e 


ON  AfISC£LLAUEOrs  FRACTIONS.  1^7 


EXAMPLES. — IX. 
Simplify  the  following  fractions : 

1.  a+x  +  3-.  3. ^  +  2—'—. 

X  "^       X  :c  -y 

a-  +  ax     jx-a  ,a  +  b     ^a'  —  W 

2.    5 2 .  4.    4 j-2— — rr,. 

x^  X  a  -  0       a-  +  0- 

197.     A  fraction  of  which  the  Numerator  or  Denominator 

i3  itself  a  fraction,  is  called  a  Complex  Fraction. 

1  X 

Thus  -,  ^  and  -  are  complex  fractions. 
a   d         "in;^ 

h  n 

A  Fraction  whose  terms  are  whole  numbers  is  called  a 
Simple  Fraction. 

All  Complex  Fractions  may  be  reduced  to  Simple  Fractions 
by  the  jtrocesses  already  described.  We  may  take  the  follow- 
ing Examples  : 


h     a     m _a     n  _an 
^        vi~ h  '  n     h     m     bm 
n 


(2) 


d_/a    c  \  .  /m    p\_t 
"p~\6     d/  '  \n     q' 


m    p     \b     d/  '  \n     q  /  bd      '       nq 

n     q 

_ad  —  bc         nq      _nq(ad-bc) 

~     bd  mq  -  np    bd  {mq  —  np)' 


(3)     v  =  (l+x)^(H-J=(l  +  x)^-- 


1  + 

X 


l+X         X         x(\  +x) 
—  —. —  X =  -V^^-^  =X. 

1  X  +     L  l+X 
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1  1 


^^        a;      .      1        \l-x     1  +  x/  •  Al-x-^l+a' 
1+x-l  +  x    x  +  x^+l- 


1-X2  •  l-x2 

2x        1  -  x2       2x 


(5) 


1  -  x^     l+x^     1  +  X-' 
;5  3   .  3 


3,3,      3(1-.')       ,      3-3x 
_3  1  -x  +  3  I     x  +  3  4-x 

1 —X  1 -X 

^    3 ^      3  (4  -  j)     ^12-3x 

~4-x+""3-3x~4-x  +  3-  3.c~  7- 4x* 
4  — X 


Examples.  -Ixi. 

Siiiipliiy  the  followiii;^  expressions : 

4  X    y 
x  +  -  — - 

5  X                        y    X  1  -X* 

23  X 

/a;     A                          ^1  1 

4-    -T^^-TT-  5-    T-  6.    J.. 

2-X  +  --,  1+' 


O-D 


X 


1  XX 

a — ;,  1 

a'  „     x  +  a     X  -  a  2x 

7.  — r-  8, 


a  x^  -  a^  1  -^x^ 

X- V  x+« 

.'■         ,         1                                                 X  +  w  X  -  M 

J  ^  1           a:  + 1                                           ^Jf  _  x  +  y 

X                                                          x+y  x-y 


I 
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14. 


2to-3  +  ~ 
in 

2m -1 

m 

1 
ab 

ac     be 

a- 

-{b+cy 

ab 

l+X  +  X' 

12.       ^——^—. 

1  +  -+     ..■ 
X      X- 

a  +  b        b 

b~'^IiTb 

a     6 

198.     Any  fraction  may  he  split  iip  into  a  number  ot  trac- 
tions equal  10  the  number  ot  terms  in  its  numerator.     TJius 

x^  +  x^  +  x+1     x^    3.2     a;       1 
1111 

X       X''        XT        X* 


Examples.— Ixii. 

Split  up  into  four  fractions,  each  in  its  lowest  terms,  the 
following  fractions  : 

o*  +  3a3  +  2tt-  +  5a  9a^  -  l^a^  +  6a  -  3 

'■  2a*  •  '^'     ".         108  ■ 

a%c  -r  ab-d  +  abc-  +  bccP  18p- +  l'2q- -  S6r'  ~  72s^ 

abed  '  Spqis 

a^-3xhf  +  :ixtf--y^  I0x^-25x^ +  75x-U5 

^'  xhf  '  •  ludO  ■ 

199.  The  quotient  obtained  by  dividing  tlie  unit  by  any 
fraction  pf  tliat  unit  is  called  The  Reciprocal  of  that  fraction. 

Thus  -,  that  is,  -,  is  the  Reciprocal  of  5- 
a  a  ^  h 

b 

200.  We  have  shewn  in  Art.  158,  that  the  fraction  symbol 
J-  is  a  proper  representative  of  the  Division  oi  a  by  6.     In 

Ts.A.]  } 
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Chapter  IV.  we  treated  of  cfl=es  of  division  in  which  the  divisor 
is  contained  an  exact  nuiaber  of  times  in  the  dividend.  We 
now  proceed  to  treat  of  cases  in  wliich  tlie  divisor  is  not  con- 
tained exactly  in  the  dividend,  and  to  shew  the  proper  method 
of  lepresenting  the  Quotient  in  such  cases. 

Suppose  we   have  to  divide  1  by  1-a.     We  may  at  once 

represent  the   result  by   the    fraction         -.       But    we   may 

actually  perform  the  opeiatiou  of  division  in  the  following 
way. 

\-a)  1  (1 +((  +  a'--i-a3-|-... 
1-a 


a 

a- a 


a 


2 

o2-a» 
a? 

The  Quotient  in  tliis  case  is  ivterminahU.  We  may  cirry 
on  the  operation  to  any  extent,  but  an  exact  and  terminable 
Quotient  we  shall  never  find.  It  is  clear,  however,  that  the 
terms  of  the  Quotient  are  formeil  by  a  certain  law,  and  .'<uch 
a  succession  of  terms  is  called  a  Series.  If,  as  in  the  case 
before  us,  the  series  may  be  indefinitely  extended,  it  is  called 
an  Infinite  Series. 

If  we  wish  to  express  in  a  concise  i^ciu  the  result  of  the 
operatioti,  we  mav  sto|)  at  any  term  of  the  quotient  and  write 
the  result  in  the  following  way. 

L-i       _«_ 
1        ,  o2 

= =  l+a  +  :j , 

l-o  1-a' 

= =  1  +  a  +  a-  + , 

1-a  1-a 

r =  1  ■¥  a  ■¥  a-  -^  o?  -^  — ^ — , 

1-a  1-a 
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always  beinsj  careful  to  attach  to  that  term  of  the  quotient,  at 
which  we  intend  to  stop,  the  remainder  at  that  point  of  the 
division,  jjlaced  as  tlie  numerator  ot  a  fraction  ot  which  the 
divisor  is  the  denominator. 


Examples.— Ixiii. 

Carry  on  each  of  the  following  divisions  to  5  terms  in  the 
quotient. 

1.  2  by  1  +a.  7.  1  by  1  +  2x  -  2x2. 

2.  m  by  m  +  2.  8.  1  +  a;  by  1  -  x  +  x^. 

3.  a-b  by  a  +  b.  9.  1  +  6  by  1  - 26. 

4.  a-  +  X-  by  a^  -  x\  10.  x-''  —  ¥  by  x  +  6. 

5.  ax  by  a  -  X.  1 1 .  o-  by  x-b. 

6.  6bya  +  x.  12.  a^hy{a  +  xy. 

13.  If  the  divisor  be  x-a,  the  quotient  x'-2ax.  and  the 
remainder  -ia^.  what  is  the  dividend  ? 

14.  If  the  divisor  be  m  -  .">,  the  quotient  7?i^  +  5m-+  15?7i  +  34, 
and  the  remainder  75,  what  is  the  dividend  ? 

201.     If  we  are  required  to  muUijjly  such  an  expression  as 
x^     X     1  ,      X     1 
-2-  +  3  +  4^y2-3' 
we  may  multiply  each  term  of  the  former  by  each  term  of  the 
latter,  and  combine  the  results  by  the  ordinary  methods  of 
addiiion  and  subtraction  of  fractions,  thus 


2  ^3^4 

X     1 
2     3 

4  +  6^8 

X^     X 

1 

12 

-4                 1Z~ 

1 
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Or  we  may  first  reduce  the  inuUiplicaiid  and  the  multiplier 
to  single  fractions  and  proceed  in  the  lol lowing  way  : 


/  x'-    X     1\     /x     1\ 


dx'  +  4X  +  3     3x-2  _  18x^  +  x-6 
''         12         ^~6~"~         72 


~   7-2    "^72     7:i~"4  "*"72     12 
This  latter  process  will  be  lound  the  simpler  by  a  beginner. 


Examples.— ixiv. 
Multiply 
'■i  +  hl^yhl-      .  4.    x^-l4-^byx2+l  +  ^,-. 

f/2        fl,       1    ,        rt       1  11.11 

o      6     3         4     5  •'     a^     ¥      •'  a^     ¥ 

11,  1  ,111,111 

•-  +  -T-byx — .  o.   -__+ -  by -+ .  +-. 

7.  1  +  -  +   .,  by  1  -  -  4-  -s-. 

8.  l  +  l..^.M.yl-^x  +  Jx2-±x3 

^37,2      11 
9-    2i2  +  x'  3     ^^'x^"x     2" 

b^      a*  0''      a* 

202.     If  we  have  to  divide  such  an  expression  as 

^     o      3      1 

x3  +  3x  +  -  +  -^ 
X     x^ 

by  «  +  -,  we  may  proceed  a.s  in  the  division  of  whole  number?, 

carefully  ob.serving  that  the  order  of  descendiiiig  powers  of  i 
is 
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and  -. 

X 


Any  isolated   iligits,  ao    1,  2.  .j  ...  will  staud   between  x 

X 

Tims  the  expression 

,     1     o  o     3     .       5 

4  +  .1-3+  -. +  3r-  +  -,  +  ox  +  -, 

X"  X^  X  V 

arranged  according  to  descending  powers  of  x,  will  stand  thus, 

,     .,  ,     -        ,531 

X     X-     x" 

The  reason  for  this  arrangement  will  be  given  iu  the  Chapter 
on  the  Theory  of  Indices. 

Ex.  x  +  -)x3  +  3x +  -  +  -„{  x'  +  2  +  —, 

xJ  X      J?^  X^ 

J?  +     X 


•^ 

2x 

+  - 

X 

9, 

2x 

+  - 

X 

1 

1 

-4- 

■  — 

X 

x^ 

1 

1 

-  + 
X 

X3 

Or  we    may  proceed  in  the  following  way,  which  will  be 
found  fiimpler  by  the  beginner. 

_a5«  +  3x^+3x-+l  .  x2  +  1 

x^  ■      X 

_a:^  +  3x< +  3x^  +  1        z 

.      x^  x-  +  1 

a!*  +  2:(;-  +  l     x*     2xa      1        ,  I        ■ 

= :? =  :^  +  --  +  -  =  x2  +  2+4. 


134  Oy  MISCELLANEOUS  FRACTIONS. 


EXAMPLES.— IXV. 
Divide  : 

I.    X---,  byxr-.  4-    c*-T-bvc-.. 


.,1,        1 

^     t/2          x'    ■^  y    X 

3^1                     1 

,1        11,111 

y3         :j.3              y- 

3Uy?-?^. 

X       '     7/       ./ 

o     3x'     ,  4     77  ,     43  „     33       „- ,     x^ 

8.    -j-4x*  +  ~x3-— x--^-x  +  27by  ~-x  +  3. 

o'     6'       o     b 
r^  +  — ,  by  T  +  -• 

Ill       3,111 

lo.    --,  +  n  +  :3--».  ^y-  +  ^  +  -• 
a•'     o-*     cr    abc       a    b     c 

203.  In  dealing  with  expres'^ions  involving  Decimal  Frac- 
tions two  methods  may  be  adopted,  as  will  be  seen  from  the 
following  example. 

Multiply  •\x--2y  by  ■03x  +  •4y. 

We  may  proceed  thus,  applying  the  Eules  for  Multiplication. 
Addition,  and  Subtraction  of  Decimals. 

•Ix-  2y 
•03x  +  ■4y 

•W3x^-Wfixy 

+  04  xy  -  -OSy' 

•003x2  + -0:51 -■y--08y»' 

Or  thus, 

(.u-.,A03..-4„=(.v:;;)(,^.g) 

-  ^~^y  3x + 40y 

io~^'~i6o~ 

^3x'  +  34xy-80y2 
1000 
^  ='003x2  + -034x1/ -•08y». 

The  latter  method  will  be  found  the  simpler  for  a  betdnnor. 
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Examples.— Ixvi. 

Multiply  ; 
I .     -Ix  -  -3  by  bx  +  -07,  2.     "OSx  +  7  by  -2    -  3, 

3.     -Zx-  -2!/  by  -Ax+'ly,  4.     4-3x  +  5-2i/  by  -Oix-  -QQy. 

V     Find  the  value  of 

a^  -  6^  +  c'  4-  3rt6c  when  a  =  -03,  6  =  -1,  and  c  =  -07. 
6.     Find  the  value  of 

3?  -  3ax2  +  ;Ja-x  -  a'  when  x  =  •"  and  a  =  -03. 

204.     When  any  expression  E  is  put  in  a  form  of  which /is 

E 
a  factor,  then  -p  is  the  other  factor. 

Thus  ■  a  +  h  =  a(^-^) 

„  ,  ,        ,     ab  ■¥  ac -^hc 

Bo  ai)-\-ac-¥oc=^  abc .  .  

abc 

Examples. — Ixvii. 

1.  Write  in  factors,  one  of  wliich  is  ajX,  the  series 

a^x  +  ttjX^  +  OjX^  +  04X*  +  . . . 

2.  Write  in  factors,  one  of  which  is  xyz,  the  expression 

xy  -XZ  +  yz. 

3.  Write  in  factors,  one  of  which  is  x^,  the  expression 

x-  +  xy  +  y-. 

4.  Write  in  factors,  one  of  which  is'a  +  ft,  the  expression 

(ct  +  b'f  -c{a-it- 1)2  -d{a  +  h)  +  e. 


and 
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205.  We  sli.ill  now  give  two  examples  of  a  process  liv 
whicli,  when  cerliiin  Iractions  are  known  to  be  e(iual,  oilier 
relations  between  the  ijuantities  involved  in  iheni  may  be 
determined. 

Tliis  process  will  be  found  of  great  use  lit  a  later  part  of 
the   subject,   and   the   student   is   advi.sed   to   pay    particular 

attention  to  it. 


(1)     If  7  =  .,  shew 


that 


Let 


a  —  b~c-ff' 
a 


Then  -,  =  X  ; 

a 

:.  a  =  \b, 

and        c  =  \d. 

y-  a  +  b     Xb  +  b     b(\+l)     -K+l 

a-b      \b-h     ft(X-l)     \-l' 

A  c  +  d  _\d  +  d_d{\+l)     X  +  1 

c-d~Xd'-^~d{\-l)~\'-^' 

u         a-{b       ,c  +  rf,.  ,  ,.+  1 

Hence  —-^^  and  ^  _-^  being  each  equal  to  — — -  are  equal  to 

one  anotlier. 

/a\        ic      '^^  71  T  ,  . 

(2)     11 j^  =-j =  — --,  shew  that  m+  /t  +  r  =  0. 

a- 0     b-c      c -a 

Let 


th«B 


\ 

a-b 

rh-^ 

'    -X. 
c-a 

m  =  Xi7  -X^. 

n  =  \b-\c, 

r=Xr-Xa; 

.'.  m  ■*-  n  +  r  =  \n  -  \h  +  \b  -  X<-  +  \c- 

■\a=0. 
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Examples.— Ixviii. 


1.  If -=-,  prove  the  following  relations: 

h     a 

n-h     c-d    .:  ,.    8a+^_8c  +  rf^ 

3a_ 3c_  ,  .    n«_+6^13a  +  6 

^3)  4^56  "  4c  -  5(^'  ^'^'   \\r  +  d      13c +  rf" 

2.  If  — -^  =  ,--  =  — — ,  then  I  +  //I  +  ?i  =  0. 

a-h      h-c     c-a 

,,a     c     e  .,    ^  "     ?«  +  mc 4-/(8 

"?•     If  r  =  -I  =  1^7  '  'rove  tliat  r  =  .r ttt  *• 

-'  b     d    f  i>     Ib  +  ma  +  nt 

±.     If  — ^,—  =  — -  -  = ,  prove  that  a  =  h  =  c. 

■^  b  c  a      ^ 

=>•     ^*  6,-6:-F3'  "  6i      26, +  36, +  463- 


that  .    ^ — >is  less  than  r  and  greater  than  ^. 
b  +  d+f  h  '^  f 


7.  If^-^=^  shew  that  !-?l^>  =  ^:^^^^' 

o      Ti<^     c    ,        ^,       ((--tab     ((6-6- 

8.  It  r=  J.  shew  that  -r, ,  =  j     j^ 

b     d'  c-  +  cd     cd-d- 

Ti-«     c    ,        .,    .    7a  +  6       7c  +  d 
5.     If  T  =  J,  shew  that     — -. ,  = ..    ,  .■  ,. 
^  b     d  3'f  +  o6     3c  +  5a 
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10.  If  r  be  a  jproper  fraction,  shew  that   r is  greater 

than  r,  c  being  a  positive  quantity. 

11.  If  ^  be  an  improper  fraction,  shew  that  -, is  less 

o  o-t-c 

than  r,  c  bein<,'  a  positive  quantit)'. 

20ii.  We  shall  now  <,'ive  a  series  of  examples  in  the  working 
of  whicli  most  of  the  processes  conuected  with  fractions  will 
be  introduced. 

Examples.— ixix. 

2rt62     cS 

1.  Find  the  value  of  2a'^+ rr,  when 

a  =  4,  b  =  ~,  c=l. 

2.  Simplify  -7^.312^5-  ""^  a^.f4a-45  ' 

3.  Simplifv  C^  -  ^--2)^(«-t?  4-  ^--P). 
•"  '^     '   \a-p    a+p/     \a-p    a+p/ 

4.  Add  together 

X*    y^    %'■  y^    z^    X*      J  2*    x'"    y^ 
4"  6  "^8'  4  "6"^  8  *"^  "4"*"  6  "^8' 
,,2 
and  subtract  2*  -  x-  +  "^  from  the  result. 

5.  Find  the  value  of  -s — n^^, — ^  when 

a  =  4,   6  =  -,   c  =  l. 

6.  .Multiply  ^x2  ^  3,,^  „  7  2  ^^  2^2  -  ax  -  - . 

en        »i    .  11^ -Ir  36- 

7.  bhew  that r:r.  =  a  +  2b->- r- 

'  (« -  0)  « -  6 
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8.     SimplitV^^  +  -^^^-+?S-— % 
'     '      X       x-y     ar-xy- 

ci        ,,    ,60x3 -17x2- 4x+l     ,-       o-  ,     49 

Q.     Shew  that —^, — ^ =  12x-2ot ^r. 

^  5x-  +  9x  -  2  a;  +  2 

c,.      ,.^    x*-9x='  +  7x2  +  9x-8 
TO.     Simphfy^,^.^3--y^,_„^^3. 

x3  1 

11.  Simplify  ^-^  + J—. 

1  —X 

l+X-:; 

1  -X 

12.  Simplify  a  +  ab  +  b^la  +  ab  +  h---^\ 
13.,   Multiply  together  (^  +  7)(^"  +  72)(^-7)- 

14.  Add  together -,  -. — -,  - — — .  ami  shew  that  if  their 

°  a  +  V  b+l    c+l 

sura  be  equal  to  1,  then  abc  =  a  +  b  +  c  +  2. 

15.  Divide--! S  +  -  +  -S  byx-a. 

a  a     a?'     X     x^     ^ 

a          b           c     , 
^-^c^ '-a-i ^6 

16.  Simplify  7 ,  and  shew  that  it  is  <iqual 

--T-C  +  r-j-cn — '-b 
abc 

^    s  (s  -  a)  4  (•?  -  b)  (s  -  c)  ...  -  , 

to  -^^ ^—\ -^ ^  il  2s  =  a  +  b  +  c. 

be 

17.  Shew  that  — ^  + + p_  =  _-— . 

1  + 1 1  +  — o— -T 

a-=-x  a^x  a^—x^ 


1 8.  Simplify ,-  + r  -  2-^j — r^. 

^    ■^  a-b     a  +  b       a-  +  b^ 

19.  Simplify --^--3-  +  , 


a  +  b       2a      2a  {a  -  b)' 

c,.         Tr  «--o6+62  rr-52 

20.     Simphly^^^^^^^_^^_^,x^^^^ 
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c-       If         2  1 

21.     Snnplify  ;-., 


22.     Simplify 


(x"-l)-     2x-'-4a:  +  2      l-««* 
a2  +  62  +  2a6-c2    a  +  h^c 


<?  -  a-  —  b-  +  -lab  '  b  +  c  —  a 

24.     Find  the  value  of  I ^  ) 7ii,  when  x  =  -^— , 

\x-b/      x  +  a-2b  2 

.5.     Simplify  ^-(V/y>^£z(lZ^VcMar.^y^ 
oA      «•      IT   (x2-4x)(x2-4)2 

26.  ^^'"pi'fy'— ^2_2^- 

27.  Simplify  ,^^'-'- I)  («'-l) 

'     ^  (a  +  l)-•(a2-a)a• 
28.     Simplify  1  +  4-- -- -;i-!^ +.?i:i____3 ^ 

'       •    r*       X^       X      (x2+ 1)2^x2+1       r/-2  (.riTl)*' 

29.  Divi.le       --  + ^^  Ijy . 

30.  Simplify  j  „  ^^_  -  JLJiJI.,  4.  J-^Ll^--^ 

3..     Simplify  ("-^^-^^)^-<-(^-01t(^.ZfOl±(^ZJ)' 
a^  +  b-  +  c^ 

,,,  ,         l-x-3x2     ,  1+3./* +  2x3 

34.  s,..p„^(^^ot^-')^(^■)c-^,r') 

35.     Simj.lify 

o^ai     u-  +  a6  +  b'^     (    2a^        ,w  L^afc        v 

a^-P''      a  +  b      '*'\a^  +  l^~')V'a'^~+ab  +  bO 


O^r  MISCELI.ANLOUS  FRACTIOAS.  14I 


36.     Simplify 


1 1^ 


2(a;-l)2     4(.t-l)^4(x+l)     (x-l)2(x  +  iy 


37.     Prove  that 


1  1.1 


a6.i-     a((x  —  \i){x-a)     b{b  —  a){x-b)     x{x-a){x-iy 

38.  Ifs  =  a46  +  c+  ...  to  n  terms,  shew  that 

s  —  as-hs-c  /111  \ 

+— ,— + +  ...  =s(-  +r+  -+  ...  )-7i. 

no  c  \a     0     c  / 

39.  Multiil\'(-^.-^^-,)by    -^r-^Tf?^   2^.,^ 
jy  1  .    vj,. _^-     x^  +  y-/         X-' —  y-y  +  {x- +  y^y 

a-x     ,     a^  —  x^ 

1  + 1  +  -^rr  T, 

_ .      ...  a  +  X  a-  4  X- 

4.0.      Simplilv -; J, 

^  ^     *         a-x  U-  —  X- 

a  +  x  a-  +  x^ 

41.  Divide  x'  +   3 -  r.f  73 - X-)  4-  4(x  +  -  j  In-  x  +  K 

42.  lt'.s  =  a  +  6  +  c+  ...  to  ?i  terms,  shew  that 

•?  -  (I      s  —  b      s  -  c 

+ H +...=«- 1. 

s  s  s 

43.  Divide  (-^— ^- I  l,y  (    5-1-,  +  -,?^,). 

^        2xy 

44.  Simi)lify ~J:|i 

1  +        •' 


(•«  -  2/)- 


-  +  T-  +  -  +  -J 

abed 

46.  Simplify 

p*  +  4;^^gf  +  6pV  +  ^l'?^  +  2*  ^  y^  +  Sp-? -t- Sffy^ -;- 7^ 
2?* -  4p'^q  +  6jJ-5^ -  4p(f  +  q*  '  p^  -  '3p'q  +  3pq' - q^' 

47.  Eeduce  ^-^^^  +  ^^^^  +  G-(^Vry 
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48.     Simplify  ,      -^  ,     — .. 

2/  +  -  ^ 


49.     Simplify ii — ^  2i. 


1  1 


(a  -  2/)  (a  -  xf      (a  -  y/-  (a  -  x) 

„.       ,.-  ahc,  3-a--6-c 

50.  Simplify    ■        -        , ■ —  ,— . 

i_      ^  _  J_        o-(  o-c 
6c      ca     ab 

b 

a  + 

1+ - 

51.  Simplify  p(«"-6'0- 

a  — — 
a 

'-1 


XV.    SIMULTANFOUS    EQUATIONS    OF 
THE    FIRST    DEGREE. 

207.  To  fleterriiine  several  unknown  qn.intilies  wo  ninst 
have  a>t  many  independent,  equations  m  there  are  unknown 
quantities. 

Tlius  if  we  had  this  etjuation  j,'iven, 

X  +  7J  =  6, 

we  could  determine  no  definite  values  of  x  and  y,  for 

^  =  ^1    or^  =  ^^-    or^  =  ^l 

or  other  values  mi^dit  he  fjiven  to  z  and  y,  consistently  with 
the  equation.  In  fact  we  can  find  as  many  pairs  of  values  of 
z  and  y  as  we  please,  which  will  satisfy  the  equation. 
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"We  must  have  a  second  equation  inclependf>nt  of  tlie  fii-st, 
and  tlien  we  may  find  a  pair  of  values  of  x  and  y  uhicii  will 
satuifij  both  equations. 

Thus,  if  besides  the  eciuatioii  x  +  y  =  6,  we  had  anotlier 
jfiuatioii  x-y  =  2,  it  is  evident  ihat  the  values  of  x  and  y 
which  will  satisfy  both  equations  are 


x  =  4  / 


since  4  +  2  =  6,  and  4  -  2  =  2. 

Also,  of  all  the  pail's  of  values  of  x  and  y  which  -will  satisfy 
one  of  tile  equations,  there  is  but  one  pair  which  will  satisiy 
the  other  equation. 

AVe  proceed  to  shew  how  this  pair  of  values  may  be  found. 
208.     Let  the  proposed  eijuations  be 

2x  +  77/  =  34 

5x  +  9y  =  5l. 

Multiply  the  first  equation  by  5  and  the  second  equation  by 
2,  we  then  get 

10x4- 35!/ =  170 

10.c+18?/=102. 
The  coefficients  of  x  are  thus  made  alike  in  both  equations. 

If  we  now  subtract  eacli  member  of  the  second  equation 
from  the  corresponding  member  of  the  first  equation,  we  shall 
get  (Ax.  II.  page  58) 

35j/-18?/  =  170-102, 
or  17?/ =  68; 

-■•  l/  =  4. 
We  have  thus  obtained  the  value  of  ove  of  the  unknown 
symbols.     The  value  ot  the  other  may  be  found  thus  : 

Take  one  of  the  original  equations,  thus 
2x+7y  =  34. 

Now,  since  y  =  -^,  7j/  =  28 ; 

.-.  2x  + 28  =  34; 
•.  x  =  3. 

Hence  the  pair  of  values  of  x  and  y  which  satisfy  the 
equations  is  3  and  4 
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Note.  The  process  of  thus  obtaining  from  two  or  more 
equations  fin  equation,  from  wliich  one  ol  thi;  unknown  (quanti- 
ties has  tlisa]>iie;ue(l,  is  called  Eliiaination. 

200.  We  worked  out  the  steps  fully  in  the  example  given 
in  tlie  last  article.  We  shall  now  work  an  example  in  the  form 
in  which  the  process  is  usually  given. 

Ex.     'io  solve  the  equations 

5iC  +  4?/  =  58. 
Multiplying  the  first  equation  by  5  and  the  second  by  3, 
15a;  +  35j/  =  335 
15x+12i/  =  174. 

Subtracting,  23*/  =161, 

and  thvireibre  y  =  7. 

Now,  since  3x+7i/  =  67, 

3x  +  49  =  67, 
.-.  3x=18, 
.-.  x  =  6. 

Hence  x=6  and  i/='7  are  the  values  required. 

210.  In  the  examples  given  in  tlu'  two  preceding  articles 
we  made  the  coetiicients  of  x  alike.  Sometimes  it  is  more  con- 
venient to  make  the  coelticients  of  y  alike.  Thus  if  we  have 
to  solve  the  etpiations 

29x  +  2?/  =  64 

13x+   7/  =  29, 
we  leave  the  first  equation   as  it  stands,  and  multiply  the 
second  equation  by  2,  thus 

29x  +  2y  =  G4 

2Gx  +  2r/  =  5rt.  ^ 

Subtracting,  3x  =  6, 

and  therefore  x  =  2. 

ii 

Now,  since  13x  +  j/  =  29,  i 

26  +  y  =  29,  .f 

.-.  2/ =  3.  \ 

Hence  x  =  2  and  v  =  3  are  the  valuer  required.  f 
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EXAMPLES  — IXX. 

I.   2x  +  7i/  =  41  2.    :)c  +  8i/  =  101  3.    13a;+17i/=189 

3x  +  4(/  =  42.  9u;  +  2)/  =  95.  2x+     i/  =  21. 

4.    14x  +  9(/  =  156       5.      x  +  157/  =  49  6.    lOrc- 19?/=  132 

7x4- 2)/ =  58.  3x+    7)/ =  71.  35x+ 17(/  =  22(i. 

7.    6x+    4i/  =  236       8.    39x  +  27!/  =  l()a  9.    72x+ 14)/  =  33l) 

3x+15!/  =  573.  52x  +  29?/  =  133.  G3x+    7// =  273. 

211.  We  shall  now  give  some  examples  in  which  negative 
signs  occur  attached  to  tiie  coefficient  oi'  y  iu  one  or  both  of 
tile  equations. 

Ex.     To  solve  the  equations: 

6x  +  3.o?/  =  177 
8x-21y=   33. 

Multiply  the  fir.st  equation  by  4  and  the  second  by  3. 

24x+14()j/  =  70S  / 

24x-    63?/=   99. 

Subtracting,  203?/ =  609, 

and  therefore  2/ =  3. 

The  value  of  x  may  then  be  found. 


Examples. — Ixxi. 

I.   2x  +  7y  =  o2  2.      7x-    4?/ =  55  3.   x  +  i/  =  96 
3x-5i/  =  16.                    15x- 13(/  =  109.  x-y  =  2. 

4.   4x+   9?/ =  79  5.      x  +  19?/  =  97  6.   29x-14?/  =  175 
7x-17i/  =  40.                 7x-53i/=121.  87x-5e--4y7. 

7.    171x-213?/  =  642  8.    43x+    2?/  =  266  9.      5x  +  9?/=188 
114x-326i/  =  244.          12.^:  - 17//  =  4.  13x-2?/  =  57. 
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212.  We  have  liitlierto  taken  examples  in  wliicli  tlie 
rOfllicieuts  ul'  x  are  both  punliic.  Let  us  now  take  the  iolij^'  - 
iijg  equations  : 

5x  -  7j/  =  6 
9i/-2x  =  10. 

Change  all  the  signs  of  tJi-.  sccoiul  equation,  so  that  we  gei 

5a,  -  Ty  =  6 
2x-9y=  -10. 

Multiplying  by  2  and  5, 

\0x-  14i/  =  12 
l0x-4by=-50. 

Subtracting, 

-141,  f -451/=  12 +  50, 
or,    31i/  =  (J2, 
,  or,     y  =  2. 

The  value  of  x  may  then  be  found. 

Examples.— ixxii. 

I.     4x-7i/  =  22  2.     9x-5j/  =  52  3.     17x  +  3i/  =  57 

7j/-3x=1.  8y-2x  =  8.  16i/-3x  =  23. 

4.     7»/  +  3x  =  78  5.     5x-37/  =  4  6.     3x  +  2j/  =  3:) 

19j/-7x=136.  12»/-7x=10.  3i/-2x=13. 

7.     5j/-2x  =  21  8.     9i/-7x=13  9.     12x+    7?/=  176 

13x-4i/=l:i().  15x-7?/  =  9.  3y-19x  =  3. 

213.  In  the  jirecedinj,'  examples  the  values  of  x  and  y  have 
been  positive.  We  shall  now  give  some  equations  in  which  x 
or  y  or  both  have  negative  values. 

Ex.      To  solve  the  equations: 

2x-9//  =  ll 
3x-4i/  =  7. 

Alultipl}  iug  the  equations  by  3  and  2  respectively,  we  get 
6x-27i/  =  33 
6x-   8y=14. 
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Subtracting, 

-19i/  =  19, 

or,     19!/=  —  1^, 

or,     y=  -\. 

Now  since  9i/=  -  9, 

2j  -  9i/  will  be  equivalent  to  2x  -  (  -  9)  or,  2x  +  9. 

Hence,  from  the  tirst  equation, 

2x-  +  9  =  ll, 
.-.  x  =  \. 


Examples. — Ixxiii 

I.  2a;  +  3?/  =  8  2.     5j;-2(/  =  j1  3.  Zx-oxj  =  Xi\ 

3x  +  7i/  =  7.  19j;-3)/  =  18().  2x  +  72/  =  3. 

4.  7j/-3a;  =  139  5.  4x+    97/=K)(>         6.  2x-7v  =  « 

2x  +  5(/  =  91.  8x+17(/=198.  4j/-9a;=19. 

7.  17x+12)/  =  59  8.     8x  +  3(/  =  3  9.  09(/-17x=103 

19x-   4?/=153.  i2x-i-9(/  =  3.  "Ux- 13;/= -41. 

214.     We  shall  now  take  the  ciise  of  Fractional  Equations 
involving  two  unknown  quantities. 

Ex.     To  solve  the  equations, 

2x-^:-^=4 
5 

32/  =  9---. 

First,  clearing  the  equations  of  fractions,  we  get 
10a;-y  +  3  =  20 
9y  =  27-x  +  2, 
from  which  we  obtain, 

10x-Sf=17 
x  +  9y  =  29, 
and  hence  we  may  ^ind  x=2,  j/  =  3 
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% 


Examples.— Ixxiv. 


2.    l()x  +  ^  =  210         3.    ~  +  7y  =  2hi 

o  7 

10(/-|  =  29().  |  +  7x  =  299. 

5.    7x  +  ^  =  4l:5         6.    ^""^=10-^ 
■'2,  o  .3 

;i9^  =  Uy-l  (il»9         ^^^—  =  '4^  +  1 . 
•^  6  4 

x  +  2 
10.    -^—  +  8!/ =  31 

?Lt^+10x=192. 


II.  — „—  +3x  =  2y-b 

5        3         4  o  b 

3x-5j/  2x4-1/  ^■~2_^^Il*_^~i'* 

__--  +  .i  --  ,2.  -.  g   --     ^ 

x-2»/     X     1/  2if_+4_4x  +  i/+13 
.3-    ^•^■3^-^  +  .3x  =  4.v-2 


I. 

^       y        r, 

2^3 

hh'- 

4- 

?|-i!.5=,o 

^-rJ.T  =  9S. 

7- 

.-?^-^  =  5 

4.»-^-V''-. 

8. 

^S  =  |-l. 

5x 


+  6?/  _  3f  ^2j/  _  ^    _  .J 


6  4 


5x-3     3x-19      ,     .37/-Z 
'•'•    -2 2-  =  -^--^3- 

2x  +  i/_9x-_7  _ 3y +_? _ l5 "•■  ^ 

"2"         8       ^4  IG     ' 

4x  +  5i/ 
t5     -40-^  =  --?/ 

2x  -  y    „      1 
-3- ^'"  =  2 
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215.  We  have  now  to  explain  tlie  method  of  solving  Literal 
Eijuations  involving  two  unknown  quantities. 

Ex.      To  solve  the  equatioiis, 

ax  +  by  =  c 
px  +  qy  =  r. 

Multiplying  the  fir«t  equation  by  p  iind  the  second  by  a.  we 
get 

apx  +  bpy  =  rp 
apx  +  aqy  =  ar. 

Subtracting,  bpy-aqy  =  cp-ar, 

or,  (bp-aq)y  =  cp-ar; 
cp-ar 
■'      bp  —  aq 

We  might  then  find  x  by  substituting  this  value  of  y  in  one 
of  the  original  equations,  but  usually  the  safest  course  is  to 
be'nn  afresh  and  make  the  coefficients  of  y  alike  in  the  original 
equations,  multiplying  the  hrst  by  q  and  tlie  second  by  b, 
which  gives 

aqx  +  bqy  =  cq 

bpx  +  bqy  =  br. 

Subtracting,  aqx  -  bpx  =  cq-  hr, 

or,  {aq  —  bp)x  =  cq  -  hi- ; 
_  cq-  h' 
aq-bp' 

Examples.— ixxv. 


I. 

mx  +  ny  =  e, 
px  +  qy=f. 

2. 

ax  +  by  =  c 
dx-cy=f. 

3- 

ax-by  =  m^ 
cx-T-ey  =  n. 

4- 

ex      =dy 
x-ry  =  e. 

5- 

mx-ny=r 
m'x  +  n'y  =  r 

6. 

x  +  y—a 
x-y  =  h. 

7- 

ax  +  by  =  c 
dx-hfy  =  c-. 

8. 

abx  +  cdy  =  2 

d-b 

ax-cy=^~,j. 

9- 

a            b 

b-r  y     3a  +  x 

ax  +  2by  =  d. 

156  $r}frr.T.ivro{'s  FoaATm\^S 


lo.  6cx  +  26-ci/  =  0  II.  (6  +  c)(x  +  c-f))  +  a(?/  +  a)=2a2 

^  he  c  '  {b-c)z        d^    ' 

(86 -2m)  5m 
b-  -  m" 

bcm" 
b  +  m 

21(5.  We  now  proceed  to  the  solution  of  a  particular  cla^s 
of  Siniultaucous  Equations  in  uliicli  tlie  unknown  svnihoKs 
apjiear  as  tlie  denominators  of  fractions,  of  which  the  following 
are  examples. 

Ex.  1.     To  solve  the  equations, 

a    b 

-  +  -=c 
X    y 

m    n     . 
=cL 

X     y 

Multiplying  the  first  by  m  and  the  second  by  a,  we  get 

am    bm 
+  —  =cm 
X       y 

am    an       , 

=00. 

X        y 
Subtractin<',  — +      =cm-ad. 

y     y 

bm  +  a?i  , 

or,      =cm,-aa, 

y 

or,  bm  +  an  =  {cm-ad)y, 

bm  +  an 

cm 


^     "'.-ad' 


Then  the  value  of  x  may  be  found  by  .substituting  this  value 
of  »/  in  one  of  tiic  nri;.;inal  eipinlions,  or  by  niakinj,'  the  t(.Tiu8 
contuining  y  alike,  us  lu  the  example  given  in  Art.  215. 
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ElX.  2.     To  solve  the  equations: 
X    3y~27 

ix^y     72' 

Multiplying  the  second  equation  V>y  8,  we  eet 

25  _  4 
a     3j/~27 
2     8     11 
X     2/      9 


Subtracting, 


_5^_8_j4      11 
'3y     y~27      9' 


^,        .        .  5      8     11      4 

Changing  signs,  ^r-  +  -  =  -^r  -  ?r=, 
°    °     °     '  3)/     J/      9      27 

5  +  24     33-4 

whence  we  find  2/ =  9, 

and  then  the  value  of  x  may  be  found  by  substituting  9  tor  y 
in  one  of  the  ori^'inal  equations. 


Examples. — Ixxvi. 


X     y 

2. 

1     2 

-  +  -  =  a 
a;     1/ 

3- 

a     b 
-  +  -  =  c 
X     y 

X     y 

3     4     ^ 

X     y 

b     a      , 
X     y 

a     b 
X     y 

5- 

X     y 

6. 

5       2      _ 

n-  +  — =  7 
Sx     oy 

a     6_ 
X    y~ 

X    y 

^        ^    -3 

6x     lOi/ 

2 

7-     ax-" 

5 

8. 

m       n 

1 =  m  +  X 

nx     my 

5 
ax 

2 

;« 

n 

-  + 

X 

-  =m-  +  7i-. 
V 
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217.  TliL-re  are  two  otlier  inetho<ls  of  solvinj?  Simultaneoua 
E. [nations  of  which  we  have  liithcrlo  inaile  Jio  niention,  because 
they  are  not  generally  so  convenient  and  simple  as  the  method 
which  we  have  explained.     They  are 

I.  The  method  of  Substitution. 

If  we  have  to  solve  the  equations 

x  +  3i/=   7 
2x  +  4i/  =  12 

we  may  find  the  value  of  x  in  terms  of  y  from  the  first  equa- 
tion, thus 

x  =  7-:iy, 

and  subsiitute  this  value  for  x  in  the  second  equation,  ilui.>* 

from  which  we  find 

We  may  tlien  find  the  value  of  x  from  one  of  the  orij^'inai 
equations. 

II.  The  lui'thod  of  Comparison. 
If  we  have  to  solve  the  ei[Uations 

5x  +  2»/=16 

7x-3i/=   .'. 

we  may  find  the  values  of  x  in  terms  of  y  from  each  equation, 
thus 

x  =  — r~  >  from  the  first  equation. 
x  = — ^-,  Irom  the  secoml  equation. 

Hence,  equating;  these  values  of  x,  we  },'et 
16-2i/_5  +  3y 
5    "  ~     7     ' 
an  equation  involving  only  one  unknown  symbol,  from  ^vlli^h 
we  oittaiu 

!/  =  3, 

and  thin  the  value  of  x  may  lie  found  fnni  oik-  of  the  original 
equatiund. 
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218.  If  there  be  three  unknown  symbols,  their  values  may 
be  found  from  three  independent  e([uations. 

For  from  two  of  the  equations  a  third,  which  involves  only 
two  of  the  unknown  symbols,  may  be  found. 

And  from  the  remainin<^  equation  and  one  of  the  others 
a  fourth,  containing  only  the  same  tico  unknown  symbols,  may 
be  found. 

So  from  these  two  equations,  which  involve  only  two  un- 
known symbols,  the  value  of  these  symbols  may  be  found,  and 
1>v  substituting  these  values  in  one  of  the  original  equations 
the  value  of  the  third  unknown  symbol  may  be  found. 

Ex.  5x  —  Gy  +  iz=lb 

2.C+    j/4-G.-j  =  4G. 
Multiplying  the  first  by  7  and  the  second  by  5,  we  get 
35j;-42j/  +  282  =  1U5 

Subtracting, 

-62;/  + 432  =  10 (1). 

Again,  multiplying  the  first  of  the  original  equations  by  2 
and  the  third  by  5,  we  get 

10x-12i/-i-82  =  30, 
10x  +  5)/  +  302  =  230. 

Subtracting,  -  17?/-222=  -200 (2). 

Then,  iruni  (1)  and  (2)  we  have 

62)/ -432  =-10 
17j/  +  222  =  20O, 
from  which  we  can  find  ^  =  4  and  2  =  6. 

Then  substituting  these  values  for  y  and  z  in  the  first  equa- 
tion we  find  the  value  of  x  to  be  3. 


EX.A.MPLES. 

— Ixxvii. 

5x  +  77/-    2^=13 

3.     bx-3y  +  2z  =  2l 

8x  +  3i/+     2  =  17 

8x-   2/-32=   3 

x- 4!/ 4- 102  =  23. 

2x-l-33/-l-2i-39. 

5x  +  3j/-62  =  4 

4.     4x-by  +  2:.=   6 

3x-    1/4-22  =  8 

2x  +  2y-   2  =  20 

x-2y  +  2z^  -2. 

7-i;-4.v  +  32  =  35, 
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5          a:+     ?/+   z=   6  8.     4x-3j/+   z=   9 

5a;+   4i/  +  3;:  =  22  9a;+   y-53=lG 

15a:+10j/  +  6.i  =  53.  a;-4j/  +  :3j;=   2. 

6.  8x  +  47/-3-.  =  6  9.     12x  +  r>)/-42  =  2:) 

x  +  3j/-   2  =  7  13x-2y  +  53  =  5b 

4x-57/  +  42  =  8.  17x-    I/—  2=15. 

7.  a;+   T/+   2  =  30  10.     y-x  +  2=  -    5 
8x  +  4?/ +  2c  =  50  2-i/-x=  -25 

27x  +  9;/  +  32  =  64.  x  +  2/  +  2  =  3r). 


XVI.  PROBLEMS  RESULTING  IN  SIMUL- 
TANEOUS EQUATIONS. 

219.  In  the  Solution  of  Problems  in  which  we  represent 
tv)o  of"  the  numbers  souj^ht  by  unknown  symbols,  usually  x  ami 
1/,  we  must  obtain  two  independent  equations  from  the  condi- 
tions of  the  question,  and  tlien  we  may  obtain  the  values  of 
tlie  two  unknown  symbols  by  one  of  the  processes  descril)ed  in 
Chapter  XV. 

Ex.  If  one  of  two  numbers  be  multiplied  by  3  and  the 
other  liv  4.  tii<-  sum  of  the  proilucts  is  43 ;  and  if  the  former  be 
multiplied  by  7  and  tlie  latter  by  3,  the  diMVrence  between  the 
results  is  14.     Find  the  numbers. 

Let  X  and  y  r(q>resent  the  numbers. 

Then  3x-i-4//  =  43, 

and  7x  — 3i/=14. 

From  these  equations  we  have 

21x  +  28y  =  301, 
21x-    9?/ =  42. 
Subtracting,  3~y  =  259. 

Therefore  J/ =7, 

and  I  Inn  tiie  value  of  x  may  be  found  to  be  0. 
Hence  the  numbers  are  5  ami  7. 
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Examples.— Ixxviii. 

1.  The  Slim  of  two  numbers  is  28,  and  tlieir  difference  is  4, 
find  the  numbers. 

2.  The  sum  of  two  numbers  is  256,  and  their  difference  is 
10,  find  the  nuinbeis. 

3.  The  sum  of  two  numbers  is  13'5,  and  their  difference  is 
1,  find  the  numbers. 

4.  Find  two  numbers  such  that  the  sum  of  7  times  the 
greater  and  5  times  the  less  may  be  332,  and  the  product  of 
their  difference  into  51  may  be  408. 

5.  Seven  years  ago  the  age  of  a  father  was  four  times  that 
of  his  son,  antl  seven  years  hence  the  age  of  the  father  will  be 
double  that  of  the  son.     Find  their  ages. 

6.  Find  three  numbers  such  that  the  sum  of  the  first  and 
second  shall  be  70,  of  the  first  and  third  80,  and  of  the  secoud 
and  tbird  90. 

7.  Three  persons  A,  B,  and  C  make  a  joint  contribution 
which  in  the  whole  amounts  to  £400.  Of  tins  sum  B  contri- 
butes twice  as  much  as  A  and  £20  more ;  and  C  as  much  as  A 
and  B  together.     What  sum  did  each  contribute? 

8.  If  A  gives  B  ten  shillings,  B  will  have  three  times  as 
much  money  as  A.  If  B  gives  A  ten  shillings,  A  will  have 
twice  a-  much  money  as  B.     What  has  each  ? 

9.  The  sum  of  £760  is  divided  between  A,  B,  G.  The 
shares  of  A  and  B  to.Liether  exceed  the  share  of  C  by  £240, 
and  the  shares  of  B  and  C  together  exceed  the  share  of  A  Ijy 
£360.     Wliat  is  the  share  of  each  ? 

10.  The  sum  of  two  numbers  divided  by  2,  gives  as  a  quo- 
tient 24,  and  the  difference  between  them  divided  by  2,  gives 
SIS  a  quoiient  17.     What  are  the  numbers? 

11.  Find  two  numbers  such  that  when  the  greater  is 
divided  by  tlie  less  the  fjuotient  is  4  and  the  remainder  3,  and 
when  the  sum  of  the  two  numbers  is  increased  by  38  and  the 
result  divided  b}'  the  greater  of  the  two  numbers,  the  quotient 
is  2  and  the  remainder  2. 

12.  Divide  tlie  number  144  into  three  such  parts,  that 
when  the  first  is  diviiled  by  the  second  the  quotient  is  3  and 
the  remainder  2,  and  when  the  third  is  divided  by  the  sum 
of  the  other  two  parts,  the  quotient  is  2  and  the  remainder  6. 
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13.  A  and  B  buy  a  horse  for  £120.  A  can  pay  for  it  if  B 
will  advance  half  the  money  he.  has  in  his  pocket.  B  can  pay 
for  it  if  A  will  advance  two-thirds  of  the  money  he  has  in  bis 
pocket.     How  much  has  each  ? 

14.  "IIow  old  are  your' said  a  son  to  his  father.  The 
fatlier  replied,  "Twelve  years  hence  you  will  Ije  as  old  as  I  was 
twelve  years  ago,  and  I  shall  be  three  times  as  old  as  you  were 
twelve  years  ago."     Find  the  age  of  each. 

15.  Required  two  numbers  such  that  three  times  the 
greater  exceeds  twice  the  less  by  10,  and  twice  the  greater 
together  with  three  times  the  less  is  24. 

16.  The  sum  of  the  ages  of  a  father  and  s(m  is  half  what  it 
will  be  in  25  years.  The  diH'erence  is  one-ihird  what  the  sum 
will  be  in  20  years.     Find  their  ages. 

17.  If  I  divide  the  smaller  of  two  numbers  by  tlie  greater, 
the  quotient  is  'SI  and  the  remainder  'Ol.';?.  If  I  divide  the 
greater  number  by  the  smaller,  the  quotient  is  4  and  the 
remainder  742.     Find  the  numbers. 

18.  The  cost  of  G  barrels  of  beer  and  10  of  porter  is  £51 ; 
the  cost  of  3  barrels  of  beer  and  7  of  porter  is  £32,  2s.  iluvv 
much  beer  can  be  bought  for  £30? 

19.  The  cost  of  7  lbs.  of  tea  and  5  lbs.  of  coffee  is  £1,  9s.  4(Z. : 
the  cost  of  4  lbs.  of  tea  and  9  lbs.  of  coll'ee  is  £1,  75. ;  what  is 
the  cobt  of  1  lb.  of  each  ? 

20.  The  cost  of  12  hoi-ses  and  14  cows  is  £380  :  the  cost  of 
5  horses  and  3  cows  is  £130  :  what  is  the  cost  of  a  horse  and  a 
cow  respective!)  ? 

21.  The  cost  of  8  yards  of  silk  and  19  yards  of  cloth  is 
£18,  4.S.  2(Z.:  the  co-t  of  20  yards  of  silk  and  IG  yards  of  tlo'.h, 
each  of  the  same  quality  as  the  former,  is  £25,  IGs.  ^d.  How 
much  does  a  yard  of  each  cost  \ 

22.  Ten  men  and  si.\  women  earn  £18,  ISs.  in  6  days,  and 
four  men  and  eight  women  earn  £G,  G.'!.  in  3  days.  AVhat  are 
tlie  earnings  of  a  man  and  a  woman  daily  ? 

23.  A  farmer  bought  KiO  acres  of  lainl  for  £4220,  part  at 
£37  an  acre  and  jjart  at  £45  an  acre.  How  many  acres  had 
iie  of  cuuli  kind  ? 
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Note  I.  A  mnuber  consisting  of  two  digits  may  be  repre- 
sented algebraically  by  10j;  +  y,  where  x  and  y  represent  the 
sigiiilicant  digits. 

For  consider  such  a  number  as  76.  Here  the  significant 
digits  are  7  and  6,  of  which  the  former  has  in  consequence  of 
its  position  a  local  vuhie  ten  times  as  great  as  its  natural 
value,  and  the  number  represented  by  76  is  equivalent  to  teji 
times  7,  increased  by  6. 

So  also  a  number  of  which  x  and  y  are  the  significant  digits 
will  be  represented  l)y  ten  times  x,  increased  by  \j. 

If  the  digits  composing  a  number  lO^  +  y  be  inverted,  the 
resulting  number  will  be  10?/  + x.  Thus  if  we  invert  the  digits 
composing  the  number  76,  we  get  67,  that  is,  ten  times  G,  in- 
creased by  7. 

If  a  number  be  represented  by  10x  +  i/,  the  sum  of  the 
digits  will  be  represented  by  x-f-y. 

A  number  consisting  of  iliree  digits  may  be  represented 
algebraically  by 

100x+  10?/ 4- z. 

Ex.  The  sum  of  the  digits  composing  a  certain  number  is 
5,  and  if  9  be  added  to  the  number  the  digits  will  be  inverted. 
Find  the  number. 

Let  lOx  +  y  represent  the  number. 
Then  x  +  y  will  represent  the  sum  of  the  digits, 
and  10?/  +  x  will  represent  the  number  with  the  digits  inverted. 
Then  our  equations  will  be 

x  +  i/  =  5, 
lOx  + 1/  +  9  =  10?/  +  X, 
from  which  we  may  find  a- =  2  and  ?/  =  3  ; 

.'.  23  is  the  number  required. 

24.  The  sum  of  two  digits  composing  a  number  is  8,  and  if 
36  be  added  to  the  number  the  digits  will  be  inverted.  Find 
the  number. 

25.  The  sum  of  the  two  digits  composing  a  niimber  is  10, 
and  if  54  be  added  to  the  number  the  digits  will  be  inverted. 
What  is  the  number  ? 
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26.  The  sum  of  the  digits  of  a  nuniher  less  than  100  is  9, 
and  if  9  be  ailded  to  the  number  the  digits  will  be  inverted. 
What  is  the  number  ? 

27.  The  sum  of  the  two  digits  composing  a  number  is  6, 
and  if  the  number  be  divided  by  the  sum  ot  the  diyits  the 
quotient  is  4.     What  is  the  number  ? 

28.  The  sum  of  the  two  digits  composing  a  nunib(r  is  9, 
and  if  tlie  numlier  be  divided  by  the  sum  of  the  digits  the 
quotient  is  5.     What  is  the  number  \ 

29.  If  I  divide  a  certain  number  by  the  sum  of  the  two 
digits  of  wliich  it  is  composed  the  quotient  is  7.  If  1  iuvert 
the  order  of  tlie  digits  and  then  divide  the  resulting  numVier 
diminished  liy  12  by  the  diflerence  of  the  digits  of  the  original 
number  the  quotient  is  9.     AVhut  is  the  number  ? 

30.  If  I  divide  a  certain  number  by  the  sum  of  its  two 
digits  the  quotient  is  C  and  the  remainder  3.  If  I  invert  the 
digits  and  divide  the  resulting  numljer  liy  the  sum  of  the  digits 
the  quotient  is  4  and  the  remainder  9.     Find  the  number. 

31.  If  I  divide  a  certain  number  by  the  sum  of  its  two 
digits  diminished  by  2  the  quotient  is  5  and  the  remainder  1. 
If  I  invert  the  digits  and  divide  the  resulting  number  by  the 
Buni  of  the  digits  increased  liy  2  the  quotient  is  5  and  the  re- 
maindi-r  8.     Find  the  number. 

32.  Two  digits  wliich  form  a  number  cliange  places  on  the 
addition  of  9,  and  the  sum  of  these  two  numbers  is  33.  Find 
the  numbers. 

33.  A  number  consisting  of  three  digits,  the  absolute  value 
of  each  di;iit  being  tlie  same,  is  37  times  the  square  of  any 
digit.     Find  the  number. 

34.  Of  tlie  three  digits  composing  a  number  the  second  is 
double  of  the  third  :  tiie  sum  of  the  Hrst  and  third  is  9  :  the 
sum  of  all  the  digits  is  17.     Find  the  number. 

35.  A  number  is  composed  of  three  digits.  The  sum  of  the 
digits  is  21  :  tiie  sum  of  tiie  first  and  second  is  greater  than  the 
third  liy  3 ;  an<l  if  198  be  added  to  the  number  the  digits  wiU 
be  inverted.     Find  the  number. 


1 
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Note  II.  A  fraction  of  which  the  terms  are  unknown  may 
be  represented  by  -. 

...  1  ^ 

Ex.     A  certain  Iraction  becomes  -  when  7  is  added  to  its 

denominator,  and  2  when  13  is  added  to  its  numerator.     Find 
*the  fraction. 

Let  -  represent  the  fraction  ^ 

Then  -^  =  H, 

2/ +  7     2' 

x  +  13^^ 

V        ^' 

are  the  equations :  from  which  we  may  find  x  =  9  and  i/=ll. 

9 

That  is,  the  fraction  is  r-r. 

36.  A  certain  fraction  becomes  2  when  7  is  added  to  its 
numerator,  and  1  wlien  1  is  subtracted  fioiii  its  denominator. 
What  is  the  fmction  ? 

37.  Find  such  a  fraction  that  when  1  is  added  to  its 
numerator  its  value  becomes  -,  and  when  1  is  added  to  the 

denominator  the  value  is  -. 
4 

38.  What  fraction  is  that  to  the  numerator  of  which  if  1  be 
added  the  value  will  be  ^  :  but  if  1  be  added  to  the  denominator, 

the  value  will  be  -  ? 

39.  The  numerator  of  a  fraction  is  made  equal  to  its 
denominator  by  the  addition  of  1,  and  is  half  of  the  deno- 
minator increased  Ijy  1.     Find  the  fraction, 

40.  A  certain  fraction  becomes  -  when  3  is  taken  from  the 
numerator  and  the  denominator,  and  it  becomes  -  when  5 
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is  added  to  the  numerator  and  the  denominator.  Wliat  is  the 
fraction  ? 

.     .       .  7 

41.  A  certain  Iraction  liccomes     when  the  denominator  is 

20 
increased  hv  4,  and  -,;  when  the  numerntor  is  diminished  by 

15  :  determine  the  fraction. 

42.  What  fraction  i;-  that  to  the  numerator  of  which  if  1  be 
added  it  becomes      and  to  the  denominator  of  which  if  17  be 

added  it  becomes  -  ? 

Note  III.     In   questions  rehiting  to   money   put   out   at 

simple  interest  we  are  to  observe  that 

T  ,       ,     Principal  x  Rate  x  Time 
Interests ^- , 

where  Rate  means  the  number  of  pounds  paid  for  the  use  of 
£100  for  one  year,  and  Time  means  the  number  of  years  for 
wliich  tlie  money  is  lent. 

43.  A  man  puts  out  £2000  in  two  investments.  For  the  first 
he  f{cts  5  per  cent.,  for  the  second  4  i)er  cent,  on  the  sum 
invested,  and  by  the  first  investment  he  has  an  income  of 
i,'10  more  than  on  the  second.  Find  how  mucii  he  invests  in 
each  case. 

44.  A  sum  of  money,  put  out  at  simple  interest,  amoinited 
in  10  months  to  XDiIoO,  and  in  18  mouths  to  £5450.  What 
was  the  sum  and  the  rate  of  interest  ? 

45.  A  sum  of  money,  put  out  at  simpie  interest,  amounted 
in  G  years  to  i'5200,  and  in  10  years  to  £6000.  Find  tlie  sum 
and  the  r.ite  of  interest. 

Note  IV.  When  tea,  spirits,  wine,  beer,  and  such  com- 
modities are  mixed,  it  must  be  observed  that 

quantity  of  inj,'redients  =  quantify  of  mixture, 
cost  of  ingredients  =  cost  of  mixture. 

Ex.  I  mix  wine  which  cost  10  shillings  a  gallon  with 
another  sort  which    cost  C  shillings  a  gallon,  to  make   100 
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gallons,  which  I  may  sell  at  7  shillings  a  gallon  -without  profit 

or  loss.     How  much  of  each  do  I  take  ] 

Let  X  represent  the  number  of  gallons  at  10  shillings  a  gallon, 
and  y 6 

Then  a; +  7/ =  100, 

and  -  10a:  +  6!/  =  700, 

are  tlie  two  equations  from  which  we  may  find  the  values  of 
X  aud  y  to  be  25  and  75  respectively. 

46.  A  wine-merchant  has  two  kinds  of  wine,  the  one  costs 
36  pence  a  quart,  the  other  20  pence.  How  much  of  each  must 
he  put  in  a  mixture  of  50  quarts,  so  that  the  cost  price  of  it 
may  be  30  pence  a  quart  ? 

47.  A  grocer  mixes  tea  which  cost  him  Is.  2fZ.  per  lb.  with 
tea  that  cost  him  Is.  6ti.  per  lb.  He  has  30  lbs.  of  the  mixture, 
and  by  selling  it  at  the  rate  of  Is.  8tZ.  per  lb.  he  gained  as 
much  as  10  lbs.  of  the  cheaper  tea  cost  him.  How  many  lbs. 
of  each  did  he.  put  in  the  mixture  ? 

Note  V.  If  a  man  can  row  at  the  rate  of  x  miles  an  hour 
in  still  water,  and  if  lie  be  rowing  on  a  stream  that  runs  at  the 
rate  of  y  miles  an  hour,  then 

x  +  1/  will  represent  his  rate  ioxvn  the  stream, 
x-y n'P  

48.  A  crew  which  can  pull  at  the  rate  of  twelve  miles  an 
hour  down  the  stream,  finds  that  it  takes  twice  as  long  to  come 
up  a  river  as  to  go  down.     At  what  rate  does  the  stream  How  ? 

49.  A  man  sculls  down  a  stream,  which  runs  at  the  rate  of 
4  miles  an  hour,  for  a  certain  distance  in  1  hour  and  40  minutes. 
In  returning  it  takes  him  4  hours  and  15  minutes  to  arrive  at 
a  point  3  milt-s  short  of  his  starting- place.  Find  the  distance 
he  pulled  down  the  stream,  and  the  rate  of  his  pulling. 


50.  A  dog  pursues  a  hare.  The  hare  gets  a  start  of  50  of 
her  own  leajis.  Tlie  hare  makes  six  leajis  while  the  dog  makes 
5,  and  7  of  the  dog's  leaps  are  equal  to  9  of  tlie  hare'.s.  How 
many  leaps  will  the  hare  take  before  she  is  caught  ? 
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51.  A  greyhound  starts  in  pursuit  of  a  hare,  at  the  distance 
of  50  of  liis  own  leaps  from  lier.  He  makes  3  leaps  while  the 
hare  makes  4,  and  he  covers  as  much  ground  in  two  leaps  as 
the  hare  does  in  three.  How  many  leaps  does  each  make 
before  the  hare  is  caught  ? 

t;2.  I  lay  out  half-a-crown  in  apples  and  pears,  buying  the 
apples  at  4  a  penny  and  the  pears  at  5  a  i»enny.  I  then  sell 
half  the  apples  and  a  third  of  the  pears  for  thirteen  pence, 
which  was  the  price  at  which  I  bought  them.  How  many  of 
each  dill  I  buy  ? 

53.  A  company  at  a  tavern  found,  when  they  came  to  pay 
their  reckoning,  that  if  there  had  been  3  more  persons,  each 
would  have  paid  a  shilling  less,  but  had  there  been  2  less, 
each  would  have  paid  a  shilling  more.  Find  the  number  of 
the  company,  and  each  man's  share  of  the  reckoning. 

54.  At  a  contested  election  there  are  two  members  to  be 
returned  and  three  candidates.  A,  B,  and  C.  A  obtains  1056 
votes,  B,  987,  C,  933.  Now  85  voted  for  B  and  C,  744  for 
B  only,  98  for  C  only.  How  many  voted  for  A  and  C,  for 
A  and  B,  and  for  A  only  ? 

55.  A  man  walks  a  certain  distance  :  had  his  rate  been 
half  a  mile  an  hour  faster,  he  would  have  been  H  hours  less 
on  the  road;  and  had  it  been  half  a  mile  an  hour  slower,  he 
would  have  been  2^  hours  more  on  the  road.  Find  the  distance 
and  rate. 

56.  A  certain  crew  pull  9  strokes  to  8  of  a  certain  other 
crew,  but  79  of  the  latter  are  equal  to  90  of  the  former.  Wliich 
is  the  faster  crew  1 

Also,  if  the  faster  crew  start  at  a  distance  equivalent  to 
four  of  their  owu  strokes  behind  the  other,  how  many  strokes 
will  they  take  before  they  bump  them  ? 

57.  A  person,  sculling  in  a  thick  fog,  meets  one  barge  and 
overtakes  another  which  is  going  at  the  same  rate  as  the 
former  ;  shew  that  if  a  be  the  greatest  distance  to  which  he 
can  see,  and  b,  b'  the  distances  that  he  sculls  between  the 
times  of  his  first  seeing  and  passing  the  baizes, 

2^1     1 
a    h     V 
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58.  Two  trains,  92  feet  long  and  84  feet  long  respectively, 
are  moving  with  uniform  velocities  on  parallel  rails  in  opposite 
directions,  and  are  observed  to  pass  each  other  in  one  second 
and  a  half;  but  when  they  are  moving  in  tlie  same  direction, 
their  velocities  being  the  same  as  before,  the  faster  train  is 
observed  to  pass  the  other  in  six  seconds;  find  the  rate  in 
miles  per  hour  at  which  each  train  moves. 

59.  The  fore-wheel  of  a.  carriage  makes  six  revolutions 
more  than  the  hind-wheel  in  120  yards  ;  but  only  four  revolu- 
tions more  when  the  circumference  of  the  fore-wheel  is  increased 
one-fourth,  and  that  of  the  hind-wheel  one-filth.  Find  the 
circumference  of  each  wheel. 

60.  A  person  rows  from  Cambridge  to  Ely  (a  distance  of 
20  miles)  and  back  again  in  10  hours,  and  finds  he  can  row 

2  miles  against  the  stream  in  the  same  time  that  he  rows 

3  miles  with  it.     Find  the  rate  of  the  stream,  and  the  time  of 
his  going  and  returning. 

61.  A  number  consists  of  6  digits,  of  which  the  last  to  the 
left  hand  is  1.  If  this  number  is  altered  by  removing  the  1 
and  putting  it  in  the  unit's  place,  the  new  number  is  three 
times  as  great  as  the  original  one.     Find  the  number. 


XVII.   ON    SQUARE   ROOT. 

220.  In  Art.  97  we  defined  the  Square  Hoot,  and  explained 
the  method  of  taking  the  square  root  of  expressions  consisting 
of  a  single  term. 

Tlie  square  root  of  a  positive  quantity  may  be,  as  we 
explained  in  Art.  97,  either  positive  or  negative. 

Thus  the  square  root  of  4a-  is  2a  or  -  2a,  and  this  ambiguity 
is  expressed  thus, 

V4a2=±2a. 

In  our  examples  in  tnis  chapter  we  shall  in  all  cases  regard 
the  square  root  of  a  single  term  as  sl  positive  quantity. 
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221.  The  square  root  of  a  product  may  be  found  by  taking 
the  square  root  of  each  factor,  and  multiplying  the  roots,  so 
taken,  together. 

Thus  s^^'  =  ab, 

222.  The  .^square  root  of  a  fraction  may  be  found  by  taking 
the  square  root  of  tiie  numerator  and  the  square  rout  ot  the 
denominator,  and  making  them  tlie  numerator  and  dtuotuinator 
of  a  new  fraction,  thus 

8lb''  96' 

"49z«"       7^'' 


V^ 


Examples.— Ixxix. 

Find  the  Square  Eoot  of  each  of  the  following  expressions : 
I.    4x-y'.  2.    81a"68.  3.    \2\vi^^H^h-^*. 

4,    (i4aWc^:  5.    li-IBda^b-afi.  6.    liida^^^c^l 

9a^  _1_  2ba*bo 

7-    1U62"  4a^c*'  ^'    121a*i/io' 

2.-)Gx^2  C25a2 

^°"     28V  "■    3246^' 

223.  We  may  now  proceed  to  investigate  a  Rule  for  the 
extraction  of  the  square  root  of  a  compound  algebraical 
expression. 

We  know  that  the  .square  of  a  +  6  is  a-  +  -2ab  +  b',  and  there- 
fore o  +  6  is  the  square  root  of  o*  +  2ab  +  6'. 

If  we  can  devise  an  operation  by  wliich  we  can  derive  a  +  b 
I'roni  a'^  +  2ab  +  b-,  we  shall  be  able  to  give  a  rule  for  the 
extraction  of  the  8(piare  root. 

Now  the  first  term  of  the  root  is  the  square  root  of  tiie  first 
term  of  tiie  scpiare,  i.e.  a  is  tlie  square  root  of  a*. 

Hence  our  rule  begins  : 

"Arrange  the  terms  in  the  order  of  magnitude  of  the  indices 
of  oixjt  of  the  quantities  involved,  tlun  take  the  square  root  of  tht 
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first  term  and  net  down  the  resnlt  as  the  first  term  of  the  root: 
subtract  its  square  from  the  given  expression,  and  bring  doion  the 
remainder :"  thus 

a-  4-  2ab  +  b-  (^a 

a- 


2ab  +  b^ 

Now  this  reinainder  may  he  represented  thus  b{2a  +  b'^: 
hence  if  we  divide  2ah  +  b-hy  2a  +  b  we  shall  obtain  rh  the 
second  term  of  the  root. 

He)ice  our  rule  proceeds  : 

'•  Double  the  first  term  of  the  root  and  set  'fow>-  fhe  resiiH  as  the 
first  term  of  a  divisor:''  thus  our  process  up  to  this  point  -ndll 
Stand  thus  : 

O"  +  2ab  +  b^  {^a 

a2 


2a  2ab  +  ¥ 

Now  if  we  divide  2ab  by  2a  the  "^sult  is  b,  and  hence  we 
obtain  tlie  second  term  of  the  root,  and  if  we  add  this  to  2a 
we  obtain  the  full  divisor  2a  +  b. 

Hence  our  rule  proceeds  thus  : 

"  invide  the  first  term  of  the  remainder  by  this  first  term  of  the 
divisor,  ayid  add  the  result  to  the  first  term  of  the  root  and  aUo  to 
the  first  term  of  tJie  divisor:"  thus  our  process  up  to  this  point 
will  stand  thus  : 

a-  +  2ab  +  b-{a  +  b 
a2 


2a +  6 


2ab  +  62 


If  now  we  niitltiply  2a  +  6  by  6  we  obtain  2ab  +  b^,  which  we 
subtract  from  the  first  remainder. 

Hence  our  rule  proceeds  thus  : 

•*  Multiply  the  divisor  by  the  second  term  of  the  root  and  ■•sub- 
tract the  result  from  the  first  remamaer :  thus  our  process  will 
stand  thus  : 
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a2 


2a+6 


2ah  +  W 
2ab  +  62 


If  there  is  now  no  remainder,  the  root  lias  been  found. 

If  there  be  a  remainder,  consider  the  two  terms  of  tlie  root 
akeady  found  as  one,  and  proceed  as  before. 

224.     The  following  e.xamples  worked  out  will  make  the 
process  more  clear. 


(1) 


a^-2ab  +  b-{a-b 


2a-b 


-  2ab  +  6' 

-  2ab  +  6» 


Here   the  second  term  of  the   root,  and  consequently  the 
second  term  of  the  divisor,  will  have  a  negative  sign  prefLxed, 


because  --|'i^=-i. 
2a 

(2) 


(3) 


6p  +  4g 


lOx-e 


2Apq  +  \^^ 


25z2-60j5  +  36(5x-6 
25a;- 


-  (JOx  +  36 
-601  +  36 


Next  take  a  case  in  wliich  the  root  contains  thrtt  teniiB. 

a-  +  2ab  +b-  —  2ac  -  26c  +  c^  (a  +  6  -  c 


2a +  6 
2a  +  26  -  c 


2o6  +  62  -  2a<;  -  26c  +  c' 
2a6  +  62 


-2ac-26c  +  c' 
-  2a<;  -2bc  +  <fl 
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When  we  obtained  the  stcond,  remainder,  we  took  the  double 
of  a +  6,  considered  as  a  single  term,  and  set  down  the  result  as 
the  first  part  of  the  second  divisor.  We  tlien  divided  tlie  first 
term  of  the  remainder,  —2ac,  by  the  first  term  of  the  new 
divisor,  2a,  and  set  ilown  the  result,  -  c,  attached  to  the  part 
of  the  root  already  found  and  also  to  the  new  divisor,  and  then 
multiplied  the  completed  divisor  by  —c. 

Similarly  we  may  proceed  when  the  root  contains  4,  6  or 
more  terms. 

Examples.— Ixxx. 

Extract  the  Square  Root  of  the  following  expressions  : 

1.  4a-  +  l2ab  +  9b\  6.  x*-6x^+ 19x--30x  +  25. 

2.  16k^°-2-ik-^P  +  9E  7.  9x*+ 12x3  + 10x2 +  4r+l. 

3.  o262+i62a6  +  6561.  8.  4r*  -  12i^  +  \2r^  -  6r  +  I. 

4.  y^-'38if +  361.*  9.  4n*  +  4n^-7n--4n  +  4. 

5.  9a26V-102a6c  +  289.    10.  1 -6x+ 13x2-12x3 +  4x*. 
n.  x6- 4x5 +10x^-1 2x3 +  9x2. 

12.  4!/-'-  I2yh  +  25y-^:r-24ijz^+l6z*. 

13.  a2  +  4a6  +  46''  +  9c2  +  6ac+126c. 

14.  a^  +  2a^h  +  'ia^lr  +  4a^^  +  3a-¥  +  2ab^  +  Ifi. 

15.  x«  -  4x5  +  6J--3  +  8x-  +  4x  + 1. 

16.  4x^  +  Saot?  +  4a2x2  +  1 662x2  +  1 6a62x  + 1 66*. 

17.  9 -24x  +  58x2-  116x3  +  129x*-  140X-5+  100x«. 

\  8.  1 6a<  -  40a36  +  25a26'-  -  80a62x  +  6462x2  +  64a26x. 

1 9.  9a*  -  24a3^3  _  -^q^^-h  ^  j  g^^y  +  40u^3^  ^  2ll\ 

20.  4!/'x2  -  \2fx^  +  1  lif-'x*  -  1 2]ixP  +  4x6. 

21.  25x'!/2  _  30x3?/3  +  29x2?/*  -  12X7/5  +  4^6_ 

22.  16x*-24x3i/  +  25x2y2_i2x!/3  +  4y4, 

23.  9a2-12a6  +  24uc-166c  +  452+16c2. 

24.  X*  +  9x2  +  25  -  6x3  +  1 0x2  -  30^ 

25.  25x2  -  20XJ/  +  4i/2  +  9j;2  _  1 2,^2  +  30x2!. 

26.  4X2  (3.2  _  y)  +  2/3  (y  _  2)  +  y2  (42-2  +  1).        . 
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225.  When  any  fradinnal  terms  are  in  the  expression  of 
which  Ave  have  to  lind  the  Sqiiaie  lioot,  we  may  proceed  as  in 
the  Examples  just  given,  taking  care  to  treat  the  fractional 
terms  in  accordance  with  the  rules  relatim/  to  fractions. 


8       Ifi 

Tlius  to  find  the  square  root  oi  x' — -.x -\- ^-. 

ij  Ol 

.,     8       16/         4 


81 


^-: 


2a;-; 


8      16 

-9^-^81 

8       16 


Since 


8^       8^2^8     1^4 
9  •        9  •  1~9^2     9" 


Or  we  might  reduce  x"^- ^x  +  — r  to  a  single  fractiim,  which 


would  he 


81x--72a:+  16 
81  ' 


and  tiien   take  the  square  root  of  each  of  the  terms  of  the 
fraction,  with  the  folio  win    result  : 

92  —  4  4 

— g— ^,  which  is  the  same  aa  x  -  -. 


Examples.— ixxxi. 


I.     4o«  +  -r^-  -  0*0". 
9      „     a2 

-    Sr-2  +  T- 


3-      «*-2  +  ;.. 


4-      TY  +  2  +  -T. 


5.     x»-2jr'  +  23;2_x  +  -^. 
■'  4 


6.     x*  +  2^3  -  X  + 


7.     4a2  -  1 2a6  4-  a?)2  +  9''=  - '-,  +  T7.- 
'  2       16 
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8.  «*  +  to-  +  24  +  -T  +  -0-. 

a;''      X'' 

9.  ^  +  4a*  ;f  ^ctfij;-'  -  7,0?  -  2a^x  +  -^a^x. 

1       4      9       4       6      12 

x-2     y'     z-      xy     xz     yz 

„„    ,     48j?i     12mp     16     p^     8p 
n  o         n-     2o     •)U 

1 2.     a-b^  -  6abcd  +  -  „-•'-  +  dc-d-  +  -^ ~^. 

4x2     22     9j,2  6y      i2xy 

•^       z^      x'      z'  X        %- 

4rft-     9*t2            16m,     247i 
14.     -—+-^  +  4 +    — . 

?l-         771-  71  7/t 

^5-     "9"^lT5'^2'5'^T      6  "^  ly      3      10'''  4       5' 

16.  49x<  -  28x3  -  1 7x2  +  6x  +  ^ 

4 

1 7.  9x*  -  3ax3  +  66x3  +  «'ii  _  ^^^^id  +  jaga^ 
'  4 

1 8.  9x*  -  2x3  _  l|ia.2  +  2x  +  9. 


XVIII.    ON    CUBE    ROOT. 

226.     The  Cube  Root  of  any  expression  is  that  expression 
whose  cube  or  tliirJ  power  <^ives  the  proposed  expression. 

Thus  a  is  tlie  cube  root  of  a^, 
3b  is  the  cube  root  of  276*. 

Tlie  cube  root  of  a  negative  expression  will  be  negative,  foi- 
since 

(-a)3=:  —ax  -ax  ~a=  -a'. 

the  cnb(,'  loot  of  -a-'  is  —a. 
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So  also 

-  3x  is  the  cube  root  of  -  27x-', 
and  -  ^a^>  is  the  cube  root  of  -  6411*^63. 

Tlie  symbol  IJ  is  used  to  denote  tJie  operation  of  extracting 
the  cube  root. 


Examples.— Ixxxii. 

Find  the  Cube  Roots  of  the  following  expressions  : 
I-     8o3.  2.     "iljfif.  3.      -  125m3n3. 

4.     -216ai263.         5.     3436'V8.  6.      -  lOOOa^iVa, 

7.     -  17287/i2i7i2*.  8.     1331a06'8. 

227.  We  now  proceed  to  investigate  a  Rule  for  finding  the 
cube  root  of  a  compound  algebraical  expression. 

We  know  that  the  cube  of  a  +  6  is  a^  +  3a-?;  +  Soi^  4. 53^ 
and  therefore  a  +  6  is  the  cube  root  of  a?  +  3a-i  +  ZalP-  +  h^. 

We  observe  that  the  first  term  of  the  root  is  the  cube  root  of 
the  first  term  ol  tiie  cube. 

Hence  our  rule  begins: 

'■^Arrange,  the  terms  in  the  order  of  magnitude  of  the  indices  of 
one  of  the.  quantities  involved,  then  take  the  cube  root  of  the  first 
term  and  set  down  the  result  as  the  first  term  of  the  root:  subtract 
its  cube  from  the  given  expression,  and  bring  down  the  remainder:" 
thus 


3a26  +  3«62  +  6' 


Now  this  remainder  may  be  represented  thu.s, 
h  (ia^  +  :iab  +  6^)  ; 
hence  if  we  diviile  Za^ -^  ^ab"^  +  ¥  by  3a2  +  3a6  +  6^^  we  shall 
obtain  +b,  the  second  term  of  the  root. 

Hence  our  rule  proceeds  : 

"  Miillipbj  the  square  of  the  first  term  of  the  root  by  3,  and  set 
down  (he  result  as  (he  firU  term  of  a  divisor:"  tlius  our  process 
up  to  tliia  point  will  stand  thus  : 
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c?  +  3a-6  +  3a  6^  +  6^  (a 


a 


3a2        I       3a26+3o6^  +  63 

Now  if  we  divide  3<(-6  by  Sa^  the  reswlt  is  6,  and  so  we 
obtain  the  second  term  ot  the  root,  and  if  we  add  to  3a^  the 
expression  Zah->r\r  we  obtain  the  full  divisor  3a- +  3a6  +  6'''. 

Hence  our  rule  proceeds  thus : 

"Divide  the  first  term  of  the  remainder  hy  the  first  term  of  the 
divisor,  and  add  the  result  to  the  first  term  of  the  root.  Then  take 
three  times  the  'product  of  the  first  and  second  terms  of  the  root, 
and  also  the  square  of  the  second  term,  and  add  these  results  to 
the  first  term  of  the  divisor."  Thus  our  jsrocess  up  to  this  point 
will  stand  thus : 


a^  +  3a-b  +  3ab-  +  b^  i^a  +  b 

n3 


3a2  +  3a6  +  62 


3a-b  +  3ab'  +  b^ 


If  we  now  multiply  the  divisor  by  6,  we  obtain 
3a-b  +  3ab-  +  b\ 
which  we  subtract  from  the  first  remainder. 
Hence  our  rule  proceeds  thus : 

"Multiply  the  divisor  by  the  second  term  of  the  root,  and  sub- 
tract the  result  from  the  first  remainder:"  thus  our  process  will 
stand  thus : 


a^  +  3a^b  +  Zab'  +  b\a  +  b 


3a2+3a6  +  62 


3a-b  +  'Sab-  +  6' 
3a-b  +  3ab-  +  b^ 


If  tliere  is  now  no  remainder,  the  root  has  been  found. 
If  there  be  a  remainder,  consider  the  two  terms  of  the  root 
already  found  as  one,  and  proceed  as  before. 

228.    The  following  Examples  may  render  the  process  more 
clear: 
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Ex.  1. 


a3-12a2  +  48a-.64(o-4 


3rt2-12rt  +  16      -12rt2  +  48rt-64 
I  -.12(12 +  48a- 64 

Here  observe  tli.it  the  second  term  of  the  divisor  is  fonned 
thus : 

3  times  the  product  of  a  and  -4  =  3xax  -4=-12a. 

Ex.   2.  a;«  -  Gar'i  +  15a;* -20x3+ 15x2 -6x+Hj;2-2x+1 

x« 


3x*  -  Gr"  +  4x2    -  Gx'  +  15x<  -  20x^  +  15x-  -  Cx  +  1 
Gx-'+ 12x^-8x3 


3x^-12x3 
+  15x--Gx+l 


3x*-  12x'  +  15x2-6x  +  l 
3x'-  12r»-i  15x2- Gx -1*1 


Here  the  formation  of  the  lirst  divisor  is  similar  to  that  in 
the  preceding  Examples. 

The  formation  of  tlie  second  divisor  may  be  explained  thus: 

Regarding  x--2x  as  one  term 
3  (x-  -  2.7)2  =  3  (x*  -  4x3  +  4^--)  =  3a;4  _  \^£i  +  10.^2 
3x(x2-2x^xl                            =                        3x2-6x 
12  = i 

and  adding  these  results  we  obtain  as  the  second  diviaor 
3x* -12x3  + 15x2 -6x  +  l. 


Examples.— Ixxxiii. 

Find  the  Cube  Root  of  each  of  the  following  expressions: 
1.    a3  -  3a-6  +  3«62  -  63.  2.  8a3  + 12a2  +  6a  + 1. 

3.  «3  +  24o26  +  1 92a6-  +  5 1 2/j3. 

4.  a3  +  ?,a'-h  +  3a62 -t- \?  +  3a2c  +  Gate  +  352c  +  3ac2  +  35^2  +  ^8, 

5 .  x3  _  .3^.2^  +  3xj/2  _  f  +  3x-2  -  Gx)/.::  +  "Sfz  +  3x2^  -  Wyz''  + :?. 

6.  27x«  -  54x^  + 63x^-44x3  + 21x2 -6x+l. 
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7.  1  -  3a  +  6a'  -  7a'  +  da*  -  \ia''  +  a". 

8.  x^  -  3x-'j/  +  Sxy-  -y^  +  8z^  +  Gzh  -  l^xyz  +  Gy-z  +  12x2^  -  12yz-. 

9.  a«  -  12a'  +  54a^  -  1 12a3  +  lOSa^ - 48a  +  8. 

10.  8m^-S6hi^  +  G6m*-e3nv-  +  33m--9m  +  l.    * 

I ! .  x3  +  Gx-y  +  I2xy-  +  8y^  -  2x-z  -  I2xvz  -  1 2v-z  +  Sxz^  +  Gyz^  - z^. 

1 2.  8m'  -  ZGm-n  +  b\nxi^  —  27u'  —  1 2»i-r  +  ZGmnr  —  277i-r 

4-  Gnvfi  —  97ir^  —  r'. 


3       1 

I  x.  m?  4-  3?/i2  —  5  H 5 o. 

•^  7U-      771-* 


229.     The  fourth  root  of  an  expression  is  found  by  taking 
the  square  root  of  the  s(|uare  root  of  the  expression.  « 

Thu.s  4/16a86*=  v'4a<62  =  2a-6. 

The  sixth  root  of  an  expression  is  found  by  taking  the  cube 
root  of  the  sc^uare  root  of  the  expression. 

Thus  4/64ai266=  ^•ia%'^  =  2a%. 

Examples.— Ixxxiv. 

Find  the  fourth  roots  of 

1.  16a*-96a'x4-216aV-216ax3  4-81s*. 

2.  l4-24a2  +  16a*-8a-32a'. 

3.  625  +  200035  4-2400x2  +  1280x3  4-2560^. 

Find  the  sixth  roots  of 

4.  a6  -  6a'^6  +  Voa^b'  -  20a'63  +  Iba^*  -  Gah^  +  h\ 

5.  x«-^6x5  4-15:c'-  +  20x3  4-15x2  4-6x4-l. 

6.  mO  -  127«.5  +  60/71*  -  160?7i3  4-  240/71^  -  19277i  +  64. 


XIX.     QUADRATIC    EQUATIONS. 

230.  A  Quadratic  Equation,  or  an  equation  of  two  dimen- 
sions, is  one  into  which  the  square  of  an  unknown  symbol 
enters,  vnthout  or  -mth  the  first  power  of  the  symbol. 

Thus,  a;2=16 

and  x-  +  6j:  =  27 

are  Quadratic  Eciuations. 

231.  A  Pure  Quadratic  Equation  is  one  into  which  the 
square  of  an  unknown  symbol  enters,  the  tiibt  power  of  the 
symbol  not  appearing. 

Thus,  x2  =  16  is  a  pure  Quadratic  Equation. 

232.  An  Adfected  Quadratic  Equation  is  one  into  which 
the  square  of  an  unknown  symbol  enters,  and  also  the  tti-st 
power  of  the  symbol. 

Thus  x*  +  6x  =  27  is  an  adfected  Quadratic  Equation. 

Pure  Quadratic  Equations. 

233.  When  the  terms  of  an  equation  involve  the  square 
of  the  unknown  symbol  only,  the  value  of  this  square  is  either 
given  or  can  be  found  by  the  processes  described  in  Cliapter 
XVII.  If  we  then  extract  the  square  root  of  each  side  of  the 
equation,  the  value  of  the  unknown  symbol  will  be  determined 

234.  Tlie  following  are  examples  of  the  solution  of  Pure 
Quadratic  Equations. 
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Ex.  L     x2=16. 

Taking  tlie  square  root  of  each  side 
x=±4. 

We  prefix  the  sign  ±  to  the  number  on  the  right-hand  side 
of  the  equiition,  for  the  reason  given  in  Art.  220. 

Every  pure  quadratic  equation  will  therefore  have  two  roots, 
equal  in  magnitude,  but  with  ditfereut  signs 

Ex.2.     4x2  +  6  =  22. 
Here  4x'=22-6, 

or    4x2=16, 
or    x2  =  4; 
.-.  x=±2. 

That  is,  the  values  of  x  which  satisfy  the  equation  are  2 
and  -  2. 


Ex.  3. 


128  216 


3x2  _  4     52.-J  _  g- 

Here  128  (5x2 -6)  =  216  (3x2-4). 

or  640x2-768  =  648x2-864, 
orx2=12  ; 
:.x=±  J\2. 

Examples. — Ixxxv. 

I.   0:2=64.  2.    x2  =  a262.  3.    x2- 10000  =  0. 

4.    x2-3  =  46.  5.    5x2-9  =  2x2  +  24.      6.    3ax2=192a5c6 

x2-12     x2-4 

7.  — 7, —  =  — ^ — .  II-    inx-  +  n=q. 

3  4 

8.  (500 +x)  (500- x)  =  233359.  12.    x2-ax  +  6  =  ax(x- 1) 

8112  45  57 

9-    ^-^Sx-  13-    2FT3  =  4F35- 

10.    5^x2-18x  +  65  =  (3x-3)2.  14.    -1|^  =  _|2_. 


176  QUADRATIC  EQUATIONS. 


Adfeded  Quadratic  Equations. 

235.  Atlfectcd  Quadratic  Equations  are  solved  by  adding 
n  cerUiin  term  to  botli  sitles  of  the  eLjiuiliuii  so  as  to  make  the 
leit-haiid  side  a  jierlect  stiuare. 

Haviii"  arranged  the  equation  so  that  the  first  tenu  on  the 
left-hand  side  is  the  square  of  the  unl<no\vu  symhul,  and  iho 
second  term  the  one  coutainin<,'  tlic  first  ]>ower  of  the  unknown 
quantity  (tlie  known  syndxds  being  on  the  right  of  the  equa- 
tion), we  add  to  both  ndes  of  the  equation  the  sqiuire  of  half  the 
coefficient  of  the  second  term.  The  left-hand  side  of  tlie  equa- 
tion then  becomes  a  perfect  square.  If  we  then  take  the  square 
root  of  both  sides  of  tlie  equation,  we  shall  obtain  two  simple 
equations,  from  which  the  values  of  the  unknown  symbol  may 
be  determined. 

236.  The  process  in  the  solution  of  Adfected  Quadratic 
Etiuaticms  will  be  learnt  by  the  examples  which  we  shall  give 
in  this  chapter,  but  before  we  proceed  to  them,  it  is  desirable 
that  the  student  should  be  satisfied  as  to  the  way  in  which  an 
expression  of  the  form 

x^  +  ax 

is  made  a  y)erfect  square. 

Our  rule,  as  given  in  the  preceding  Article,  is  this  :  add  the 
square  of  half  the  coefficient  of  the  second  term,  that  is,  the 

square  of  g,  that  is,  '^'.     We  have  to  shew  then  that 

a^ 

x'^  +  ax  +  -r 
4 

ifl  a  perfect  square,  whatever  a  may  be. 

This  we  may  do  by  actually  performing  the  operation  of 
extracting  the  square  root  of  x^  +  ax  +  —,  and  obtaining  the 

rcsidt  .T  +-"  with  no  remainder. 
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237.     Let  us  examine  tliis  process  by  the  aid  of  numerical 
coefficients. 

Take  one  or  two  examples  from  the  perfect  squares  given 
in  page  48. 

We  there  have 

x^+  18x+    81  which  is  the  square  of  x+   9, 

a;2  +  34x  +  289 a;  4- 17. 

X--   8x+    16 X-   4, 

a;2-36x-r324 cc-lS. 

In  all  these  cases  the  third  term  is  tlie  square  of  half  the 
coefficient  of  x. 


For 


81^ 


i6=(4)'=(i;. 

324  =  (18)2  =  (— y. 

238.     Now  put  the  question  in  this  shape.     T\Tiat  must  we 
add  to  Z'  +  ax  to  make  it  a  perfect  square  \ 

Suppose  6  to  represent  the  quantity  to  be  added. 

Then  x-  +  aa;  +  6  is  a  perfect  square. 

Now  if  we  perform  tlie  operation  of  extracting  the  square 
root  of  X-  +  ax  +  6,  our  process  is 

x2  +  ax  +  t(x  +  ^ 


2a;  +  ; 


fS-A.] 


ax  +  6 


ax4--: 


'-T 


M 
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Hence  in  order  that  xHax+i  may  be  a  perfect  square  we 
must  have 

or  ^~~i' 


id' 


That  is,  6  is  equivalent  to  the  square  of  hulf  the  coefficient 
ofx. 

239.  Before  completinj:;  the  square  we  must  be  careful 

(1)  That  the  square  of  the  unknown  syinbol  ]ias  no  coeffi- 
cient but  unity, 

(2)  That  the  square  of  tlie  unknoAvn  symbol  has  a  positive 
sign. 

These  points  will  be  more  fully  considerffl  in  Arts.  215  and 
246. 

240.  We  shall  first  take  the  case  in  which  the  coefficient  of 
the  second  term  is  an  even  number  and  its  sign  positive. 

Ex.  i2  +  6x  =  40. 

Here  we  make  the  left-hand  side  of  the  equation  a  perfect 
square  by  tlie  lullowing  process. 

Take  the  coefficient  of  the  second  term,  that  is,  6. 

Take  the  half  of  this  coefficient,  that  is,  3. 

Square  the  result,  which  gives  9. 

Add  9  to  both  sides  of  the  e(iuation,  and  we  get 
x2  +  6x  +  9  =  49. 

Now  taking  the  square  root  of  both  sides,  we  get 
x  +  3=±7. 
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Hence  we  lla^e  two  simple  equations, 

(2X 


^  +  3=+7 (1), 

anJ  a;  +  3=_7 


From  these  we  find  tie  values  of  x,  thus: 
f'"'"(l)  x  =  7-3,  thatis,  x  =  4, 

from  (2)  x  =  -  7  -  3,  that  is,  x  =  -  10 

Thus  the  roots  of  the  equation  are  4  ami  -  10. 

Examples.— ixxxvi. 

I.    a:2  +  6x  =  72.  2.    x--rl2.c  =  64.  3.    a;2+14a;=15. 

4.    a;2  +  46^==96.  -.    x-'  + 128a: =393.         6.    x2  +  8x-65  =  0 

7.    x2+18x- 243  =  0.  8.    x'^  +  16x- 420  =  0. 

241.     We  next  take  the  case  in  which  tlie  coetticieut  of  the 
second  term  is  au  even  number  and  its  sign  negative. 

Ex.  x--Sx  =  9. 

The  temi  to  be  added  to  both  sides  is  (8-^2)2  that  is  UY 
that  is,  16.  /  '  >  \  /J 

Completing  the  square 

x--8x+ 16  =  25. 

Taking  the  square  root  of  both  sides 
x-4=±5. 


This  gives  two  simple  equations, 
a;-4=+5 
x-A=  -5 


0), 

(2), 


From(l)  s=5f4,      .-.  x  =  9; 

from  (2)  x=  - 5  +4,      .-.  z=  -  I. 

Thus  the  roots  of  tlie  eolation  are  9  and  -  1. 
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EXAMPLES.— IXXXVii. 

I.    x--6a;  =  7.  2.    x--4x  =  5.  3.    a---20.r  =  21. 

4.    x2-2a;  =  63.        5.    a;^- 12x4- 32  =  0.        6.    a;2_  14^-4.45^0 

7.    X-  -  234x  +  13688  =  0.  8.    (.r  -  3)  (x  -  2)  =  3  (5x  +  14). 

9.    x(3x-17)-x(2x  +  5)  + 120  =  0. 

10.    (x-5)-  +  (x-V)2  =  x(x-8)  +  46. 

242.     We  now  take  tlie  case  in  wliich  the  coefficient  of  the 
second  tenn  is  an  oM  number. 

Ex.  1.  x--7x  =  8. 

The  term  to  be  added  to  both  .Mdes  is 
/7\*    49 

Completing  the  square 

o     -       49-49 
»  X-  -  7x  +  -p  =  8  +  -p, 

4  4 

,     -       49     81 
or,     x^  -  7x  +  -p  =  -J-. 
4       4 

Taking  the  square  root  of  both  sides  ' 

/      ^-2  =  *2- 
Thifl  gives  two  simple  equations, 

="-2=^2 ^^>- 

*     2~      2 ^^'' 

Q     7  1  fi 

From  (1)         x  =  ^  +  2,   or,  x=-,  .-.  x  =  8; 

9     7  -  2 

from  (2)         x=  -  5  +  0,    or,  x  =  -„-,  .•.  x=  -1. 

Tliua  the  roots  of  the  equation  are  8  and  - 1, 
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Ex.  2.  a;2-x  =  42. 

The  coefficient  of  the  secoml  tern?  is  1- 
The  terui  to  be  added  to  both  sides  is 

1  ,T         1 

4  4 

1      169 
or,    X— x  +  ^=---; 

1  ^13 
.".  X  —  =  +  — . 

2  -2 

Hence  the  roots  of  the  equation  are  7  and  —6. 


Examples.— Ixxxviii. 

I.    x2  +  7x  =  30.  2.    x2-llx=12.  3.    x2  +  9x  =  43f. 

■^  4 

5 

4.    x--13x=140.  c.    Z"  +  x  =  v7;-  6.    x--x  =  72. 

lb 

7.    x2  +  37x=3690.  8.    x2=56  +  x. 

9.    x(5-x)h2x(x-7)-10(x-6)  =  0. 
10.    (5x-21)(7:c-33)-(17x+15)(2x-3)  =  44S. 

243.  Oar  next  case  is  that  in  which  the  coefficient  of  the 
secotKl  term  is  a  fraction  0/  which  the  numerator  is  an  even 
number. 

4  T 

Ex.  2,2-|x  =  21. 

5 
The  term  to  be  added  to  both  sides  is 

44        4 

•••^-5^  +  25  =  21-^25' 

,4        4      529 
'  a       2o      2o 
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_2_     23 
■■*     5~-5' 

21 
Hence  the  values  of  x  are  5  and  -  -=-. 

5 


Examples. — Ixxxix. 

2     2       35  ,4  3  „     28x     1     ^ 

I.    x^-gx^-g-.  2.    x2  +  5^=-25.  3-    ^— 9-  +  3  =  0. 

,8         3      ^  ,43  ,       „     16       16 

7.    x2-|^x  +  -^|  =  0.  8.    x2-^x  =  45. 

244.     We  now  take  the  case  in  which  the  co  fficient  of  the 
second  term  is  a  fraction  v:)iose  numerator  is  an  odd  number. 

rr^  2     7       136 


The  term  to  be  added  to  botli  sides  is 

,     7       49  _  136     49 
••'''~3'''*'36"  3   "^36' 
,     7       49     1681 
°"    ^-3"^3(i  =  -36-' 

6-6 

Hence  the  values  of  x  are  8  and  —  ^. 

o 


EXAMPLES.- 

— XC. 

..    z^-lx  =  8. 

2.    x2-^x  =  98. 
5 

3.    x2  +  |x  =  39. 

4.    x2  +  |x=T6. 

5.    x2-^x=16. 

,       0     11 

6.    X--  --x+6-=0. 

„     15 
7.    x^-^z- 

-34  =  0. 

8    ^     23      3 
8.    x»-^-x=-. 
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245.  The  square  of  the  unknown  symbol  must  not  be  pre- 
ceded by  a  negative  sigyi. 

Hence,  if  we  have  to  solve  the  equation 
6x  —  X-  =  9, 
we  change  the  sign  of  every  term,  and  we  get 
x--6:c=  -9. 

Completing  the  square 

x2-6x  +  9  =  9-9, 
or    x-  -  6x  +  9  =  0. 
Hence  a;  -  3  =  0, 

or    x  =  3. 

Note.  We  are  not  to  be  surprised  at  finding  only  one 
value  for  x.  The  interpretation  to  be  jilaced  on  such  a  lesult 
is,  that  the  two  roots  of  the  equation  are  equal  in  value  and 
alike  in  sign. 

246.  The  square  of  the  unknown  symbol  must  have  no 
coefficient  but  unity. 

Hence,  if  we  have  to  solve  the  equation 
b£'-3x  =  2, 
we  must  divide  all  the  terms  bv  5,  and  we  uet 


/rZ —  _ 

*       5  --• 


3x     2 

2 
From  which  we  get  x  =  1  and  x=  — -. 


247.  In  solving  Quadratic  Equations  involving  literal  co- 
efficients of  the  unknown  syjiibol,  the  same  rules  will  apply  as 
in  the  cases  of  numerical  coefficients. 

Thus,  to  solve  the  equation 

2a     X     ^     ^ 

2  =  0. 

X      a 

Clearing  the  equation  of  fractions,  we  qet 
2a2-x2-2ax  =  0; 
therefore  -x^-2ax=  -2a^, 

or    x^  +  2ax  =  2a\ 
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Completing  the  square 

X"  +  lax  +  a-  =  3a-, 
whence  x  +  a  =  ±  ^3 .  a  ; 

therefore         x  =  -  a  +  ^"i .  a,  or  x  =  —  a  -  ^3 .  o. 

The  following  are  Examples  of  Literal  Quadratic  Eqtiations. 

Examples.— xci. 

4  ■ 


■Jr.  o  t        A  f    n  n       n  t'fn 

I.    x^  +  2ax  =  a-.  2.    x-  — 4ax=/a-.  3.    x-  +  3mx  = 


,     5n  _3n2  _£r 6^      _ 

^-    ""■      2''"   2  •  ^'    (x  +  a)«     (x-o)2"*- 

5,  x-  +  (a-l)x  =  au  8.    adx-iu.t^  =  bcx-bd. 

ac 

6.  x2+ (^a-i))x  =  a6.  9.    cxH v  =  (o  +  6)x^. 

ah:'^     2ax     b-     ^ 

,  ,     3a2x     6a2  +  a6-262     62x 
c  c^  c 

12.    (4o2  -  9cd-)  X-  +  (4a V  +  4atr/2)  x  +  (ac^  +  6^2)2=0. 

248.  If  both  sides  of  an  equation  can  be  divided  by  the 
unknown  symbol,  divide  by  it,  and  observe  that  0  is  in  that 
case  one  root  of  the  equation. 

Thus  in  solving  the  equation 

x3-2x2  =  3x, 
wp  may  divide  by  x,  and  reduce  the  equation  to  the  form 

x2-2x  =  3, 
from  which  we  get 

x  =  3     or  x=  -  1. 

Then  the  three  roots  of  the  orij,'inal  equation  are  0,  3  and  -  1. 

We  shall  now  give  some  Miscellaneous  Examples  of  Quad- 
ratic Equations. 
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Examples.— xcii. 

I.  x2_7x  +  2  =  10.       2.  x'-^-5a;  +  3  =  9.         3.  x2-llx-7  =  5. 

4.  x2-13x-6  =  8.       5.  a;2  +  7x-lS  =  0.       6.  4x-— --  =  22. 

x-S 

7.  x--9x  +  20  =  0.  8.  5x  -  3— "--  =  —-— 

x-3         2 

9    x--Cx-14  =  2.  10.  — — -— lA  =  2 

X  +  3     2x  +  5 

^'"  x+1'~£t3"'^"         12.  x2-12=11x.        13.  x--14=13.r. 

1  .,     1       -3      ,                         1G9 
14-  2''--3^+'8"'^-        15-  3x =  26.       16.  2x-=18x-40. 

4  +  3x     15-x     7x-14 
*7-  -10— ^-6"= -20--  '^-  3x^  =  :^4x-36. 

3x  - 5 6x_^l  7     2x-5_3x-7 

^'      yx        3X-25     3'  ^°-  4      x  +  5'-~2"x'~- 

4x-10     7-3x     7 
''•  "5T5 r"  =  2-  ""•  (^-3r  +  4x  =  44. 

x+ll„9  +  4x  ^,  ^  ,11 

23-  -^=/--^^.  24.  6x-  +  x  =  2.  25.  x2--x  =  g. 

26.  x2-x  =  210.  27.  -%  +  ?  =  3.  28.  ^-11  =  |. 

x+ 1     X  3  3 

"^        3     x-1  ,.  .,     ^        .„ 

29. r  =  ^  + .  30.  15x--7x  =  46. 

^    X- 1     2        X  ^ 


12        3  4x       20-4x 

X 


3i- >-^ s  =  K-  32- "- =  15. 

10     14-2x_22 
^^'    X      ~x2~-'9'" 

J2_     _8___32_ 
•'''  5-x     4-x~x  +  2' 

57.  x2  +  (a  +  6)x  +  o6  =  0. 

39.  X-  -  2ax  +  rt-  —  6-  =  0. 


34- 

X            7 
x  +  60~3x~5' 

36. 

X    ^7-x_    9 
7-x        X          10 

38. 

x2-(5-a)x-a6  =  0. 

40. 

X-  -  (a-  -  a^)  X  -  U'^  =  0. 

a       2a-     ,  „    a-  +  i- 

-^x-^  =  o.  42.0:---^ 


41.  x2+,x--^=(.  42.  x2-_-^x+i=a 


XX.   ON    SIMULTANEOUS    EQUATIONS 
INVOLVING   QUADRATICS. 

249.  For  tiie  solution  of  Simultaneoiis  Eiiu.itions  of  ii  de- 
gree lii,L,'lier  than  tlie  fust  no  fixed  rules  can  be  laid  down.  We 
shall  ]ioint  out  the  methods  of  solution  which  maybe  adopted 
with  advantage  iu  i)articular  cases. 

25(*.  If  the  simple  power  of  one  of  the  unknown  symbols 
can  be  expressed  in  terms  of  tlie  other  symbol  by  means  of  one 
of  the  given  equations,  the  Method  of  Substitution,  e.\plained 
in  Art.  217,  may  be  eni[>lnyed.  thus: 

Ex.     To  solve  the  equations 

a;  + 1/  =  50 
xy  =  GQO. 

From  the  first  equation 

x  =  50-y. 

Substitute  this  value  for  x  in  the  second  equation,  and  we 
get  (50 -7/).  J/ =  600. 

Tliis  gi  ve.s  50^  -  y"  =  GOO. 

From  which  we  find  the  values  of  y  to  l)e  30  and  20. 

And  we  may  tiien  find  the  corresponding  values  of  x  to  be 
20  and  30. 

2.")1.  But  it  is  better  that  the  student  should  accu.stom 
himself  to  work  such  equations  symmetrically,  thus; 

To  solve  the  equations 

x+y=bo a), 

zy  =  C0O (2), 

From  (1)  x2  +  2x7/  +  2/-  =  2500. 

From  (2)  4x.v        =  2400. 
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Subtracting,         7?  —  2xy  +  y-  =  KX), 
.-.  a;-i/=±10. 

Then  from  this  equation  and  (1)  we  find 

a;  =  30  or  20  and  y  =  2d  or  30. 

Examples. — xciii. 

I.  x  +  j/  =  40  2.  x+y  =  13  3.  x  +  y  =  29 
xy = 300.           xy  =  36.  xy  =  100. 

4.  J-?/ =19  5.  x-(/  =  45  6.  x-y  =  99 
xy  =  66.             A-)/  =  250.  xy  =  100. 

252.     To  solve  the  equations 

x-y=12 (1), 

a=2  +  j/2  =  74 (2). 

From  (l)  a;2-2xy  +  i/=I44 (3). 

Subtract  this  from  (2),  then 

2x2/=  -70, 
.•  4x2/= -140. 

Add  this  to  (.3),  then 

x^  +  2xy  +  y'^=4, 
.-.  x  +  i/=  ±2. 

Then  from  this  equation  and  1  I)  wq  get 

X  =  7  or  5  and  y=  —  5  or  —  7. 

Examples.— xciv. 

I.     x~y  =  4  2.     x-y  =  10  3.     x-m  =  14 

.x2  +  2/2  =  40.  x2  4- 2/2  =  178.  x2  + 1/2  =  436. 

4,x  +  2/  =  8  5.     s;  +  2/=12  6.     x  +  2/  =  49 

x2  +  i/2=32.  x2  +  2/^=104.  X2^y2^1g81. 
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253.     To  solve  tbe  equations 

^  +  f  =  Zh (1), 

x  +  i/  =  5  ., (2). 

Divide  (1)  by  (2),  then  we  get 

x'--q/  +  i/2  =  7   (3), 

From  (2)  '      a;2  ^  2.ci/ +  (/'^  =  25 (4), 

Subtrnotiii<:^  (3)  from  (4), 

3xi/=18, 
.-.  4x?/  =  24. 

Thtii  liom  tliis  equation  and  (4)  we  get 
a:^-2x!/  + 1/2=1, 
.-.  a;  -  y  ==  ±  1 ; 
and  from  this  cquiUiou  and  (2)  we  tiiid 

x  =  3  or  2  and  i/  =  2  or  3. 

Examples.— xcv 

I.    .r^  +  y3  =  91  2.    x-^  +  y='  =  341  3.    x^  +  y''  =  l()08 

a;  +  j/  =  7.  x  +  i/  =  ll.  x  +  i/=12. 

4.    x3-t/3  =  5G  5-    x3-i/'  =  98  6.    x3-j/3  =  279 

a;-j/  =  2.  x-y  =  2.  x-j/  =  3. 

254.     To  solve  the  equations 

1     1     5  ... 

x+ro ^^^' 

1  +  .U13 

x2^T/*      36  ^   ^ 

From  (1),  by  squaring  it,  we  gtt 

1      ^,i__25  ,3. 

'^'^xy'^y'     36 ^  '' 

From  thin  subtract  (2),  and  we  have 

^_12_ 

xy~36'' 

£_24 

■  xi/~3e' 
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Now  subtract  this  from  (3),  and  we  get 

a;^     Tij     y-     36' 

.    1  _  1  _  _,.  1  _ 
"  X    y     ~  6 ' 

and  from  this  equation  and  (1)  we  find 

X  =  2  or  3  and  i/  =  3  or  2. 

Examples. — xcvi. 

113  11. 

2.     -  +  -  =  -.  3.     -  +  -  =  5, 

X     y     4  -^     X     y 

I       I       o  1       i      ,„ 

-2  +  -.7  =  TT.-  —+-^=13. 

x^     y-     16  x^      j^2 

T-^„i.)  ■>     X     y        2  X     y 

1-A  =  8?.  -^--1  =  21 

x^      y^        4'  x^      1/- 

255.     To  solve  the  equations 

x-  +  3xy  =  7  (1)^ 

xy  +  -iy-=l8 (2). 

If  we  add  the  equations  we  get 

x^  +  4xy  +  4y'-  =  25. 
Taking  the  square  root  of  each  side,  and  taking  only  the 
positive  root  of  the  right-hand  side  into  account, 

x  +  2j/  =  5; 
.".  X  =  5  -  2y. 

Substituting  this  value  for  x  in  (2)  we  get 
(5-2i/)i/4-4j/2=18. 
an  equation  by  which  y  may  be  determineiJ. 

Note.     In   some   examples  we   must  subtract   tlie    second 
equation  from  the  first  in  order  to  get  a  perfect  square. 


1    1_ 

X     y~ 

9 
20 

1 

1 
y 

41 

x^ 

4U0' 

1 

1 

1 

X 

y 

12 

1 

1 

7 

x^ 

^y' 

' 

144' 
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256.  To  solve  the  equations 

y?-f=^{S (1)^ 

a:2  +  xi/  +  i/2^13 (2). 

Dividing  (1)  by  (2)  we  get  x-i/  =  2  /"S), 

squaring,  x^  -  2.r y  + 1/^  =  4  (4). 

Subtract  this  from  (2),  and  we  have 

.".  4x7/ =12. 

Adding  this  to  (4),  we  get  x^  +  2xj/  +  y"''=16; 
.-.   X  +  7/=  ±4. 

Then  from  this  equation  and  (3)  we  find 

.c  =  3  or  -  1,  and  (/=  1  or  —3. 

257.  To  solve  the  equations 

x^  +  J/'  =  0r) (1), 

xy  =  28 ,'2  . 

Multiplying  (2)  by  2,  we  have 


+  2/2^65) 
2xt/  =  5Gj  ' 


.-.  x«  +  2xi/  +  i/=121) 
%^-1xy->^f=     9)' 

.-.  x  +  j/=±ll (A), 

x-j/=±   3 ;B). 

The  equations  A  and  B  furnish  Jour  ])air.s  of  siin]>lf 
equations, 

x  +  y=ll,         .r  +  7/=ll,  x  +  i/=-ll,         x  +  T/=-ll, 

x-y  =  3,  j-y=-\       x-y  =  Z,  x-?/=  -  3. 

from  which  we  find  the  values  of  x  to  be  7,  4,  —7  and  -4, 
and  the  corresponding  values  of  t/ to  \>c.  4,  7,  -4  and  -7. 

258.  The  urtKice,  by  which  the  solution  of  the  e(|uati()iis 
given  in  this  article  is  eflected,  is  a])plical>le  to  cases  in  which 
the  equations  are  homofjenenim  and  of  the  same  onhr. 
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To  solve  the  equations 

x2  +  a-i/  =  15. 
xy-y-=-2. 
Suppose  y  —  mx. 

Then         x^A-mx^=\h.  from  the  first  eonation. 
aud  mx~  -m^x^  =  z,  I'rom  the  secona  equauun. 

Dividing  one  of  these  equations  by  the  other, 
x^  +  mx^  _15 
mx^  -  m?x-     2  ' 
x^il  +  m)      15 
x^  («i  -  m-)     2 ' 

1+TO       15 

m  -  771''      2 

From  this  equation  we  can  determine  the  values  of  m. 

2 
One  of  these  values  is  ^,  and  putting  this  for  m  in  the 
o 

2 
equation  x'-\-mx-=  15,  we  get  x^  +  ^ a;'-=  15. 

From  which  we  find         x=  ±3, 
and  thun  we  can  find  y  from  one  of  the  original  equations. 

259.  The  examples  which  we  shall  now  give  are  intended 
as  an  exercise  on  the  methods  of  solution  explained  in  the 
four  preceding  articles. 

Examples. — xcvii. 

I.  3:^-2/3  =  37  2.  x^  +  6xy  =  l4i  3.  x^  +  xy  =  210 

x-  +  xy  +  y-  =  S7.  6x1/ +  36t/"  =  432.  i/-  +  xj/  =  23I. 

4.  x2  +  i/2  =  68  5.  x3  +  T/3=152  6.  43;2  +  9x2/=190. 

xy=l6.  x^-xy  +  y'^=l9.  4x-5?/  =  10. 

7.  x-  +  xy  +  y^  =  Z9       8.  o:'  +  xy==(J6  9.  3x2  +  4xj/  =  20. 

3?/- -  5xi/ =  25.  Xi/  — 1/^  =  5.  bxy  +  2y~  =  l2. 

10.  x^-xy  +  y-  =  7       11.  x2-x?/  =  35       12.  3x^  +  4x!/  + 52/^  =  71. 
3x=' +  13x1/ +  8i/'- =102.      7:1/ +  1/2  =  18.  5x  +  7?/  =  29. 

13.  x3  +  i/^  =  272S  14.  x2  +  9x!/  =  340  15.  x^  +  y-  =  225 

x^ - xy  +  y- =  124.  Ixy  -y'-=  i7l.  xr/  =  108. 


XXI.    ON    PROBLEMS    RESULTING   IN 
QUADRATIC    EQUATIONS. 

260.     The  method  of  stating  problems  result'nii,'  in  Quarl- 
ratic  Equations  does  not  require  any  general  explanation. 

Some  of  the    Examples    wliich    we  shall  give  involve  one 
unknown  symbol,  others  involve  tu-o. 

Ex.  1.     "What  muuber  is  that  whose  S(]uare  e.\ceed8   the 
number  by  42  ? 

Let  X  represent  the  number. 

Then  x2  =  a;  +  42, 

or,  x'^-x  —  42 ; 

therefore  x^-x  +  -,=—:-  ; 

4      4 

whence  x-  ^=  ±^. 

Anil  we  find  the  values  of  ./;  to  be  7  or  — 6. 

Ex.  2.     The  sum  of  two  numbers  is   14  and  the  sum  of 
their  stpiares  is  KM).     Find  the  numbers. 

Lot  X  and  y  represent  the  nundjers. 
Then  x  +  y=l4, 

and  z2  +  y2  =  10n. 

Proceeding  as  in  Art.  252,  we  find 

x  =  8or6,     y  =  6or8. 
Hence  tiie  nundiers  are  8  and  6. 
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EXAMPLES.— xcviii. 

1.  What  number  is  that  whose  half  multiplied  by  its  third 
part  gives  8(34? 

2.  What  is  the  number  of  which  the  seventh  and  eighth 
parts  being  multiplied  together  and  the  product  divided  bj 

2 
;j  the  quotient  is  2985  ? 
o 

3.  I  take  a  certain  number  from  94.  I  then  add  the 
number  to  94, 

I  multiply  the  two  results  together,  and  the  result  is  8512. 
What  is  the  number  I 

4.  What  are  the  numbers  whose  product  is  750  and  the 
quotient  of  one  by  the  other  3-  ? 

5.  The  sum  of  the  squares  of  two  numbers  is  13001,  and 
the  difference  of  the  same  squares  is  1449.     Find  the  numbers. 

6.  The  product  of  two  numbers,  one  of  which  is  as  much 
above  21  as  the  other  is  below  21,  is  377.     Find  the  numbers. 

7.  The  half,  the  third,  the  fourth  and  the  fifth  parts  of  a 
certain  number  being  multiplied  together  the  product  is  6750. 
Find  the  number. 

8.  By  what  number  must  11500  be  divided,  so  that 
the  quotient  may  be  the  same  as  the  divisor,  and  the  re- 
mainder 51  / 

9.  Find  a  number  to  which  20  being  added,  and  from 
which  10  being  subtracted,  the  square  of  the  first  result  added 
to  twice  the  square  of  the  second  result  gives  17475. 

10.  The  sum  of  two  numbers  is  2G,  and  the  sum  of  their 
squares  is  43G.     Find  tlie  numbers. 

11.  The  difl'erence  between  two  numbers  is  17,  and  the 
sum  of  their  squares  is  325.     What  are  the  numbers  ? 

12.  What  two  .numbers  are  they  whose  product  is  255  and 
the  sum  of  whose  squares  is  514  ] 

13.  Divide  16  into  two  parts  such  that  their  product 
added  to  the  sum  of  their  squares  may  be  208. 

[S.A.]  N 
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14.  "What  number  added  to  its  square  root  gives  as  a 
result  1:332  \ 

3 

1 5.  What  number  exceeds  its  square  root  by  487  ? 

16.  What  number  exceeds  its  square  root  by  2550  ? 

17.  The  product  of  two  numbers  is  24,  and  their  sum 
niultiplied  by  their  difference  is  20.     Find  the  numln  is. 

18.  What  two  numbers  are  those  whose  sum  multiplied 
by  the  greater  is  204,  and  whose  dilFereuce  multiplied  by  the 
less  is  35  ? 

19.  What  two  numbers  are  those  whose  ilifference  is  5 
and  their  sum  multiplied  by  the  greater  228  ? 

20.  Find  three  consecutive  numbers  whose  proiluct  is 
equal  to  3  times  the  middle  number. 

21.  The  difference  between  the  sc^uares  of  two  consecutive 
numbers  is  15.     Find  the  numbers. 

22.  The  sum  of  the  squaies  of  two  consecutive  numbers  is 
481.     Find  the  numlters. 

23.  The  sum  of  the  sijuares  of  three;  consecutive  numbers 
is  365.     Find  the  numljers. 

NoTi;.     If  1  buy  x  apples  for  1/  pence, 

-  will  represent  the  cost  of  an  apple  in  pence. 
If  I  buy  X  sheep  for  2  poumls, 

-  will  represent  the  c<ist  nf  a  sheep  in  pounds. 

Ex.  A  boy  bought  a  number  of  oranges  for  I6(?.  Had  he 
bouglit  4  more  for  the  same  money,  he  would  have  paid 
one-third  of  a  penny  less  for  each  orange.  How  many  did 
he  buy  ? 

Let  X  represent  the  number  of  oranges. 

Then  -  -  will  represent  the  cost  of  an  orange  iu  pence. 

„  16       16       I 

Hence  — =      -   +.-, 

X     X  +  4     3 

or     16(3x  +  12)  =  48x  +  x2  4-4x, 

or     x2  4-4x=192, 

from  wliich  we  find  the  values  of  x  to  be  12  or  —16. 

Therefore  he  bought  12  oranges. 
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24,.  T  buy  a  number  of  handkerchiefs  for  £f>.  Had  I 
bou^'ht  3  more  for  the  .^iuue  money,  they  would  have  cost  one 
shilling  each  less.     How  many  did  I  buy  '\ 

25.  A  dealer  bought  a  number  of  calves  for  £80.  Had  he 
bought  4  more  for  the  Siime  money,  each  calf  would  have  cost 
£\  less.     How  many  did  he  buy  ? 

26.  A  man  bought  some  pieces  of  cloth  for  £33.  15s., 
which  he  sold  again  for  £1.  8.?.  the  piece,  and  guineil  as  much 
as  one  piece  cost  him.     What  did  he  give  for  each  piece  ? 

27.  A  merchant  bought  some  pieces  of  silk  for  .£180. 
Had  he  boiiglit  3  pieces  more,  he  would  have  paid  £3  less  for 
each  piece.     How  many  did  he  buy  ? 


28.  For  a  journey  of  108  miles  6  hours  less  would  have 
sufficed  had  one  gone  3  miles  an  hour  faster.  How  many 
miles  an  hour  did  one  go  ? 

29.  A  grazier  bought  as  many  sheep  as  cost  him  £60. 
Out  of  these  he  kept  1.5,  and  selling  the  remainder  for  £54, 
gained  2  shillings  a  head  by  them.  How  many  sheep  did 
he  buy  ? 

30.  A  cistern  can  be  filled  by  two  pipes  running  together 
in  2  hours,  55  minutes.  The  larger  pipe  by  itself  will  ftU  it 
sooner  than  the  smaller  by  2  hours.  What  time  will  each 
pipe  take  separately  to  fill  it  ? 

31.  The  length  of  a  rectangular  field  exceeds  its  breadtli 
by  one  yard,  and  the  area  contains  ten  tljousand  and  one 
hundred  square  yards.     Find  the  length  of  the  sides. 

32.  A  certain  number  consists  of  two  digits.  The  left- 
hand  digit  is  double  of  the  right-hand  digit,  and  if  the  digits 
be  inverted  the  product  of  the  number  thus  formed  and  the 
original  number  is  2268.     Find  the  number. 

33.  A  ladder,  whose  foot  rests  in  a  given  position,  just 
reaches  a  window  on  one  side  of  a  street,  and  when  turned 
about  its  foot,  just  reaches  a  window  on  the  other  side.  If  the 
two  positions,  of  the  ladder  be  at  right  angles  to  each  other, 
and  the  heights  of  the  windows  be  36  and  27  feet  respectively, 
find  the  width  of  the  street  and  the  length  of  the  ladder. 
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34.  Clotli,  being  wetted,  shrinks  up  -  in  its   lenf;th  and 

o 

--  in  its  wiiltli.      If  the  surface  of  a   piece  of  chith    is   di- 

.    .     ,  3 

miiii.^hed  by  5-  i?quare  v.irds,  and  the  length  of  the  4  sides 

by  4^  yards,  what  was  the  length  and  width  of  the  cloth  ? 

35.  A  certain  number,  less  than  50,  consists  of  two  digits 
wliose  difference  is  4.  If  the  digits  be  inverted,  the  difference 
between  the  squares  of  the  number  thus  formed  and  of  the 
original  numVier  is  3960.     Find  the  number. 

36.  A  plantation  in  rows  consists  of  10000  trees.  If  there 
had  been  20  less  rows,  there  would  have  been  25  more  trees  in 
a  row.     How  many  rows  are  there  ? 

37.  A  colonel  wished  to  form  a  solid  square  of  his  men. 
The  first  time  he  had  39  men  over:  tlie  .secoml  time  he  in- 
creased the  side  of  the  square  by  one  man.  and  then  he  found 
that  he  wanted  50  men  to  complete  it.  How  many  nion  were 
there  in  the  reyimeut  ? 


XXII.    INDETERMINATE    EQUATIONS. 

261.  "When  tlie  number  of  unknown  symbols  txceeds  that 
of  the  independent  e<|uations,  the  number  (if  simultaneous 
values  of  the  symbols  will  be  indefinite.  We  propose  to  ex- 
plain in  this  Chapter  how  a  certain  number  of  the.«<e  values 
may  be  found  in  the  case  of  Simultaneous  Equations  involving 
two  <inknown  quantities. 

Ex.  To  find  the  integral  values  of  x  and  y  wliich  will 
sati.'^fy  the  equation 

.3x  +  ly=  10. 
Here  3x=10-7y; 

.'.  x  =  3-27/-H--~-i^. 

% 

Now  if  X  and  y  are  integers,  — ^  must  also  be  an  integer. 
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1  —V 
Let  — ;—  =  in,  then        \-y  =  Sm ; 
o 

.".  y—\  —  3m, 
and  x  =  3-2i/  +  m  =  3-2  +  6m  +  m=l  +  7TO; 

or  the  general  solution  of  the  equation  in  whole  numbers  is 
x  =  L  +  7m  and  y  =  l  —  Zin, 

where   m  may   be  0,   1,  2 or  any  integer,  positive   or 

negative. 

If  m  =  0,  x=    1,  i/=      1 ; 

if  m=l,x=   8,  y=  -2; 

if  m  =  2,  x~Id,  y= -5; 

and  so  on ,  from  which  it  appears  that  the  only  positive  inte- 
gral values  of  x  and  y  which  satisfy  the  equation  are  1  and  1. 

262.  It  is  next  to  be  observed  that  it  is  desirable  to  divide 
both  sides  of  the  equation  by  the  smaller  of  the  two  coefficients 
of  the  unknown  symbols. 

Ex.     To  find  integral  solutions  of  the  equation 

7x  +  oy  =  '61. 
Here  5y  =  3l-7x; 

a  l-2x 

••  y  =  6-x+~^. 

1  —  2x 

Let  — - —  =  m,  an  integer. 

Then  l-2x=577i,  whence  2x=l-57it; 
1— m 


2     -2"^- 


Let  =n,  an  integer. 


2 

Then  1  -m  =  2n,  whence  m  =  l  -2n. 
Hence  x-—n-2m  =  n  —  2  +  4n  =  5n  —  2; 

y  =  6-x  +  m  =  6-5n  +  2  +  l  -2n  =  9-7n. 
Now  if  n  =  (>.  x=  —  2,  j/=c     9; 

if  n  =  l.x=     S,  y=     2; 

if  n  =  2,  x=     8,?/= -5; 

and  so  on. 
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263.  In  how  many  ways  can  a  person  pay  a  bill  of  i,13 
with  crowns  and  guineas  1 

Let  X  and  y  denote  the  number  of  crowns  and  guineas. 

Then  5x  +  21(/V=260; 

.-.  5x  =  260-21?/; 

a;  =  52-4(/-|. 
^     5 

Let  ^=m,  an  integer. 

Then  y  =  5m, 

and  x  =  52 -4y  — m  =  52 -21m. 

If  TO  =  0,  x  =  b%  y=   0; 

m=l,  x  =  31,  y=  5; 
m  =  2,  x=l(),  y  =  10; 
and  higher  values  of  in  will  give  negative  values  of  x. 

Thus  the  number  of  ways  is  three. 

264.  To  find  a  number  which  when  divided  by  7  and  6 
will  give  remainders  2  and  3  respectively. 

Let  X  be  the  number. 

X-  2 
Then  — _—  =au  integer,  suppose  m; 

and  .     =an  integer,  suppose  n. 

Then  x  =  7m4-2  and  x  =  5n  +  3; 

.'.  7?/i-  + 2  =  571  +  3; 

2m -1 


.•.  5ji  =  7m  -  1,  whence  7i  =  m  +  - 


5 


T  ^  2m  -  1  ^  .   . 

Let  — ^—  =p,  an  integer.  j 


Then     2//i  =  5;)+ 1,  whence  m  =  2|)f— 5— » 
Let^-^— =  g,  an  integer. 

Then  p  =  2q-l, 

in  =  2p  +  q  =  4(j  -2  +  q  =  5q  —  2, 
x= 7m +  2  =  357-  12. 


INDETERMIXATE  EQUATIONS.  i99 


Henc«:  if 

«/  =  0,  x=  —  12  ; 

il' 

a=l,  x=     23; 

if 

j=2,  x=     58; 

and  80  on. 

Examples. — xcix. 

Find  positive  integral  solutions  of 

I.  5x  +  7j/  =  29.  2.  7x+19y  =  92. 

3.  13x  + 192/=  1170.  4-  3x  +  5!/  =  26. 

5.  14x-5!/  =  7.  6.  llx+ 151/=  1031. 

7.  llx  +  7i/  =  308.  8.  4x-19!/  =  23. 

9.  20x-9!/  =  6S3.  10.  3x  +  7i/  =  383. 

II.  27x  +  4j/  =  54.  12.  7x  +  9(/  =  653, 

13.     Find  two  fractions  with   denominaturs  7   and  9  and 
their  sum  -=:z. 

DO 

.14.     Find  two  proper  fractions  with  denominators  11  and 

82 
13  and  their  diflFerence  --rz. 
14.3 

15.  In  how  many  ways  can  a  debt  of  £\.  95.  be  paid  in 
florins  and  half-ciowu.s  \ 

16.  In  how  many  ways  can  £20  be  paid  in  half-guineas 
and  half-crowns  ? 

17.  What  number  divided  by  5  gives  a  remainder  2  and 
by  9  a  remainder  3  ? 

18.  In  how  many  different  ways  may  :£11.  155.  be  paid  in 
guineas  and  crowns  ? 

19.  In  how  many  different  ways  may  £4.  lis.  6f?.  be  paid 
with  half-guineas  and  half-crowns  { 

20.  Shew  that  32.3x  -  527i/  =  1000   canuot    be   satisfied  by 
integral  values  of  x  and  y. 
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21.  A  farmer  buys  oxen,  sheep,  and  hens.  The  whole 
number  bought  was  100,  and  the  whole  price  £100.  11'  the 
oxen  cost  £h,  the  sheep  £1,  and  the  hens  Is.  each,  how  many 
of  each  had  he  ?  Of  how  many  solutions  does  this  Probleiii 
admit  ? 

22.  A  owes  B  4s.  lOd.;  if  A  has  only  sixpences  in  his 
pocket  and  B  only  fourpenny  pieces,  how  can  they  best  settle 
the  matter  ?    ' 

23.  A  person  has  £12.  4;?.  in  half-crowns,  florins,  and  shil- 
lings ;  the  number  of  half-crowns  and  florins  togi-ther  is  four 
times  the  number  of  shillings,  and  the  number  of  coins  is  the 
greatest  possible.     Find  the  number  of  coins  of  each  kind. 

24.  In  how  many  ways  can  the  sum  of  £5  be  paid  in 
exactly  50  coins,  consisting  of  half-crowns,  fli  dns.  and  four- 
penny  pieces  ? 

25.  A  owes  B  a  shilling.     A  has  only  sovereigns,  and  B  has 
■  only  dollars  worth  4s.  3rf.  each.     How  can  A  most  easily  i)ay  Bl 

26.  Divide  2.5  into  two  parts  such  that  one  of  them  is 
divisible  by  2  and  the  other  by  3. 

27.  In  how  many  ways  can  I  pay  a  del  it  of  £2.  9s.  with 
crowns  and  florins  ? 

28.  Divide  100  into  two  parts  such  that  one  is  a  multiple 
of  7  and  the  other  of  II. 

29.  The  sum  of  two  numWs  is  100.  The  first  divided  by 
5  gives  2  as  a  remainder,  and  if  we  divide  the  second  by  7  the 
remainder  is  4.     Find  the  nunxbersi 

30.  F'infl  a  number  less  tbpn  -ifH^  which  is  a  multiT'i"  <•(  7 
and  which  when  divided  by  2,  a,  -*,  0.  G,  gives  as  a  r^inaiiider 
in  each  case  1. 


I 


XXIII.    THE   THEORY   OF    INDICES. 

265.  The  number  placed  over  a  symbol  to  express  the 
power  of  the  symbol  is  called  the  Index. 

Up  to  this  point  our  indices  have  in  all  cases  been  Positivi' 
Whole  Numbers. 

We  have  noM-  to  treat  of  Fractional  and  Negative  indices  ; 
and  to  put  this  part  of  the  subject  in  a  clearer  light,  we  shall 
commence  from  the  elementary  principles  laid  down  in  Arts. 
45,  46. 

266.  First,  we  must  carefully  observe  the  following  results : 

(a3)2=a6. 

For  a^xa'^  =  a.a.a.a.a  =  a^, 

and  (ii^y  =  a^ .  a^  =  a .  a .  a .  a .  a .  a  =  a^. 

These  are  examples  of  the  Two  Rules  which  govern  all 
combinations  oi  Indices.  The  general  proof  of  these  Rules  we 
shall  now  proceed  to  give. 

267.  Def.     When  m  is  a  positive  integer, 

a"  means  a.  a.  a with  a  written  m  times  as  a  factor. 

268.  There  are  two  rules  for  the  combination  of  indices. 
Rule   I.     a'^xa'  =  ar^. 

Rule  II.     («")"= a"". 

269.  To  pr(jve  Ri:LK  L 

a''  =  a.  a.a to  m  factors, 

a" -'a. a. a to  ?i  factors. 
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Thpii'fnre 

''"x«"  =  (a.a.(i  to  m  factoi-s)  x  {a.  a.  a to  ?i  factors) 

=  a.a.a to  -^m  +  n)  factors. 

,  =a"'+",  by  the  Defmiiion. 

To  prove  Rule  71. 
(«")"  =  «"  .  n"  .  a" tc  n  latttors, 

=  {(^-a-n to  VI  Uitu)rs)(a.a.a...to  m  factors)... 

repeated  71  times, 

=  a.a.a to  mn  factors, 

=  0""',  by  the  Detiiiit.ion. 

270.  We  liave  (h-duced  immediately  from  tlie  Definition 
that  when  m  and  n  are  positive  int<'i,'ers  a"  x  a"  =  o"+".  When 
TO  and  11  are  not  positive  integers,  tlie  Definition  lias  no  mean- 
ing. We  therefore  eMend  the  Definition  by  saying  tliat  o"  and 
a",  wliatever  m-  and  n  may  l)e,  shall  be  such  iliat  a"  x  o, •  ^ 0"-+", 
and  we  shall  now  proceed  to  shew  what  meanings  we  assign  to 
a",  in  consequence  of  this  definition,  in  the  following  cases. 

271.  Case  I.  To  find  the  meaning  of  a',  p  and  q  being 
positive  integers. 

aixai^ai   », 

^       r       r       '+?       ?       I'+'^.f. 
a»x«»xrj'  =  r/«    ''xa''  =  a''   «    ♦• 

and  by  continuing  tliis  process, 

a'lxa''  X  to  7  factors  =  a*    ♦» 

=  af. 

But  by  the  nature  of  the  symbol  ^~ 

iJaFx  ija'  X to  q  factor8  =  a'; 

t      r  

•*•  a*xa»'<  to  g  factors=  ^a' x  ^/a'x  ...  to  q  factora; 

r  


i 
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272.     Case  II.     To  find  the  meaning  of  a'',  s  leing  a  posi- 
tive number,  whole  or  fractional. 

We  must  first  find  the  meaning  of  a". 

We  have  (('"x  a"  =  «"+<> 

=  a" ; 

.-.  -/.-=  I. 
Now  a'xa-r^a'-' 

=  1; 
_.    1 

a' 

273.  Thus  the  interpretation  of  o"  has  been  deduced  from 
Rule  I.  It  remains  to  be  proved  that  this  interpretation 
agrees  with  Rule  11.  This  we  shall  do  by  shewing  that  Rule 
JI.  follows  from  Rule  I.,  whatever  m  and  n  may  he. 

274.  To  shew  that  (a")"  =  a""  for  all  values  of  m  and  n. 

(1)  Let  n  be  a  positive  integer  :  then,  whatever  to  may  be, 

(«")"  =  «"• .  n"  .  a" to  n  factors 

—  *»"•+•*+"•+ ...  to  n  tflnns 

(2)  Let  n  be  a  positive  fraction,  and  equal  to  ^,  p  and  a 
being  positive  integers  ;  then,  whatever  be  the  value  of  m, 

P  p 

{wyx  (a")»x  to  q  factors  =  (a")'^»'^---'°"^ 

=  {a")'' 

=  o"',  by  (1). 

__  ~  — ?  mp       mp 

Buta»  xa»  x  to  g  factors  =  a »  ^  »  +••  •o,.«», 

p  mp 

:.  (a''y=a'>  ; 
that  is,  Ca'-y^cT'. 
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(3)     Let  n=  —  s,  s  being  a  positive  number,  whole  or  frac- 
tional :  then,  whatever  m  may  be, 

(a"')-'  =  ^ — -,  bv  Art.  272, 

{pry  • 

=  -^,  by  (1)  and  (2)  of  this  Article  ; 
that  is,  (0")"=  ^ 


275.  We  shall  now  give  some  examples  of  the  mode  in 
which  the  Theorems  e:-talilished  in  the  preceding  articles  are 
applied  to  particular  cases.  We  shall  commence  with  exam- 
ples of  the  combination  of  the  indices  of  two  single  terms. 

276.  Since  a;"  x  x"  =  x'''+", 

(1)  x'xx'-'  =  x'+'-'  =  a;". 

(2)  afxa;  =  af*-^ 

(4)     a""" .h"  "x  a"-" .b'-^.c 
=  a'"~"+""".6"~'^~".c 

=  1.1. c 

=  c. 


277.     Since  (x'")"  =  x"", 

(1)  (x«)3  =  x«'<3=x»-. 

(2)  (x<)*  =  x''^^=^«. 

(3)  (a8')i  =  a""'^  =  a* 


278.     Since  i»=  ^a>*, 


(1)  x^=^'x'. 

(2)  T^=i/x^. 
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Note.  When  Examples  are  given  of  actual  numbers  raised 
to  fractional  powers,  they  may  often  be  put  in  a  form  more-  Ht 
for  easy  solution,  thus  : 

(1)  144--' =(144^)3  =  (  ^144^=12^'=  1728. 

(2)  125^  =  (125^)2=:  4/i25)-  =  5--i  =  25. 

279,  Since   (af)"=x"", 

(1)  |(x")"j''  =  (x'"")^  =  x'""''. 

(2)  !  (a— )-}'  =  («""/ =  «"«». 

(3)  \{7:-^Y\'  =  {x-^")^=x-^. 

280.  Since     x-"  =  — , 

X"' 

we  may  replace  an  expression  raised  to  a  nej^ative  power  by 
th.i  reciprocal  (Art.  199)  of  the  expression  raised  to  tlu;  >ame 
positive  power :  thus 

CI)     --'  =  \  (2)     a-=j,.  (3)     a^^^K. 

Examples. — c. 

(1)  Express  with  fractional  indices : 

I.     v/x5  +  -4/x2  +  (Vxy.  3.     lhU{l>df^a^^. 

(2)  Express  with  negative  indices  so  as  to  remove  all  puweiv 
from  the  denominators : 

,      ^  +  "  4.  ^'  ^  3  ^        5x-'      X 

X     X-      x^      X*  •'     Ayh^     lyz^     yz 

2/^      y^     y*'  ^'    Sz^'^oxY'^x^'yi- 

(3)  Express  with  negative  indices  s<^  as  to  remove  all  powers 
from  the  numeraiori  ; 


2o6 
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a     a^     Ir      3 

yt.t  +  t 


\aW      3a  •     Ux 


3-    -3    + 


v/6c       y 


^  32!  C^  C 


(4)     Express  with  root-symbols  and  positive  indices  : 


I.    2z3 


+  3x'u3  4.a;-.i/-2,  3.    —2  + 


2.    X 


3-l-V     3+2-3. 


3        "    *        3!/~3 


a;-2         j;~3         35-3 


y- 


x" 


281.     Since  x"'-^a:"  =  -- =a;".  x-"  =  x" 

X" 
(1)       X8^X^  =  X8-3  =  X6. 


(2)     a:34-x8  =  x3-8=x-s  = 


(3)  x'"^x"*-"  =  x"-'""-"'-x"— ^  =  x». 

(4)  a»-;-a*^  =  a»-(»+'>  =  a»-^  =  a-'=— . 

a' 

(5)  x*-T-x*  =  x'~^  =  x* 

(6)  x2^X^  =  x2"'^=iE5^~^=x"'S=3-'^=^. 


282.     Ex.     Multiply  d^-a^  +  a'-l  by  a'+l. 
a*'  -  a*'  +  a'  -  1 
a'+  1 

o*'-a''  +  a*'-o' 
+  a*'-o*"  +  a'-l 

0*^1 


EXAMPLES.— Ci. 


Multiply 


1.  x**  +  x*i/'  + 1/**  >iy  x^  -  x'?/'  +  t/''. 

2.  o*"  +  Sa'-y"  +  9a"j/*"  +  27i/^  hy  a"  -  3i/" 

3.  x*^-2ax»'  +  4a*by  a^  +  2ax"  +  4o». 


THE  THEORY  OF  INDICES  207 


4.  a"  +  6"  +  c'  by  u'"  -  6"  +  c'. 

5.  a-  +  6--2c'by  2a"-6  +  (r'. 

6.  x""-"  _  1^-  by  X"  +  J/""-". 

7.  ar**  -  «"t/"  +  y*"  by  ar"  +  z-y"  +  ^, 

8.  a'^-^*  -  6'*  +  c"  by  a"'-'  +  6'-"'  +  ci-». 

9.  Form  the  square  of  a:**  +  x*"  +  1. 
lo.  Form  the  square  of  z*  -  x^  +  1. 

283.     Ex.     Divide  £*"  -  1  h,j  x/-\. 


x"- 

-\)x'^- 

-1(. 

'''  +  x=''  +  af  fl 

x^ 

-x^ 

~1 

x*- 

«*- 

-»* 

X2P. 
X»'- 

-1 

-Qlf 

X"- 

-1 

xf- 

-1 

Examples.— cii. 

Divide 

1.  x*--2/*"by  z-'-j/".  3.     x*'-y'"hy7f-y. 

2.  x"*  +  f  by  X"  + 1/".  4.     a""  +  6'°»  by  a'"  +  i"*. 

5.  x»^-243byx'-3. 

6.  o*"  +  4a="x*"  + 1 6x*"  by  a*"  +  aa'-x-  +  4x^ 

7.  Qx"  +  Zx*"  +  14X'''  +  2  by  1  +  Sx"  +  7?". 

8.  1 46*'"c'-  -  1  Si'^r"  -  56'"  +  46='"c'"*  by  6'"  +  6-c*"  -  26'""c"'. 

9.  Find  the  square  root  of 

a*"  +  ea'""  +  ISa*"  +  20a^  +  ISa-"  +  Ga"  +  1. 
10.     Find  the  square  root  of 

a*"  +  6**  +  c*  +  2a"6''  +  2a''c'  +  26V. 
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Fractional  Indices. 
284.     Ex.     Multiply  a'  -  ah^  +  b^  by  J  +  b^. 
J  -  ah^  +  b^ 
a^  +  b^ 

a   -  ar^b^  +  a*6* 

+  ah^-ah^  +  b 
a   +b 

Ex  A  MPLES. — ciii. 
Multiply 

1.  cc^  -  2x^  +  1  by  a;^  -  1.  ' 

2.  y^ +  y^ +  y^ +1  hy  y* -1. 
3-     a^-J  by  «^4  aM  +  X'^. 

4.  a^  +  6'  +  c-*^  -  a^i^  -  aK^  ~  h^c^  by  a^  +  6*  +  cK 

5.  5j-^  +  Sx'j/'^  +  3x*t/2  +  7y4  v,y  2x*  -  3j/*. 

*         3   1         a   2        13        4  ,         i        I 

6.  m'' +TO'n' +  ?;i 'H  •  +  7n"7i'^ +  71^  bym''--M\ 

7.  7ft^  -  2dhi^  +  4d~  by  vi^  +  2d*ii^  +  4«i-. 
g.     8a^  +  4a '6'  +  5rt  • /r  +  96"^  by  2-/^  -  :ih* . 

Foi-m  the  aquare  of  each  of  the  following  expresaionP  :  ' 
9.     x^+a^.  10.     x^-n\  II.     x"+y-\ 

12.     a  +  b^.  13.     x^-2xU:J.  14-     2x'^f;ix-+4. 

11;.     x^-y^  +  zK  16.     x^  +  aiz-i-sf* 
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285.     Ex.     Divide  a -h  hy  ^a-  ijh. 

Puttiuj,'  a*  for  ^/a,  and  b^  for  4/6,  we  proceed  thus : 

a  -  ah^ 

ah--b 

EXAMPLES.— civ. 
Divide 

1.  x-yh\  .c*-y*.  7.    x-81yhyx^-3yi. 

2.  a-bhya^  +  bk  8.    8la  -  16b  hy  sJ  -  2h^ . 

3.  x-y  l)y  x3  - 1/*  9.    a  -  X  by  x*  +  a^. 

4.  a  +  6  Vjy  a*  +  6  ^  jq.    771  _  243  by  m^  -  3. 


I       J. 


h.^r 


5.  x  +  y  by  x'^+t/s.  II.    X+17X-  +  70  by  X-  +  7. 

6.  ni  —  ?J  by  m^  —  «".  12.    x^  +  x^  -  1 2  by  x*  —  3. 

13.  b^-Zh^  +  :ib-bHy  b^-l. 

14.  X  + 1/  +  3  -  3x^  1/ *7;3  by  x^  +  i/^  +  2^ . 
■  5.  x-5j-46.J-40byxi.4. 

16.  m  +  m^Jt 2  +  ^i  i,y  -^2  _  TjiT^it  _|.  ji 2^ 

17.  j5 - 4;j*  +  6p-  -  4p*  + 1  by  p2  _  2p?^+ 1. 

18.  2x  +  x^y^  ~  3y  -  iyK^  -  xK^  -  2  by  2x^  +  3t/^  +  z^. 

.       4      31      53      la      4 

19.  x  +  1/  by  X-'  -x"j/-^  +x"j/-^  —x^ii^  +y'\ 


ito 
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Negative  Indices. 
286.     Ex.     Multiply  x'^  +  a;~ V'  +  ^~^V~^  +  V'^  %  «"' "  3/"*- 

«"*  +  x~^y~^  +  x~hf~^  +  a;"'i/~' 

-  x~^y~^  —  x~hf~^  —  x~^y~^  -  y~*^ 

x--*-y-^ 


Examples.— cv. 


Multiply 


a"i  +  6"i  l)y  ff~'  -  h  \  2.    x"^  +  6"^  by  x~'  -  b'K 

T^  +  x  +  x'^  +  x'^hy  x-x~^.     4.    X-- 1 +x"^  V)y  x^+l +x~2. 

„-2  +  6-2  by  a-2  -  b--.     6.    «->  -  6-'  +  r-i  by  f/"'  +  6"'  +  c-». 

1  +  ab-^  +  a-b--  by  1  -  ab'^  +  a-fc-^. 

«-7j-^  +  2  +  a-^t'-i  by  a-'6-2  -  2  -  ir-b\ 

4x-3  +  :3x-'-  4-  2x-»  +  1  by  x-^  -  x"'  +  1. 

|x-2  +  3x-i  -  ^  by  2x-2  -  x-»  -  J. 


287.     Ex.     Dtrwfe  x^  +  1+  x-'-'  %  x  -  1  +  x-^ 
x-l+x-';x-+l  +./;-2(x+l+x-i 
ar^-x+l 


x  +  x~^ 
X-  1  +x~* 

l-x-*  +  x-' 
1-X-1+X-* 


Note.    The  order  of  the  powers  of  a  is 


.or,  a',  a',  a",  a" 


a  Berips  which  may  be  written  thus 
3     •'        ill 
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EXAMPLES.— CVi. 
Divide 

I.    z- -  a;"- by  V  f  1    '  j.     >     6~^bya  — i~^ 

3.    m^  +  n~^  by  rn  +  n~^  4.    c^  -  ii~*  by  c  -  (i~^   >• 

5.  x^~2  +  2  +  x~-i/-  by  ri/~i  +  x~'i/. 

6.  a-*  +  a-2fe-2  +  6-*  by  a-^  -  a-'^-i  +  6-2. 

7.  a^j/~^  -  z~y  —  3x?/~^  +  3x~^2/  by  x;/"'  -  x~^. 
_     3x-5      ,     .     77X-3     43x72     33x-i     „„ 

by  - —  x~'  +  3. 

9.    a?hr'-^ -^  a~'^h^  by  rt6~i  +  a"  '6. 
10.    ar'^  +  Z>~3  4-  c~^  -  3a~^6~ic^i  by  ar^  +  6-'  +  c~\ 

288.     To  shew  that  (at)"  =  a".  6". 
(aft)"  =  ab  .ab  .ab..  .to  ?i  factors 

=  (a .  a .  a  ...  to  71  Jactors)  x  (6 .  6 .  6  . . .  to  n  factors) 
=  a" .  b". 

AVe  shall  now  give  a  series  of  Examples  to  introduce  the 
various  forms  of  combination  of  indices  explained  in  this 
Chapter. 

Examples. — evil. 

1 .  Divide  x^  -  4xi/  +  4x^y  +  4y^  by  x^  +  2x^i/ 2  ^  2y. 

-JL  1 

2.  Simplify  j  (x"^)^ .  (x«)2  }»*-«.         3.    Simplify  {x'"" .  x'^)^-". 

,,.       Tr     )      1  1  x  +  rtx-ai 

4.    bimplilv  <  ~s-- -^ — ^, 5 5 5 — >. 

-r-  I      -    J  x^  —  a-     X-  +  a^  X-  +  a-      / 
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5.  Multiply  ^x-2  +  4x-i  - 1  by  Sor^  -  ^sr^  -  ^ 

6.  Simplify  ^•'^J        ■      7-    Divide  x»»  - 1/»»  by  .-"  +  (/". 

8.  Multiply  (a^  +  6^)^  by  a^  -  65. 

9.  Divide  a- 6  by  ^a-  ^6.  10.    Prove  that  (a^)"  -  (a")'. 

11.  11"  a"'"  =  (a"')",  tiud  /?i  in  terms  of  n. 

1 2.  Simplify  x-*^+' .  x^'-' .  x*-'+' .  x^"^. 

,3.    Simplify  (^y-(^%f*  14.    Divide  4a«  by  «^-'. 

15.  Simplify  [j(a-"m-[!Krr'} 

1 6.  Multiply  a"  +  6"  -  2c"  by  2a"  -  36. 

1 7.  Multiply  a"-"6"  -'  by  ft"-^6'^c. 

"o     CM        .1    ,a  +  (62a)*-(a26)i         a* 

1 8.  Shew  that  — ^^ — '—-^ — '—  =  -r — r  ■ 

«  +  ^  a* +6* 

19.  Multiply  x^+x«  +  l  byx3-x«  +  l 

2       1 
and  their  product  by  x^  -  x-^  +  1. 

20.  Multiply  o"  -  ba""^ x  +  coT-'^r?  by  a"  +  6a"-'  a  -  ca"-'^^. 

2 1 .  Divide  x2^»-"  - 1/^^'""  by  x^*""  +  y^'-". 

22.  Simplify  )(«")"  "''^*- 

23.  Multii)ly  x^'  +  x^'i/'  +  x'j/'^  +  ?/■'''  by  T'-f. 

24.  Write  d<i\vn  the  values  of  ()254  uml  12-'''. 
C5.  Multiply  j'"^""  -  y"-""  by  x"  - ?/*. 

26.    il  ultiply  x'  +  3x-  - 1  by  J  -  2x~*. 
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289.  All  numbers  which  we  cannot  exactly  determine, 
because  they  are  not  multiples  of  a  Primary  or  Subordinate' 
Unit,  are  called  SurdS. 

290.  We  shall  confine  our  attention  to  those  Surds  which 
originate  in  the  Extraction  of  roots  where  the  results  cannot 
be  exhibited  as  whole  or  fractional  numbers. 

For  example,  if  we  perform  the  operation  of  extracting  the 
square  root  of  2.  we  obtain  1-4] 42...,  and  though  we  may 
carry  on  tlie  process  to  any  recjuired  extent,  we  shall  never  be 
able  to  stop  at  any  particular  point  and  to  say  that  we  have 
found  the  exact  number  which  is  equivalent  to  the  Square 
Root  of  2. 

291.  "We  can  approximate  to  the  real  value  of  a  surd  by 
finding  two  numbers  between  which  it  lies,  differing  from  each 
other  by  a  fraction  as  small  as  we  please. 

Thus,  since  V2  =  1-4 142 


14  15  1 

J2  lies  between  t—  and  — -,  which  differ  by  r—  ; 
10  10  •'  10 

also  between  -j--  and  — ,  which  differ  by  -^^y, 

also  between  ^^  and  ]^^,  which  diller  by  -^-. 

And,  generally,  if  we  find  the  square  root  of  2  to  n  places 
of  decimals,  we  shall  find  two  numbers  between  which  mJ'2  lies. 

differiuLT  from  each  other  by  the  fraction  ,  -  ■ 
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292.  Next,  we  can  always  find  a  fraction  differing  from  the 
real  value  of  a  surd  by  less  than  any  assigned  quantity. 

For  example,  suppose  it  required  to  find  a  fraction  differ- 
ing from  ;^/2  by  less  than  y^. 

Now  2(i2)'-2,  that  is  288,  lies  between  (16)^  and  (17)2, 
;.  2  lies  between  (^9)  ^^^^  \T^)  ' 
.:  J2  lies  between  j^  and  ^s  > 

.-.  J2  differs  from  ;r^  by  less  than  ^^j. 
^  12    "^  12 

293.  Surds,  though  they  cannot  be  expressed  l)y  whole  or 
fractional  numbers,  are  nevertheless  numbers  of  wliich  we  may 
form  an  approximate  idea,  and  we  may  make  three  a.ssertiona 
respecting  them. 

(1)  Surds  may  be  compared  so  far  as  assi-rting  that  one  is 
greater  or  less  than  another.     Thus  ^'3  is  clearly  greater  than 

/v'2,  and  4'9  is  greater  than  4/8. 

(2)  Surds  may  be  multiples  of  other  surrls :  tlius  2  J2  is 
the  double  of  ^2- 

(3)  Surds,  when  multiplied  together,  may  ])roduce  as  a 
result  a  whole  or  fractional  number;  thus 

J-2x  V2  =  2, 

3 


»/3       »M       */3 


and  .»,,-■/»/./».. 

4 


294.  The  symbols  ^'a,  ^fa,  ^Ui,  J^'n,  in  cases  where  the 
second,  tliird,  fourlii,  and  ?*"'  roots  respectively  of  a  cannot  be 
exhibited  as  whole  or  fractional  numbers,  will  represent  surd.s 
of  the  .second,  third,  fourth,  and  71""  order. 

These  symbols  we  may,  in  accordance  with  the  principles 
laid  down  in  Chapter  XXIII.,  replace  by  a-,  a*,  a*,  a". 
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295.  Surds  of  the  same  order  are  those  for  which  the  root- 
symbol  or  surd-index  is  the  same. 

1 
Thus  ^a,  3  .JQih),  4^/(mn),  r-  are  surds  of  the  same  order. 

Like  surds  are  those  in  which  the  same  root-symhnl  ';r  surd- 
index  appears  over  the  same  quantity. 

Thus  2  nja,  3  Ja,  4a-  are  like  surds. 

296.  A  whole  or  fractional  number  may  be  expressed  in 
the  form  of  a  surd,  by  raising  the  number  to  the  power  denoted 
by  the  order  of  the  surd,  and  placing  the  result  under  the 
symbol  of  evolution  that  corresponds  to  the  surd-index. 

Thus  a=  Ja% 

b      'Ib^ 


297.  Surds  of  different  orders  may  be  transformed  into  surds 
of  the  same  order  by  reducing  the  surd-indices  to  fractions 
with  the  same  denominator. 

Thus  we  may  transform  ^x  and  ^y  into  surds  of  the  same 
order,  for 

and  4/t/  =  i/i  =  2/^  =  '^/i/3, 

and  thus  both  surds  are  transformed  into  surds  of  the  twelfth 

order. 

Examples.— cviii. 

Transform  into  Surds  of  the  same  order : 
I.  Jx  and  4/y.       2.  4/4  and  ^2.        3.  J{18)  and  4/(50). 
4.  :;/2  and  ;/2.       5.  ;;;/aand  ^/h.        6.  if(a  +  b)  and  ^{a-b). 

298.  If  a  whole  or  fractional  number  be  multiplied  into  a 
surd,  the  product  will  be  represented  by  placing  the  multiplier 
and  the  multiplicand  side  by  side  with  no  sign,  or  Avith  a  dot 
(.)  between  them. 

Thus  the  product  of  3  and     ^2  is  represented  by  3    ^2, 

of  4  and  5  ^/2 by  20^2, 

of  rt  and     Jc  by  a  ^c. 
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299.  Like  surds  may  be  combined  by  the  ordinary  pro- 
cesses of  addition  and  subtraction,  that  is,  by  adding  the 
coefl&cients  of  tlie  surd  and  placing  the  result  as  a  coeliiciunt 
(tf  the  surd. 

Thus  ,1^"  +  V'*  =  2  '^^1 

X  sjc—  ^/c  =  (x  -  1)  ^c. 

30<).  We  now  proceed  to  prove  a  Theorem  of  great  ini- 
)inrtajice,  wliich  may  be  tlius  stated. 

The  root  of  any  expression  is  the  same  as  the  product  of  the 
roots  of  the  separate  factors  of  the  e.cpression,  that  is 

^(ab)  =  Va .  Jb, 
^ixyz)=^x.^y.  ^z, 

;j{pqr)=  :ifp.::/q.;/r. 

We  have  in  fact  to  shew  from  the  Theory  of  Indices  that 

V       1     J. 

(ab)"  =a'' .  b". 

Now  )(aft)"!"  =  (a6)»  =  a6, 

and  ja".  />"  j  "■=(«")".  (?;")"  =  »".  6"  =  a.  ft; 

.-.  |(aftV"|-=|a"-^V; 
:.  (ab)"  =«" .  h". 

301.  We  can  Bometimcs  raduce  an  expression  in  the  form 
of  a  surd  to  an  equivalent  expression  with  a  whole  or  frac- 
tional number  as  one  factor. 

Thus  v^("2)  =  JQ'>(^  X  2)  =  V(-fi)  •  s/2  =  6  J2, 

4/(128)=  4/(64  X  2)=  4/(G4).  4/2  =  4  4/2, 
J!/{a'x)  =  I^a" .  4/.r  =  a .  ii/x. 
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Examples.— cix. 

Reduce  to  equivalent  expressions  with  a  vvliole  or  fractional 
number  as  one  factor  : 

I.     V(24).  2.     V(50).  3-     s'i"^^)- 

4.     ^'{iroaH"^).  5.     JCiiyz^).  6.     ^/(lOOOa). 

7.     V(720c2).  8.     7.V(396x)  9.     IS.J{^^). 

-T-.  II-     \^(«^  +  2ah:  +  ax-). 

12.  v'(^-2x22/  +  a;?/2).     -  13.  ^(SOa^- i00a6  +  506^). 

14.  V(63c^  -  42c  V  +  7t/3).  15.  ^V(54a«62). 

16.  ^(leOxh/').  17.  ^(lOSm^niO;. 

18.  4/(1372ai66i6).  19.  4/(x*  +  3x3y  +  3x2yM3;/). 

20.  4/(a*-3a36  +  3a262_a63)_ 

302.  An  expression  containing  two  factors,  one  a  surd,  the 
other  a  whole  or  fractional  number,  as  3  ,^2,  a  ^x,  may  be 
transformed  into  a  complete  surd. 

Thus  3  V2  =  (32)i  v/2=  v/9.  J2=  ^(18), 

a^x  =  {a^)^.  ^x=  ^a\  ^x=  ^f{a^x). 

Examples. — ex. 

Reduce  to  complete  Surds  : 


4v/3.                         2.     3V7.  3.     54/9. 

24/6.                          5.     3^/|.  6.     3^/a. 

4«V(3x).  8.     2ax^(^). 

Vx  +  I//    "    Vx^- 2XV +  '!/-''' 
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303.  Surds  may  be  compared  by  transforming  them  into 
surds  of  the  same  order.  Thus  if  it  be  required  to  determine 
whether  J2  be  greater  or  less  than  4^3,  we  proceed  thus  : 

4/3  =  3-^  =  30=  ^32=  v"'9. 
And  since  ^9  is  greater  than   ^''8, 
^3  is  greater  than   v'2. 

Examples. — cxi. 

Arrange  in  order  of  magnitude  the  following  Surds  : 

1.  v^3and  4/4.  6.     2  v'87  and  3  v^33. 

2.  v^lOand  4/1-).  7.     2  4/22,  3  ^7  and  4  v/2. 

3.  2  v^3  and  3  ^'2.  8.     3  v/19,  5  ;V18  and  3  4/82. 

4.  ^5- and  ^(10  9-     2  4/14,  5  4/2  and  3  4/3. 

5.  3  ^7  and  4  ^3.  10.     ^  ^2,  ^  v^3  and  ^  ^'4. 

304.  The  following  are  examples  in  the  a[»plication  of  tiie 
rules  of  Addition,  Subtraction,  Multiplication,  and  Division  to 
Surds  of  tlie  same  order. 

1.  Find  the  sum  of  ^18,  s/128,  and  ^/32. 

v'(18)+  V(128)+  x/(32)=  V(9x2)+  ^/(64x2)+  ^/(16x2) 
=  3V2  +  8v'24-4v'2 
=  15  v/2. 

2.  From  3  ^'(75)  take  4  x/(12). 

3  J{;  5)  -  4  V(12)  =  3  V(25  x  3)  -  4  ^M  x  3) 
=  3.5.^/3-4.2.  x/3 
=  15^3-8^-3 
=  7^3. 
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3.  Multiply  v'8  by  V(12). 

^/8x  ^/(12)=  s/(8xl2) 
=  ^'(96) 
=  V(16  X  6) 
=  4^/6. 

4.  Divide  x/32  by  V18. 

k/(32)  ^  -v/(16^_2)  ^  W2  ^  4 
^/(18)       ;v/(9x2)      3^/2     3" 

Examples. — cxii. 

Simplify 

1.  ^(27)  +  2  V(48)  +  3  V(108).  11.  ^6  x  »/8. 

2.  3  V(IOOO)  +  4  V(50)  +  12  v/(288).    1 2.  ^(14)  x  ^(20). 

3.  a  V(a^)  +  h  ^{hhi)  +  c  ^{c^x).  1 3.  ^(50)  x  V(200). 

4.  4/(128)  +  4/(686)  +  4/(16).  14.  4/(:3a26)  X  4/(9a62). 

5.  7  4/(54) +  3  4/(16) +4/(432).  15.  4/(12a6)  x  4/(8a^6S). 

6.  V(96)-  v^(54).  16.  ^/(12)-^V3. 

7.  ^(243)  -  V(48).  17.  V(18)^v'^ou;. 

8.  12V(72)-3V(128).  18.  4/(^26)^  4/(«62). 

9.  5  4/(16) -2  4/(54).  19.  4/(a36)^  4/(a63). 

10.    7  4/(81)  -  3  4/(1029).      20.    V(a;^  +  x^;/)  ^  ^f(x  +  ^xhj  +  x^;/-). 

305.  We  now  proceed  to  treat  of  the  Multiplication  of 
Compound  Surds,  an  operation  which  will  be  frequentlj;  '-e- 
quired  in  a  later  part  of  the  subject. 

The  Student  must  bear  in  mind  the  two  following  Rules: 

Rule  I.       ^a^  x/b=  s'iab), 
Rule  II.      ^ax  ^a  =  a, 
which  will  be  true  for  all  values  of  a  and  h. 
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Examples.— cxiii. 

Multiply 

I.    y/xhj,Jy.  g.  >^fxhy  -  i^x. 

2-  s/ix  -  y)  by  ^fy.  lo,  ^{x  -  1)  by  -  ^/{x  -  1). 

3-  \/(a; + y)  i>y  s/i^ +y)-  1 1  •  S  V-c  by  -  4  y/x. 

4.  s/(x  -  2/)  by  ^{x  +  y).  1 2.    -  2  V"  by  -  3  Ja. 

5.  6  V^  by  3  V^;-  13-    \K^  -  7)  by  -  ^x. 

6.  7  V(.^  +  1)  by  8  V(a:  +  1 ).     1 4-    -  2  ^{x  +  7)  by  -  3  ^x. 

7.  10  ^x  by  9  V(a;  -  1).  1 5.    -  4  V(a^  -  1)  by  -  2  ^/(a2  -  1). 

8.  V(3x)  by  V(4a;).     16.    2V(«^-2a  +  3)  by -3V(«^-2a  +  3). 

306.     Tlie  following   Examples  Avill  illustrate  tlie  way  of 
proceeding  iu  forming  the  products  of  Compound  Surds. 

Ex.  1 .     1 0  multiply  ^Jx  +  Shy  i^x  +  2. 
Jx  +  3 

Va;+2 

X  +  3  ^x 
+  2Va;  +  6 

x  +  5,Jx  +  6 

Ex.  ^.     To  multiply  4  ^^x  +  3  ^2/  by  4  V*:  -  3  v'^/. 
4^x  +  3v/!/ 
(  "^s/x-  -ijy 

IGx  +  \2  y/{oey) 

-12V(xy)-9y 

16x-9?/ 


clx.  3.     To  form  tliu  square  o{  ij(x  —  *l)-  ^x. 
^{x-1)-  Jx 
J{x-7)-  ^x 

x-7  -  J{x^-lx) 

-  V(x'-7x)+aj 

2x  -  7  -  2^/{x^-  7x) 
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Ex  AMPLES.— CXiv. 
Multiply 
I.    Va;  +  7  by  Vx  +  2.  2.     y/x-5  by  ^fx+  3. 

3-    V(a  +  9)  +  3byV(«  +  9)-3. 

4.  V(a-4)-7byV(a-4)  +  7. 

5.  3  ^a;  -  7  by  ^x  +  4. 

6.  2V(a;-5)  +  4by  3V(x-5)-6. 

7.  V(6  +  a;)  +  ^/x  by  v''(6  +  x)  -  v'x. 

8.  J{Sx  +  1 )  +  V(2x  -  1 )  by  ^Sa;  -  ^(23:  -  1). 

9.  Va  +  J(a  -  x)  by  ^x  —  v'(a  -  a;). 
£o.    V(3  +  a;)  +  x^x  by  ^/(3  +  x). 

11.  V^+  ^y+  ^z  by  Va;-  V2/+  \^2- 

12.  v'«+  \/(a-x)+  Va;  by  Va-  ^/{a-x)+  >Jx. 

Form  the  squares  of  the  lollovving  expressions : 

13.  21+ V(a;2-9).  17.    2^x-3. 

14.  -v/(a;  +  3)+ V(a;  +  8).  18.    sj{x  +  y)  -  ^{x-y). 

15.  Va;  +  V(a;  -  4).  19.    Va:  •  s'i^  +  1)  -  V(a;  -  1). 

16.  V(x-6)  +  V*.  20.   V(a;+ 1)  +  Va;  •  V(a; -  1). 

307.  We  may  now  extend  the  Theorem  explained  in 
Art.  101.  We  there  shewed  how  to  resolve  expression-  of 
the  form 

into  factors,  restricting  our  observations  to  the  case  of  perfect 
squares. 

The  Theorem  extends  to  the  difference  between  any  two 
quantities. 

Thus 

a—h  =  {^a+^h){^a-^h). 
a?-y  =  {x+  Jy)  (x-  ^fy). 
l-x=(l+  Jx)(l-  Jx). 
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308.  Hence  we  can  always  find  a  multiplier  wliich  will 
fne  from  mirIs  an  expression  of  any  of  the /owr  forni!« 

I.    a+  V^         or     2.     ^'(1+  sjh, 
3.    a-  s!^>         "1-     4.     ,Ja  -  Jh. 

ior  oiiKri  the  first  and  tlLiid  of  these  expressions  give 
as  a  proihu  t  a--b,  which  is  free  from  surds,  and  since  the 
tecoiid  and  fourth  f-ive  as  a  product  a-h,  which  is  free  from 
siirdti.  it  follows  that  the  re([uired  nuiltiplier  may  be  in  all 
cases  found. 

Ex.  1.  To  find  tlie  multiplier  which  will  free  from  suixla 
each  of  the  following,'  expressions: 

I.    ^^-ir  J'-^.         2.     ^Q+ sjf>.         3.    2-V5-         4-     v/7-  ^2. 

The  multipliers  will  be 
I.    5-v'3.         2.     V6-  V5.         3.    2+v'5.         4-     x'?  +  ^2. 

The  products  will  be 
I.    25-3.  2.    6-5.  3.    4-5.  4.    7-2. 

That  is,  22.  1,  -1,  and  5. 

a 
Ex.  2.     To  reduce   the  fraction  j-_  -^  to   an  equivalent 

fraction  with  a  denominator  free  from  surds. 

Multijily  both  terms  of  the  fraction  by  h+  mJc,  and  it  be 
comes 

ab  +  a  ijc 
b^-c~  ' 
which  Ib  in  the  required  form. 

Examples.— cxv. 

Express  in  factors  : 

I.    c-d.  2.  c^-d.  3.  c-dK 

4.    1-1/.  5.  l-3x^  6.  5to2-1, 

7.    4a2-3x.  8.  9-8/1.  9.  lln^-16. 

10.    p'^  '  4r.  II.  p-^q'.  12.  a'^-b". 
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20. 


Reduce  the  following  fractions  to  equivalent  fractions  Avitli 
denominators  free  from  surds. 

1  __N>  -      1±V2 

'3-     a- ^IV  "^-      ^a- Jb-  '^'     ;.     2V2" 

'^-     2---V2-  '7.     2-1-^3-  ^^-     2T72- 

,Q     >sla+ Jx  ^^      V(»i^  +  1)-  n/('w'-'-1) 

^"     Vo  -  V**  "■     V('«-  +  1)  +  v'("''  - 1) 

1-  Va;'  ^^'     a-  v/(V-l)" 

v'Ca  +  x)  -i-  ^'{a-x)  ^        a  +_'J{(t'^  -  x'^) 

V(«  +  a;) -  \7(«  - x)'         "  ■     a-  ^/{a^ - x^)' 

309.  The  squares  of  all  numbers,  negative  as  well  as  posi- 
tive, are  positive. 

Since  there  is  no  assignable  number  the  sc^uare  of  which 
■would  be  a  negative  quantity,  Ave  conclude  that  an  expression 
which  appears  under  the  form  ^/(  -  a^)  represents  an  impossible 
quantity. 

31(1.  All  impossible  square  roots  may  be  reduced  to  one 
common  form,  thus 

V(-x)=V|x  x(-l)|=s/.r  .^A'-l). 

AVhere,  since  a  and  ^fx  are  possible  numbers,  the  whole 
impossibility  of  the  expressions  is  reduced  tu  the  appearance  of 
^(  -  1 )  as  a  factor. 

311.  Def.  By  x/(-  1)  we  understand  an  expression  which 
when  multiplied  by  itself  produces  -  1. 

Therefore 

!V(-i)P=-i, 

U/(-i)P=jV(-i)P.N/(-i)=(-i).v''-i)=- V(-i), 
!V(-i)!*=U'(-i)l'-U'(-i)|-=(-i)-(-i)=i, 

ty.d  so  on. 
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EXAMPLES.— CXVi. 

Multiply,  o1)servin;4  that 

J  -ax  ^f  -h—  -  ^fab. 

I.    4+  V(-3)by4- V(-3).        • 
.  2.    V3  -  2  v/( -  2)  l)y  ^/3  +  2  V(  -  2). 

3.  4v/(-2)-2V2  1.y  J,x/(-2)-3V2. 

4.  ^/(-2)+  V(-3)+N'(-4)by  V(-2)- V(-3)- V(-4). 

5.  3  v/(-«)+  ^/(-6)  by  4V(-«)-2  V(-t)- 

6.  a  +  ^f(  -  a)  by  a  -  ^'(  -  a). 

7.  a  .J{-a)  +  b  s/{  —  h)  by  a  ^^[-a)  —  b ^{  —  b). 

8.  a+/3V(-l)bya-/3v/(-l). 

9.  1-  ^(l-eObyl+  Va-*'^). 

I o.    t'^'-"  +  g-'^'-"  by  e'^*-'' -  e-"^'-". 

312.     "Wf  shall  now  <,'i\(^  a  few  Misci-Uaneous  Examples  to 
illustrate  the  priuciples  explained  in  this  Chapter. 


Examples.— cxvii. 

2.  Prove  that  j  1  +  v^(-  1)!'-+  ]\-  s'{-  l)i''  =  0- 

3.  Simplify -2^-  +  -    2-^y     . 

4.  Prove  that  11+  v/(- 1)!^- {1  -  V(- 1)!^=  v'(- 16). 

5.  Divi.le  x*  +  a*  by  :c- +  J2ax  +  a'^. 

6.  Divi.le  to*  +  7i*  by  vi^-  ^'2mn  +  n'^. 

7.  Siniplity  V(^''  +  2x2y  +  xt/'-')  +  ^{x^ - ^xhj  +  nf). 

8.  Pimpfify-^^---*^,^--^^:;:^^^,  and  verify  by  puttin, 
;i  iiTid  b  =  A. 
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9.     t'ind  the  square  of  dylj  -  ijicd). 

10.  Find  the  square  of  a^/^  — -^ 

11.  Simplify 


V(x2  +  a'-)  -  ^(^■■^  -  «')      V(«"'  +  a-)  +  V(a;2  -  a^)' 

1 2.  Sim pUfy  s!k^^x) ^ 

c,.      ,.p    x-1  (    a;  -1         1-a;    ) 

13.  Simplify  --  j  -^_^  +  -^-^  I . 

14.  Form  the  s<|uare  of  a  /  (  7  +  •' )  -  a  / (  '  -  3  ). 

15.  Form  the  square  of  ^/(x  +  a)  -  ^'{x  —  a). 
r6.     Multiply  y(a"-»-"6""+ic'V)  hy  ;;;/(a"6'»-'c"^')- 

17.  Raise  to  the  5*  power  —\—as,'{-  1). 

18.  Simplify  -^(81)-  ^{-b\2)+  4/(192). 

19.  Simphf\-^-^y( 3-3 ). 

20.  Si  raplify  ~^_  \  '^C^ph?  -  GS^yV  +  44 1  ^.2^ ._  1  Q2Qf-)  \ . 


21.  Simplify  2(ji-  1)^  /f  -  -— i 5 Y 

22.  Simplify  ^n -  1)  V(63)  +  \  ^'{Wl)  -  ^'^^^'^ 


+  s/!l75(»-l)-c2}  X 


l-V© 


23,     "What  is  the  difference  between 

^/|17-  s'(3:J);x  VI17+  V(:53)} 
and  ;-/jG5+  v'(l--')l  ><  v^l^y-  v'(129)i  ? 

[S.A.J  i- 
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313.  We  have  now  to  treat  of  the  method  of  finding  the 
S(ju;ire  Root  of  a  Binomial  Surd,  that  is,  of  an  expression  of 
one  of  the  following  forms  : 

m  +  jy/")  "i^—  V"; 

where  m  stands  for  a  whole  or  fractional  number,  and  ^n  It  ■ 
a  surd  of  the  second  order. 

314.  We  have  first  to  prove  two  Theorems. 
Theorem  I.     If  ^a  =  m+  Jn,  m  must  he  zero. 
Squaring  both  sides, 

:.  2m  ijn  =  a  —  m^  —  n ; 
,       a  —  m^  —  n 
•■•^^"  =  —2^-' 

that  is,  ^fiL,  a  surd,  is  ciiiml  to  a  whole  or  fractional  number, 
which  is  impossiblo. 

Ih-nce  the  assumed  eiiuaiity  can  never  hold  unless  vi^O,  in 
which  case  ^'n  =  s,'n. 

Theorem  II.     Ifl'i    ^''(  =  7(i+  ^.^/ii,  </ie;i  mi«<  6=«hi,  aiirf 

For,  if  not,  let  b=m  +  x. 

Then  m  +  x+  Ja  =  m-i-  i^n, 

or  x+  ^'a=  s'"  ; 

whi<:h,  by  Theorem  I.,  is  impossible  unless  3^  =  0,  ia  which  ca>;i' 
/)  =  m  and  ^'n  —  >J n. 

31.").      'J'ojind.  (he  i^qtiare  Hoot  o'      4-  ^/6. 

Assume  \/(a+  V^)=  -J^+  Jv- 

Then  a  +  js/b  =  x  +  2  s'i-ry)  +  V  \ 

:.  x  +  y  =  rt ....(1), 

2s'C.'-,'/^      s'/. (2), 

from  which  we  have  to  find  x  anu  ij. 
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Now  from  (1)  a;^  +  2x?/  +  j/^  =  a'^, 

Aud  from  (2)  Axxj  =  6  ; 

Also,  a:  +  y  =  a. 

From  these  equations  we  find 

j= ^-| -'  and  y  = "^ > ; 

Similarly  we  may  show  that 

316.     The  practical  use  of  this  method  will  be  more  clearly 
seen  from  the  following  example. 

Find  the  Square  Root  of  18  +  2  \/(77). 

Assume      ,v^ j  18  +  2  ^'(77)  \=  sjx+  ^xj. 

Then  18  +  2  V(77)  =  a;  +  2  ^{xij)  +  y  ■ 


.-.  x  +  7/  =  18          1 
2V(xi/)  =  2V(77)r 

Hence 

x2  + 2x1/ +  1/2  =  324) 
4x2/  =  308r 

.-.  x2_2xi/  +  i/2  =  16; 

.•.  X  —  1/  =  ±  4 ; 

also, 

x  +  i/=18. 

Hence 

r=ll  or  7,  and  i/  =  7  or  11, 

That  is,  the  square  root  required  is  V(ll)  +  ^7. 


228  ou  surds:. 


Examples. — cxviii. 

Find  the  squure  roots  of  the  following  Binomial  Surds: 

I.     10  +  2v'(2n.  2.    16  +  2^(55).  3.    9-2^(14). 

4.    94-42^/5.  .    3.     l.i- 2^/(30).  6.    38-12^(10). 

7.    14-4^/6.  8.     103-12^/(11).       9.    7.-^-12^/(21). 

10.    87-12^(42).         II.    3^-v'(l<>).  12.    57-12^(1.'')). 

317.  It  is  often  eas}^  to  determine  the  scjuare  roots  of 
e.xpressions  such  as  those  given  in  the  preceding  set  of 
Examples  hy  insjieclion. 

Take  for  instance  the  expression  18  +  2  v'(""^' 

What  we  want  is  to  find  two  numhers  whose  8um  is  18  and 
whose  product  is  77  :  these  are  evidently  11  and  7. 

Then  18  +  2  ^/(77)=  11 +7 +  2  ^(11  x  7) 

=  U(ll)+^/7|2. 
That  is  ^(11)+  n/7  is  the  s(|uare  root  of  18  +  2  ^'(77). 

To  effect  this  resolution  l>y  iiisi>ection  it  is  necessary //i(7<  the 
coefficient  of  the  surd  should  be  2,  and  this  we  can  always  ensure. 

For  example,  if  the  proposed  expression  be  4+  v^(l^)>  we 
proceed  thus : 

4+ V(i5)=— ^^^^^  illil^iil.?.) 

V5  +  V3\2 


~\      \/2      /  ' 


.'.    - — j—^    is  the  Bf|uare  root  of  4+  VCl-'J)- 

Again,  to  find  the  Scpiare  Root  of  28  -  10  ,^3. 
28-10V3  =  28-2v/(Tr)) 

=  25  +  3-2V(^;">x3) 
=  :5-  V3)^ 
.*.  6  -  v'S  i^  fhe  square  root  retjuired. 


XXV.  ON  EQUATIONS  INVOLVING  SURDS. 

318.  Any  eqiiatioa  may  be  cleared  of  a  single  surd,  -by 
transposing  all  the  other  terms  to  the  contrary  side  of  the 
ei^uation,  and  then  raising  each  side  to  the  power  correspond- 
ing to  the  order  of  the  surd. 

The  process  will  be  explained  by  the  following  Examples. 

Ex.  1.      ^lx  =  A. 

Raising  both  sides  to  the  second  power, 
x=16. 

Ex.  2.     4/x=3. 

Raising  both  sides  to  the  third  power, 

x  =  27. 

Ex.  3.      V(x2  +  7)-a;=l. 
Transposing  the  second  term, 

v/(a;2  +  7)=l+x. 

Raising  both  sides  to  the  second  power, 
x^  +  7  =  1  +  2a;  +  x^, 
.-.  x  =  3.' 

Examples.— cxix. 

I,  Jx  =  l.  2.  v/x  =  9.  3.  xi  =  5. 

4-  llx  =  2.  5.  x^  =  3.  6.  ^/x  =  4. 

7.  v/(x  +  9)  =  6.  8.  ,,/(x^7)-7.  9.  V(a-15)  =  8. 

10.  (x-9)*=12.  II.  ^(4x-16)  =  2.  12.  20-3Vx  =  5f. 
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13.  ^'/(2x  +  :3)  +  4  =  7.  17.  ^/(4j;2  +  5x-2)  =  2x+1. 

14.  h\c^x==a.  18.  v/(9x--12x-51)  +  3  =  3x. 

15.  ^(x2-9)  +  x  =  9.  19.  ^{x- -ax,-^\>)-a=x. 

1 6.  ^/(a:^  -ll)  =  x-l.  20.  ^/(•25x2  -  Swtx  +  )i)  -  5x  =  7n. 

319.  When  ixKo  surds  are  involved  in  an  equation,  one  at 
least  may  be  made  to  disappear  by  disposing  the  terms  in 
such  a  way,  tliat  one  of  the  surds  stands  by  itself  on  one  pide 
of  the  ecjuation,  and  then  raising  each  side  to  the  power  cor- 
responding to  the  cyder  of  the  surd.  If  a  surd  be  still  left,  it 
can  be  made  to  stand  by  itself,  and  removed  by  raising  each 
side  to  a  certain  power. 

Ex.  1.      ^(x-l(5)+  V-c  =  8. 

Transposing  the  second  term,  we  get 
v/(j;-16)  =  8-  ^x. 

Then,  squaring  both  sides  (Art.  306), 

X- 16  =  64 -16  V'x  +  x; 
therefore  1 6  v'c  =  64+16, 

or     \<osJx  =  m, 
or      i^x  = .')  ; 
.-.      x  =  25. 

Ex.  2.  ^ix-5)+  ^'(x  +  7)  =  6. 

Transposing  the  second  term, 

V(x-5)  =  6-  ^'(.rh-J). 

Squaring  both  sides,  x-5  =  36-12  ^(x  +  7)  +  x 4- 7  , 
therefore  12  v'(x4-7)  =  36  +  x  + 7-x4-.'i. 

or  '     12V(x  +  7)  =  48, 

or  V(^  +  7)  —  4. 

Squaring  both  .sides,  x  +  7  =  1 6  ; 

therefore  x  =  9. 
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Examples. — cxx. 

1.  v'(16  +  x)+  Jx  =  8.  6.     1+  v/(3a;+l)=  ^/(4x  +  4). 

2.  VVc -  16)  =  8  -  va;.  7-     1  -  V(i  - <^'-)  =  ^  V(l  - a^> 

3.  x/(a!  +  lo)  +  \'-''=  15.  8.     a-  V(.r - o)  =  s!x. 

4.  VC-r  -  2 1)  =  v'-<^^  -  1  •  9-     V-^'  +  V  (•«  -  *"-)  =  y- 

5.  x/(a;-l)  =  3-  ^/(.c  +  4).       10.     v'(x- 1)+  x/(x-4)-3  =  0. 

320.  When  surds  appear  in  the  fleimniinators  of  fractions 
in  equations,  the  equations  may  be  cleared  of  fractional  terms 
by  the  process  described  in  Art.  186,  care  being  taken  to 
follow  the  Laws  of  Conibinalion  of  Surd  Factors  given  in 
Art.  305. 


Examples.— cxxi. 

36  28 
X.     n/^+v/(^-9)=7(^-9)-  3-    V(x+')+^/^•=-;7(^7-)■ 
^{ax)  +  b_      h-a  Va;  +  1 6 _  v'-*' +  32 
' ■        x  +  h     ~h-  ij{ax)'  ^'    \lx  +  T  ~~  Jx+l-l' 

321.     The  following  are  examples  of  Surd  Equations  result- 
ing in  quadratics. 

Lx.  1.  2vu;-h^=  5- 

Pl^aring  the  equation  oi"  fractions,  2x-)-  2  =  5  wcc. 
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Squaring  both  sides,  we  get  4a;*  +  8x  +  4  =  25x ;  / 

whence  we  find  x  =  4  or  -. 
4 

Ex.  2.  ^/(x-  +  9)  =  2  v/j!  -  3. 

Squaring  both  sides,      x  +  9  =  4x  -  1 2  ,^/x  +  9  ; 
therefore  Yi.  ^jx=Zx, 

or  4  Jx  =  x. 

Squaring  both  sides,         16x=x^. 

Divide  by  x,  and  we  get     16 =x. 

Hence  tliti  values  of  x  which  satisfy  the  equuliou  are  16 
and  0  (Art.  248). 

Ex.3.  ^i2x+l)+2^x=  ^j-^^^^y 

Clearing  the  equation  of  fractions, 

2x  +  l+2x/(2x2  +  x)  =  21; 
therefore  2  ^(2x2  +  x)  =  20  -  2x, 

or  ^{2x^  +  x)  =  lO-x. 

Squaring  both  sides,     2x2  +  x  =  1  oo  _  20x  +  x*, 
whence  x  =  4  or  -25 

322.  We  shall  now  give  a  set  of  examples  of  Surd  Equa- 
tions some  of  which  are  reducible  to  Simple  and  others  to 
Quadratic  Equations. 


Examples.— cxxii. 

1.  4x-12^/x=16.  4-     V(6a;-ll)=  \/(249-2x2). 

2.  45-14s/x=-x.  5.     V(6-a;)  =  2-  v/(2j:-1). 

3.  3V(7  +  2x2)  =  5v'(4x-3).       6.     x-2  s'(4-3x)  + 12  =  0. 

7.  V(2x+7)+  v/(3x-18)=  V("^  +  l). 

8.  2  V(2()4  -  5x)  =  20  -  V(3x  -  68), 
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9.  Vx-4  =  -.?^.  14.  V(x  +  4)+  V(2x-1)  =  6. 

608 


Vx  +  1 1  =  -,-^.  1 5-  V(13x  -  1)  -  V(2^  -  1)  =  5- 

tjx—  11 

V(x  +  5).V(a;  +  12)  =  12.^       16.  V(7x+1)- -v/(3x+l)  =  2. 

V(x  +  3)+ V(a;  +  8)  =  5Vx-     17-   V(4  +  a;)  +  V^;  =  3. 

525 
x/(25  +  x)+  V(25  -  x)  =  8.       1 8.   v/^  +  V(x  +  9975)  =  -j=. 


20.  V(x^-l)  +  6=    ,,l^   ... 

21.  ^\{x-af  +  2ah  +  h-\=x-a  +  b. 

22.  Vl(x  +  a)"  +  2a6  +  6-|  =?)-a-a;. 

23.  >v/(x  +  4)  -  Vx=  w(x  +  2). 

X  —  1  5 

24-        .  _^=x  +  -.  26.     v/(x  +  4)+  V(x  +  5)  =  9. 

25.     V(4  +  a;)-  V3=  v/x.  27.     Vx+  V(x-4)=       ^ 


-v'(x-4)- 


28.  x2  =  21+  V(x2-9). 

29.  ^(50  +  x)-  v'(50  -  x)  =  2. 

30.  s/(2xr4)-^(|  +  6)  =  l. 

31.  ^^3  +  .).,/.  =  -^^. 

•,2   — L_+  -i - i_ 

^  •     sjix^iy  \f{x -l)~  V(x2 -  !)• 

3x  -r  \/(4x  —  x^ 
33-     3i^VC4^-^)=^^-       34.     Vx+  V}a-  v^(ax  +  a52)J=Va. 


XXVI.    ON   THE    ROOTS  OF   EQUATIONS. 

323.  We  have  already  proved  that  a  Simple  Enuation  can 
have  only  one  root  (Art.  193) :  we  have  now  to  prove  thai  a 
Quadratic  Eciuation  can  have  only  two  roots. 

324.  We  must  first  call  attention  to  the  following  fact: 

If  77171  =  0,  either  iii  =  0,  or  n  =  0. 

Thus  there  is  an  amhiguity  :  but  if  we  know  that  ttj  cannot 
be  equal  to  0,  then  we  know  for  certain  that  n  =  0,  and  if  we 
know  that  n  cannot  be  equal  to  0,  then  we  know  for  cerUiin 
that  771  =  0. 

Further,  if  lnin  =  0,  then  either  i  =  0,  or  7/1  =  0,  or  n  =  0,  and 
80  on  for  any  number  of  factors. 

Ex.  1 .     Solve  the  ecjuation  (x  -  3)  (x  +  4)  =  0. 
Here  we  must  have 

x-3  =  0,  orx  +  4  =  0, 
that  is,  a;  =  3,  or  X  =  -  4. 

Ex.2.     (x-3a)(5x-26)=0. 
Here  we  must  have 

x-3a  =  0,  or  5x-2&=0, 

that  18,  X  =  3a,  or  x  =  — . 
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Examples. — cxxiii. 

I.  (x-2)(x-5)=0.     2.  (x-3)(a;  +  7)  =  0.     3.  (x  +  9)(a;  +  2)  =  0. 

4.  {x-ba){x-m  =  0.  6.   (19x-227)(142;  +  83)=0. 

5.  (2j;  +  7)(3x-5)  =  0  7.   (5x-4?7i)(6x- lln)  =  0. 

8.  (x2  +  5aj;  +  6a'0(x2-7ax+12a2)=O. 

9.  (x2-4)(x2-2ax  +  a2)  =  0. 

10.  x(x2-5x)  =  0. 

11.  (acx-2a +  6)(6cx  +  3a-5)=0. 

12.  (ex  -  (?)  (ex  -  e)  =  0. 

325.  The  general  form  of  a  quadratic  equation  is 

Hence  a(  x'  +  -x  +  - )=0. 

■  \        a      a/ 

Now  a  cannot  =0, 

a      a 

...  I  c 

AVnting  p  for  -  and  q  for  -,  we   may  take  the  following 

as  the  tv-pe  of  a  quadratic  equation  of  which  the  coefBcient  of 
the  first  term  is  unity, 

326.  To  show  that  a  quadratic  equation  has  only  two  roots. 

Let  x2+^x  +  5'  =  0  be  the  equation. 

Suppose  it  to  have  three  different  roots,  a,  b,  c. 

Then  a-  +  ap  +  q  =  0 (1), 

b-+bp  +  q  =  0 (2), 

c^  +  cp  +  q  =  0 (3). 

Subtracting  (2)  from  (1), 

a'i-b^+(a-b)p  =  0, 
or,  (a-b){a  +  b+p)  =  0. 
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Now  a-h  (lues  not  equal  0,  since  a  and  h  are  not  alike, 

.-.  a  +  h^-p  =  0 (4). 

Again,  subtracting  (3)  from  (1), 

a2_c2  +  ((i-c)p  =  0, 
or,  (a-c)(ft  +  c  +  ;))=0. 

Now  a-c  does  not  equal  0,  since  a  and  c  are  not  alike, 

.-.  «  +  f+2)  =  0 (5)- 

Then  subtracting  (5)  from  (4),  we  get 

6-c  =  0,  and  therefore  h  =  c. 

Hence  tiiere  are  not  more  than  two  distinct  roots. 

327.  We  now  procti d  to  show  the  relations  existing  be- 
tween the  Roots  of  a  quadratic  equation  and  the  Coefficients 
of  the  terms  of  the  e([uation. 

328.  x}^i^x  +  q  =  0 

is  tlie  general  form  of  a  ([uadratic  equation,  in  which  the  co- 
efficient of  tlie  tirst  term  is  unity. 

Hence  x^^px=-q 

9  V'     1^ 

Now  if  a  and  ft  be  the  roots  of  the  e(iuation, 

^=-i-V(";-') <^'- 

Adding  (1)  and  (2),  w.-  -.t 

a  +  (S^-p (:i) 
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Multiplying  (1)  and  (2),  we  get 

or         a/3=-^-^  +  3, 

or        ^(^  =  <i (4^. 

From  (3)  we  learn  that  tiie  sum  of  the  rooU  is  equal  to  the 
coefficient  of  the  second  term  iinth  its  sign  changed. 

Fx'oni  (4)  we  learn  that  the  product  of  the  roots  is  equal  to 
the  hist  term. 

329.  The  equation  x^  +  'px->rq  =  0  has  its  roots  real  and 
different,  real  and  equal,  or  impossible  and  different,  according 
as  p-  is  >  =  or  <  4gr. 

For  the  roots  are 

2 


-h^ii-i^ 


^       -i, /(£'-,), or-''- y-^8>. 


■i-V(?-'> 


First,  let  p-  be  greater  than  4q,  then  »J(j}^-4q)  is  a  possible 
quantity,  and  the  roots  are  different  in  value  and  both  real. 

Next,  let  p^  =  4q,  then  each  of  the  roots  is  equal  to  the  real 

quantity  -^. 

Lastly,  let  p^  be  less  than  4q,  then  ^/{p^  -  4q)  is  an  impos- 
sible quantity  and  the  roots  are  different  and  both  impossible . 


EXAMPLES.— CXXiv. 

I.     If  the  equations 

ax-  +  bx  +  c  =  0,  and  a'x^  +  b'x  +  c'  =  0, 

have  respectively  iwo  roots,  one  of  which  is  the  reciprocal  of 
the  other,  prove  that 

(aa'  -  cc'f  =  (ab'  -  he')  {a'b  -  b'c). 
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2.  If  a,  )3  be  the  roots  of  the  equation  am?  +  6x  +  c  =  0,  prove 

tluit 

.,     o.>     ^^  -  2ac 
'  a'' 

3.  If  a,  /5  he  the  roots  of  tlie  wiuation  aa;'^  +  fex  +  c  =  0,  prove 
that 

acx^  \-  (2ttc  -  h^)  X  +  oc  =  ac  (  x  -  ^V  a;  -  -  ). 

4.  Prove  tliat,  if  the  roots  of  the  eciuatioii  ax-  ■\-hx->rC  —  ^^  he 
equal,  (/ro^  +  ftt  +  c  is  a  perfect  square  wiili  n-spect  to  .'•. 

5.  If  a,  ji  represi-ul  the  two  roots  of  the  equation 

x^  -  (1  +  rt)  a;  +    (1  +  a  +  a^)=0, 
show  that  a^  +  l3'^  =  a. 


330.     If  a  and  fS  he  the  roots  of  the  equation  x'^+px  +  q  =  0, 
then  X-  +  px  +  q  =  {x-a)  (j;  -  fj). 

For  siuce /)=  -  (a  +  ^)  and  5  =  a^, 

a;'''  +px  +  q  =  x-  —  {a  +  (i)x  +  afi 

=  {x-a){x-P). 

Hence  we  may  form  a  (juadratic  equation  of  which  tlje  roots 
are  given. 

Ex.    1.     Form  the  equation  whose  roots   are  4  and  5. 
Here  x-a  =  x  —  4  and  x  -  (3  =  x-b; 

:.  the  equation  is  (.x - 4) (a;- 5)  =  0; 
or,  ,  x2-9x  +  20  =  0. 

Ex.   2.     Form  the  equation  whose  roots  are  -  and  -  3. 


2 


Here  x-  a  =  x  -     and  x  -  ^  =  .c  +  3 ; 


the  equation  is  (  x  -  -  )  (x  +  3)  =  0 ; 


or,  _      (2x-l)Cr  +  3)  =  0; 

or.  '  £j:'^  +  5x-3  =  0. 
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Examples. — cxxv. 

Form  the  equations  whose  roots  are 
I.    5  and  6.       .  2.    4  and  -5.  3.    -  2  and  -  7. 

1      J  2  5 

4-    2*^*^  3-  5-    7and--  6.    v'3  and  -  ^'3. 

7.    TO  +  ?iandw-n.  8.    -  and  v^.  Q.    -^and-. 

a  /3  [5         a 


331.  Any  expression  containin<T  x  is  said  to  be  a  Fuxctiox 
of  X.  An  expression  containin;^  any  symbol  x  is  said  to  be  a 
positive  integral  function  of  x  when  all  the  powers  of  x  con- 
tained in  it  have  positive  integral  indices. 

3         1 

For  example,  bx'^ +  2x^  +  ^x*  +  j-x^  +  3  is  a  positive  inte.io-al 

function   of  x,  but  6a^  + 3x^  +  1    and   dx'' -  2xr^  +  3x- +  1   are 

not,  because  the  first  contains  x^,  of  which  the  index  is  not 
integral,  and  the  second  contains  x^^^of  which  the  index  is  not 
positive. 

332.  The  expression  5x^  +  4x'  +  2  is  said  to  be  the  expres- 
sion corresponding  to  the  equation  5x^  +  4x-  +  2  =  0,  and  the 
latter  is  the  equation  corresponding  to  the  former. 

333.  If  a  be  a  root  of  an  equation,  then  x-a  is  a  factor 
of  the  corresponding  expression,  provided  the  equation  and 
expression  contain  only  positive  integral  powers  of  x.  This 
principle  is  useful  in  resolving  such  an  expression  into  factors. 
We  have  already  pi  oved  it  to  be  true  in  the  case  of  a  quadiatic 
equation.  The  general  joroof  of  it  is  not  suitable  for  the  stage 
at  which  the  lejiriier  is  now  supposed  to  be  eirrived,  but  we 
will  illustrate  it  by  some  Examples. 
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Ex.  1 .     l{.s(jlve  2j;2  -  5x  +  3  into  factors. 

If  wti  solve  the  equation  2a;2-5x  +  3  =  0.  we  shall  timl  thai, 

its  roots  are  1  aiia  ^. 

Sow  divide   2.'- -  ox  +  3  by  x-1  ;   the  quotient   is  2a; -3 

thutis2(..-|); 

. .  the  j,'ivi'ii  eAjiression  =  2  (j  -  1)  yx  -  ^  )• 

Ex.  2.     Rt'sol  VI-  2x3  ^.  3-2  _  1  ix  -  10  into  factors. 

JJv  trial   we    find  that  this  expression  vanislies  if   we   put 
x=  -\;  that  is,  -  1  is  a  rout  of  the  etjuation 

2x?  +  x2- 11.'.  -  1(1  =  0. 

Divide  the  expre-ssion  hy  x+  1 :  the  quotient  is  2x'-x-\0  ;. 

.-.  the  expression  =(2x''^-x-  10) (x+  1) 

=  2(x2-|-5)(x  +  l). 
We  must  now  resolve  x^- - -5  into  factors,  by  solving  the 

X 

corresponding  equation  x'-*-;^  — 5=0. 

5 

The  roots  of  this  equatiou  an-   -  2  and  _  ; 

.-.  2x3  +  x2  -  llx  -  10  =  2(.c  +  2)(.r  -  <^{x+  1) 
=  (x  +  2)(2.c-5)(x+l). 

Examples.— cxxvi. 

Resolvf  into  simple  factors  the  following  expressions  : 

1,  .r'-llx'^  +  3Cx-36.  2.  x^  -  Tx^  +  14x - 8. 

3.  37' -  5x' -  4(!.<- -  40.  4.  4x3  +  6x2  +  x-l. 

c.  (5.r'4- ll.r'^- !>.'•- 14.  6.  r'' +  y' +  2^ - 3xt/s. 

^^  „^-.P-c^-?.nhc.  8.  .3x3-x«-23x  +  21. 

9.  2x'-5x*-17x  +  20.  10.  15x''  +  41.c2  +  5x-21. 
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334.  If  we  can  find  one  root  of  such  an  equation  as 

2x^  +  x2-lla;-10  =  0, 
we  can  find  all  the  roots. 

One  root  oi  the  equation  is  —  1 ; 

.-.  («+l)(2a;2-x-10)  =  0; 
.-.  x  +  l  =  0,  or2a;2-x-10  =  0; 

.".  X  =  -  1 ,  or  -  2,  or  -. 

Similarly,  it'  we  can  find  one  root  of  an  equation  involving 
the  4""  power  of  x,  we  can  derive  from  it  an  equation  involving 
the  B'*  and  lower  powers  of  x,  from  which  we  may  find  the  other 
roots.  Aiid  if  again  we  can  find  one  root  of  this,  the  other 
two  roots  can  be  found  from  a  quadratic  equation. 

335.  Any  equation  into  which  an  unknoAv^l  symbol  or  ex- 
pression enters  in  tsvo  terms  only,  having  its  index  in  one  of 
tlie  terms  double  of  its  index  in  the  other,  may  be  solved  as  a 
([uadratic  equation. 

Ex.     Solve  the  equation  x^  —  6x^  =  7. 

Regarding  x^  as  the  quantity  to  be  obtained  by  the  solution 
of  the  equation,  we  get 

x6-6x3  +  9  =  16; 
therefore  x^  -  3  =  ±  4 ; 

therefore  3?  =  !,  or  x'=  —  I. 

Hence  x=  v7  or  x—  SJ  -I, 

and  one  value  of  iy  -  1  is  -  1. 

336.  In  some  cases  h\  adding  a  certain  quantity  to  both 
sides  of  an  equation  we  can  bring  it  into  a  form  capable  of 
solution,  thus,  to  solve  the  equation 

x-  +  5x  4-  4  =  5  s'(r/:2  4. 5^  ^  28), 
add  24  to  each  side. 

Then  x'^  +  5x  +  28  =  5  ^/(x'-'  +  bx  +  28)  +  24 ; 

or,  x2  +  5x  +  28-5  V(^2^5x  +  28)  =  24. 

This  is  now  in  the  form  of  a  quadratic  etiuation,  the  un- 
known quantity  being  v^(-'^"  +  5x  +  28),  and  completing  the 
square  we  have 
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a;*  +  5x  +  28  -  5  V(a;2  +  5x  f  28)  +  ±1  =  :^  ; 

.-.  V(x2  +  5x  +  28)-|=±^; 

wlieuce  ^Jix^  +  bx  +  28)  =  8  or  -  3 ; 

.-.  3:-  + 5a: +  28  =  64  or  [); 
from   wliicli   we  may  tiad  four  A'alues  of  x,  viz.  4,-9,  am/i. 
A^  vl-j51) 


Examples.— cxxvii. 

Find  roots  of  tlie  followiug  equations : 

I.     .c-*- 12x2=13.  2.     x«+14x3  +  24  =  0. 

3.     x8  + 22x^  +  21=0.  4.     x=-  +  3x'"-:4. 

5.     :<^^''-3^-"-i2-  ^'     ^-r=2- 

7.     ar2  +  3x-i  =  g.  8.     X  *"-x-"  =  20. 

9.     x2-2x  +  6(x2-2x  +  5)^  =  ll. 
10.     x^-x.+  S  v'(2x"-5x  + 6)  =  --^ — . 

U.     x2  -  2  V(3x2 _  2ax  +  4)  +  4  =  ^^"(x  +  ^  +  l)- 
12.     ax  +  2/v/(x2-ax  +  a2)  =  x2  +  2a. 

337.  Every  equation  has  as  many  roots  as  it  has  dimen- 
sions, and  no  more.  This  we  liave  piovcd  in  the  case  of 
simple  and  quadratic  equations  (Arts.  193,  323).  The  general 
proof  is  not  suited  to  tliis  work,  but  we  may  illustrate  it  by 
the  foUowiii;.,'  Examplc-i. 

Ex.   1.     To  solve  the  equation  j- -  1  =0. 

One  root  is  clearly  1. 

Dividing  b}-  x -  1,  we  obtain  x2  +  x  +  1  =0.  of  which  th«  roots 

ure      —  ;r —       and ^ . 
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Hence  the  ilirce.  roots  are  1,   '~^ and -'^ . 

Ex.  2.     To  solve  the  equation  x*  -1=0. 
Two  of  the  roots  are  evidently  +  1  and  -  1. 

Hence,  di vidin.c;  by  (a;  -  1)  (x  +  1 ),  that  is  by  x^  -  1,  we  obtain 
x^+  1  =  0,  of  which  the  roots  are  V—  1  and  -  ^/-  1. 

Hence  the /our  roots  are  1,  -  1.  fj  ~  1,  and  -  ^/—  ]. 

The  equation  x6-6x-''  =  7  will  in  like  niamier  have  &ix 
roots,  for  it  may  be  reduced,  as  in  Art.  335,  to  two  cubic 
equations,  x^- 7  =  0  and  x'+ 1  =0, 

each  of  which  has  ihree  roots,  which  may  be  found  as   in 
Ex.  1. 


XXVII.    ON    RATIO. 

338.  If  a  and  B  stand  for  two  unequal  quantities  of  the 
same  kind,  we  may  consi(.ier  their  inequality  in  two  ways.  We 
may  ask. 

(1)  B\j  what  qiuintity  one  is  greater  than  the  other  ? 

The  answer  to  this  is  made  by  stating  the  difference  be- 
tween the  two  quantities.  Now  since  quantities  are  represented 
in  Algebra  by  their  measures  (Art.  33),  if  a  and  b  be  the 
measures  of  A  and  B,  the  difference  between  A  and  B  is 
represented  algel)raically  by  a-b. 

(2)  By  how  many  times  one  is  greater  than  the  other  ? 

The  an-wt-r  to  this  question  is  made  by  stating  the  number 
of  times  the  one  contains  the  other. 

Note.  The  quantities  must  be  of  the  same  kind.  We  can- 
not compare  inches  with  hours,  nor  lines  with  surfaces. 

339.  The  second  method  of  comparing  A  and  B  is  called 
finding  the  Ratio  of  A  to  B,  and  we  give  the  following  defi- 
nition. 

Def.  Ratio  is  the  relation  which  one  quantity  bears  +,o 
another  of  the  same  kind  with  respect  to  the  number  of  limef 
the  one  contains  the  other. 
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340.  The  ratio  of  ^  to  5  is  expressed,  thus,  A  :  />'. 
A  and  B  are  called  the  Terms  of  tlie  ratio. 

A  is  called  the  Antecedent  and  B  the  Conki:quent. 

341.  Now  since  quantities  are  represented  in  Algebra  hy 
their  measures,  we  must  represent  the  ratio  between  two 
(juantities  by  the  ratio  between  their  measures.  Our  next 
step  then  must  be  to  show  how  to  estimate  the  raliu  between 
two  numbers.  This  ratio  is  deteniiined  by  finding  iiow  many 
times  one  contains  the  other,  that  is,  V)y  obtaining  the  ijuotient 
resulting  from  tlie  division  of  one  by  the  otlier.     If  a  ami  b, 

then,  be  any  two  numbers,  the  fraction  r  will  express  tlie  ratio 

of  a  to  b.     (Art  136.) 

342.  Thus  if  a  and  b  be  the  measures  of  A  and  H  resi)ec- 
tively,  the  ratio  of  A  to  £  is  represented  algebraically  by  the 

fraction  r. 

0 

343.  If  a  or  b  or  both  are  surd  numbers,  the  fraction   , 

b 

may  also  be  a  surd,  and  its  apj>roximate  value  can  be  found  by 
Art.  291.     Suppose  this  value  to  be      ,  wliere  m  and  n  are 

whole  numbiTs:  then  we  should  say  that  the  ratio  .4  :  B  is 

,  ,  ,     m 

ai)iirnximiitelv  represented  ov    -. 

344.  Ratios  may  be  ctjmpared  witli  each  other,  by  com- 
paring the  fractions  by  which  tlu-y  an-  denoted. 

Thus  tlie  ratios  3  :  4  and  4  :  5  may  be  compared  by  coiu- 

3  4 

paring  the  fractions     and  -. 

These  are  equivalent  to  —  and  5-  re8j)ectively ;  and  since 

^  is  greater  than  x--,  the   ratio   4  :  T)    is   greater   than    tlie 
XHtio  3  :  4 
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Examples.— cxxviii. 

1 .  Place  in  order  of  magnitude  the  ratios  2  :  3,  6  :  7,  7  :  0. 

2.  Compare  the  ratios  x  +  3?/ :  x  +  2i/  and  a;  +  2?/  :  x  +  y. 

3.  Compare  the  ratios  x-5y  :  x  —  4y  and  x-Zy  :  x-  -ly. 

4.  What  number  must  be  added,  to  each  of  the  terms  of  the 
ratio  a  :  b,  that  it  may  become  the  ratio  c  :  cZ? 

5.  The  sum  of  tlie  squares  of  the  Antecedent  and  Conse- 
quent of  a  Eatio  is  181,  and  the  product  of  the  Antecedent 
and  Consequent  is  90.     What  is  the  ratio? 

345.  A  ratio  of  greater  inequality  is  one  whose  antecedent 
is  greater  than  its  consequent. 

A  ratio  of  less  inequality  is  one  whose  antecedent  is  less  than 
its  consequent. 

This  is  the  .sime  as  saying  a  ratio  of  greater  inequality  is 
represented  by  an  Improper  Fraction,  and  a  ratio  of  less  in- 
e(|uality  by  a  Proper  Fraction. 

346.  A  Ratio  of  greater  inequality  is  diminished  by  adding 
the  same  number  to  both  its  terms. 

Thus  if  1  be  added  to  both  terius  of  the  ratio  5  :  2  it  becomes 

6  :  3,  which  is  less  than  the  former  ratio,  since  ^,  that  is,  2,  is 

less  than  -. 

And,  in  general,  if  x  be  added  to  both  terms  of  the  ratio 
a  :  b,  where  a  is  greater  than  b,  we  may  compare  the  two 
rr.tios  thus, 

ratio  a  +  x  :  b  +  x  is  less  than  ratio  a  :  6, 

11  T be  Ifss  than -r, 

b  +  x  b' 

■c  ab+bx ,     ,       ^,       ab  +  ax 

II  ,0 — r-  be  Jess  than  -r- — 7—, 

b^  +  bx  b-  +  bx' 

if  ab  +  bx  he  less  than  ab  +  ax, 

if  bx  be  less  than  ax, 

if  6  be  less  than  a. 

Now  h  is  less  than  a  ; 

.-.  H  +x  :  b  +  x  is  less  than  a  :  b. 
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347.  AV'e  may  (i1>.seivc'  that  Art.  34(>  is  merely  a  repetitioi' 
of  that  whicli  we  i)roposed  as  an  Example  at  the  end  of  the 
chaptor  on  Mi^cellani'ous  Fractions.  There  is  not  indeed  any 
necessity  for  us  to  weary  the  reader  with  e.\amj)les  on  Ratio: 
for  since  ue  express  a  ratio  by  a  fraction,  nemly  all  that  we 
mic,'ht  have  had  to  say  about  Ratios  has  been  anticipated  in 
our  remarks  on  Fractions. 

348.  The  student  may,  however,  woric  the  followiuji;  Theo- 
rems as  Examples. 

(1)  If  rt  :  6  be  a  ratio  of  greater  inequality,  and  x  a  positive 
quantity,  the  ratio  a-x  :  b-x  is  greater  than  tlie  ratio  a  :  b. 

(2)  If  a  :  b  be  a  ratio  of  less  inequality,  and  x  a  positive 
quantity,  the  ratio  a  +  x  :  b  +x  h  greater  than  the  ratio  a  :  b. 

(3)  If  a  :  6  l>e  a  ratio  of  less  inequality,  and  x  a  positive 
quantity,  the  ratio  a  —  x:b  —  xh  less  than  the  ratio  a  :  b. 

349.  In  some  cases  we  may  from  a  single  equation  involv- 
ing two  unk)ir)wn  .symbols  determine  the  ratio  lietwien  tiie 
two  symbols.  In  other  words  we  may  1  e  alile  to  determine  the 
r«Za/;V«  values  of  the  two  symbols,  though  we  cannot  determine 
thei^r  a6.so/«/.e  values. 

Thus  from  the  e<|uatiou  4x  =  3j/, 

X     3 

we  get  -  =  -. 

y     4 

Again,  from  the  equation  Zx^  =  2y-, 
we  get    n  =  =;  and  therefore    =--,.,. 

Examples.— cxxix. 

Find  th(^  ratio  of  x  to  ]/  from  tWe  following  equations: 
I.    Oz=6y.  2.    ax  =  b)i.  3.    ax-by  =  cx  +  dy. 

4.    j^+2xy  =  5y^.        5.    x^ -  I2xy  =  I'.hr.       6.    x-  +  ntxy  =  yi^i-. 

7.  Find  two  numbers  in  the  ratio  of  3  :  4.  of  wliich  the 
sura  is  to  the  sum  of  their  squares  ::  7  :  50. 

8.  Two  ntmibers  are  in  the  ratio  of  6  :  7,  anrl  when  12  is 
added  to  each  ilie  resulting  jiumbcrs  are  in  the  ratio  (  t  12  :  13, 
Find  the  numbers. 
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,9.  The  sum  of  two  minibers  is  lUO,  and  the  lumiiiors  are 
in  the  ratio  oi'  7  :  i:i.     Find  them. 

10.  Tlie  dilierence  of  the  squares  of  two  numbers  ia  48, 
and  the  sum  of  the  numbers  is  to  the  difference  of  tlie  num- 
bers in  the  ratio  12:1.     Find  the  numbers. 

II.'  If  5  gold  coins  and  4  silver  ones  .are  worth  as  much  as 
3  gold  coins  and  12  silver  ones,  find  the  ratio  of  tlie  value  of  a 
gold  coin  to  that  of  a  silver  one. 

12.  If  8  gold  coins  and  9  silver  ones  are  worth  as  nuich  as 
6  gold  coins  and  1!)  silver  ones,  find  the  ratio  of  the  vah.ie  of  a 
silver  coin  to  that  of  a  yold  one. 


3.50.     Eatios  are  compounded  by  multiplying  together  the 
Iractions  by  which  they  are  denoted. 

Thus  the  ratio  compounded  oia  :h  and  c  :  d  is  «c  :  6;/. 


Examples.— cxxx. 

Write  the  ratios  compounded  of  the  ratios 

1.  2:3  and  4  :  5. 

2.  3  :  7,  14  :  9  and  4  :  .3. 

3.  (t^-y-  •.x^  +  if  and  x-  -  xy  +  rf  :x  +  ij. 

4.  o2_52  +  26c-c^:a2-62_26c-c2  and  a  +  6  +  c  -.a  +  h-r. 

5.  m^  +  n^  :  m^  -  n^  and  m  -  n  :  m  +  n. 

6.  x^  +  ox  +  6  :  y-  -7y  +  12,  and  y^  -  Wy  :  x-  +  3x. 

351.     The  ratio  a^  :  b^  is  called  the  Duplicate  Ratio  of  a  :  i. 

Thus  100  :  64  is  the  duplicate  ratio  of  10  :  8, 
and  36x2  .  35^,2  ,•<,  tj^g  duplicate  ratio  of  6x  :  5j/. 

The  ratio  a^  :  h^  is  ''ailed  the  Triplicate  Ratio  of  a  :  h. 

Thus  64  :  27  is  the  triplicate  ratio  of  4  :  3, 
and  343x3  :  1331i/3  is  the  triplicnte  ratio  of  7x  :  lly. 


248  ON  PROPORTION. 


352.  Tlie  definition  of  Ratio  given  in  Euclid  is  the  same  {^s 
in  Alyebra,  and  so  also  is  the  expression  lor  the  ratio  that  one 
([uantity  bears  to  anotlier,  that  is,  A  :  B.  But  Euclid  cannot 
employ  fractions,  and  hence  lie  cannot  represent  the  value  of  a 
ratio  us  we  do  in  Aljiebra. 


XXVIII     ON    PROPORTION. 

353.  Proportion  consists  in  the  equality  of  two  ratios. 

The  algebraic  test  of  Proportion  is  that  the  two  fractions 
representing  the  ratios  must  be  equal. 

Thus  the  ratio  a  :  b  will  be  equal  to  the  ratio  c  :  d, 
■  r  a     c 
'^b=d^ 
and  the /our  numbers  a,  h,  c,  d  are  in  such  a  case  said  to  be  in 
])roportion. 

354.  If  the  ratios  a  ■  b  and  c  :  d  form  a  proportion,  we 
e.xprcss  the  fact  thus  : 

a  :  b  =  c  :  d. 

This  is  the  clearest  manner  of  expressing  the  equality  of  the 
ratio.s  a  :  b  and  c  :  d,  l>ut  there  is  another  way  of  expressing 
the  same  fact,  tluis 

a  :  h  ::  c  :  df 
which  is  read  thus, 

a  is  to  6  as  c  is  to  d. 

The  two  terms  a  and  d  are  called  the  Extremes. 
6  and  c  the  Means. 

355.  When  four  numbers  are  in  proportion^ 

product  of  extremes  =  product  of  means. 

Let  a,  b,  c,  d  be  in  ] iroportion., 

a     c 
Then  ,=-^. 
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Mixltiplying  both  sides  of  the  equation  by  M,  we  get 
ad  =  6c. 

Conversely,  if  ad  =  hc  we  can  show  that  a  :  6  =  c  :  cf. 

For  since         ad  =  bc, 
dividing  both  sides  by  bd,  we  get 
ad     be 


bd    bd' 

a_c 
I'd' 


1       ■  at'.,, 

that  18,  h~r/'  ^'^'  (^  ■  b  =  c  :  a. 


356.     If  ad  =  6c, 


Dividing  by  cd,  we  get  -  =  -3,  i.e.  «  :  c  =  b  :  d; 

d     c  .     ■ 
Dividing  by  ah,  we  get  r  =  -,  i-e.  rf  :  6  =  c  :  a ; 

Dividing  by  ac,  we  get  -  =  -,  i.e.  d  :  c  =  h  :  a. 


357.  From  this  it  follows  that  if  any  4  numbers  be  so 
related  that  the  product  of  two  is  equal  to  the  product  of  the 
other  two,  we  can  express  the  4  numbers  in  the  foiTn  of  a  pro- 
portion. 

The  factors  of  one  of  the  products  must  form  the  extremes. 

The  factoi-s  of  the  other  .product  must  form  the  means. 

358.  Tliree  quantities  are  Sivid  to  be  in  Co^"TI^■UED  Pro- 
portion when  the  ratio  of  the  first  to  the  second  is  equal  to 
the  ratio  of  the  second  to  the  third. 

Thus  a,  b,  c  are  in  continued  proportion  if 
a  -.b^b  :  c. 

The  quantity  b  is  called  a  MEA^'  Pkoportional  between 
'/  and  c. 


2SO  ON  PROPORTJO.V. 

Four  quantities  are  said  to  be  in  Continued  Proportion 
vlieii  the  ratio?:  of  tlu>  first  to  the  second,  of  the  second  to 
tlie  third,  and  of  the  third  to  the  fourth  are  all  equal. 

Thus  a,  b,  c,  d  are  in  continued  proportion  when 
a  :  b  =  h  :  c  =  c  :  d. 

359.  We  showed  in  Art.  205  the  process  by  which  when 
two  or  more  fractions  are  known  to  be  equal,  other  relation!* 
between  the  numbers  involved  in  them  may  be  determined 
That  process  is  of  course  applicable  to  Examples  in  Eatio  and 
Proportion,  as  we  shall  now  sliow  by  particular  instances. 

ElX.  1.     U  a  :  b  =  c  :  d,  prove  that 

^2  +  62  .  a2  _  1-2  =  c2  +  rf2  :  c'-  dK 

Smce  a  :  o  =  c  :  a,    f  =  j- 

Let  J  =  \.     Then^  =  X; 
0  a 

:.  a  =  \h,   and   c  =  \d. 

a^  +  b-  _  X-b-  +  b'  _  /^(X-J-  y  _  ^^  +  1 
a'  -P  -  \262  _  ft2  -  i2(  V-'  _"  1 )  -  x2"  -  1' 

C2  +  rf2  _  \W  +  rf2  _  rf ^  (\2  +  1 )  _  X2  +J 
C2"-  rf2~X-V/-'-  f/2-f/2(x2_  l)~xi-_  1' 


Now 
and 


a'^  +  b'-_c--i-d- 


Tlence 
tl<at  is,  a?  +  b*  :a^-b^  =  c^  +  d-  -.c^- d?. 


Ex.  2.     \{  a  \b  ::  r  :  (1,  pnivr  that 

a:c::  4/(a^ +  //'):  ij(c*  +  d% 


Uil  =  \.     Then§  =  X; 


d' 

.  a  =  \h,   ami    c  =  \d. 


I 
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a    \h     h 

Now                                 ~  =  rj  =  j' 
c    \d    d 

that  is,                   a  :  c  : :  ^/(a^  +  6*)  :  ;/(c*  +  d*; . 

Ex.  3.     If  a  :  6  =  c  :  (•?  =  e  :  /,  prove  that  each  of  these  ratios 
is  equal  to  tlie  ratio  a-\-c-^e:  b  +  d  +f. 

Let  T  =  ^»  T  =  \  i  =  ^- 

0      '  d      '         f 

Then  a  =  X&,         c  =  \d,        e  =  X/. 

T,T  «  +  c  +  e     X&  +  XJ  +  X/"    \ib  +  d  +  f)     . 

b+d+f       b+d+f         b+d+f 

TT  O  +  C-re      rt      c      « 

Hence  ^_^_.=  ^^  =  _=^, 

chat  is,  o  +  c  +  e  :  6  +  rf  +/=  a  :  h  =  c  :  d  =  e  -.f. 

ElX.  4.     If«,  ?;,  care  in  continued  proportion,  show  that 
a^  +  b'^  :b'^  +  c^  =  a  :  c. 

Let  ?  =  X.     Then-  =  X. 
0  c 

Hence  a  =  \b  and  6  =  Xc. 

Now  "'  +  ^^^^'-'^^-  +  ^-''_^'(^-  +  l)_^-(^-  +  l)  _62_«c_a 
6-  +  C-       t'-'  +  c-  ~"X-V-^  +  c- "c-XX'-^  +  D^c^'^c^"  c* 

Ex.   5.     If  15a  +  b  :  15c  +  (Z=  12a  +  6  :  12c  +  d,  ])rove  that 

a  :  b=c  :  d. 
Since  15a  +  6  :  15c  +  fZ=12a  +  6  :  12c  +  cJ, 

and  since  product  of  exti'enie3  =  product  of  means. 
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(15a +  6)  (12c  +  d)  =  (15c  +  d)  (12a +  6), 
or,        i»Offlc+  126c+15ad  +  6(i=180ac  +  12ad  +  15&c  +  M, 
or,  1 26c +15ad  =  12aci+ 156c, 

or,  Zad  =  36c, 

or,  ad  =  be. 

Whence,  by  Art.  355,     «  :  6  =  c  :  d. 

Additional  Examples  will  be  found  in  papfc  137,  to  which 
we  may  add  the  following. 

Examples. — cxxxl. 

1 .  If  a  :  6  =  c  :  rf,  show  tluit  a  +  6  :  a  =  c  +  d  :  e. 

2.  If  a  :  6  =  c  :  d,  show  that  a^-h-  :  h'^  =  c'^-d^ :  d^. 

3.  It  Oi:  61  =  02  :  62,  show  that  —\ -,    =— \ 

mihi  +  vi,hj     hi 

4.  If  a  :  6  ::  c  :  rf,  show  that 

3a2  +  a6  +  26'^  :  3«2  -  26^ : :  3c'-  +  cd  +  2d^ :  3c2  -  2d^. 

5.  If  a  :  6  =  c  :  rf,  show  tliat 

rt2  +  3a6  +  62  :  c2  +  3r(?  +  (/2  =  2^6  +  36^  :  2cd  +  ^id^: 

6.  Ifa:6  =  c:rf  =  e  :/then  a  :  h  =  mc  —  ne  :  vid-vf. 

7.  If  — o,  —6,  anv  parts  of  </,  6    be  taken  from  a  and  6 

n      n  ' 

respectively,  show  that  n,  6,  iiml  the  remainders  form  a  pro])or- 
tion. 

8.  If  a  :  6  =  t  :  d  =  e  :/,  show  that 

ac  :  bd  =  la^  +  luc-  +  7ie'-' :  lli^  +  md'^  +  nf^. 

9.  If  «,  :  hi  =  aj  :  hj  =  a^  :  h,,  show  tluit 

<ir  +  n,-i  +  a,^  :  bi^  +  h./  +  b,'^  ::  u^'  :  6,«. 
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10.  If  tti  :  h^  =  a^  :  'h^  =  a^  :  63,  show  that 

aittj  +  a^tts  +  Ojai  :  6164  +  6263  +  6361  =  aj^  .  5^2 

T„a2-a6  +  62     c'-cti  +  d^  ^,    ^   .,,      a     c      ad 

11.  It   „ — ,     ,.,=  -., J — -j„,  show  that  either  r=jOrT= -• 

1 2.  If  a2  +  62  :  «2  _  ?,2  =  c2  +  d2  .  c2  _  rf2^  ^how  that 

rt : 6=c : rf. 

13.  If  a  :  b  =  c  :  d,  show  that 

(^tf )J?^  +  f)  _  (6 +  rf)  (&2 +  d2) 
(a  -  c)  fa2  -  c-.')     (6  _  d)(¥  -  cP)' 

14.  If  rtj  :  ?>i  =  «2  :  ?>.,,  show  that 


On  the  Geometrical  Treatment  of  Proportion. 

360.  The  definition  of  Proportion  (viz.  the  equality  of 
ratios)  is  the  same  in  Euclid  as  in  Algebra.  (Eucl.  Book  v. 
Def.  6  and  8.) 

But  the  ways  of  testing  whether  two  ratios  are  ecjual  are 
quite  different  in  Euclid  and  in  Algebra. 

The  algebraic  test  is,  as  we  have  said,  that  the  two  fractions 
representing  the  ratios  must  he  equal. 

Euclid's  test  is  given  in  Book  v.  Def.  5,  where  it  stands 
thus  : 

"  The  tirst  of  four  magnitudes  is  said  to  have  the  same  ratio 
to  the  second  which  the  third  has  to  the  fourth,  when  any 
equimultiples  whatsoever  of  the  first  and  third  being  taKen 
and  any  equimultiples  whatsoever  of  the  second  and  fourth  : 

"  If  the  multiple  of  the  first  be  less  than  that  of  the  second, 
the  multiple  of  the  third  is  also  less  than  that  of  the  fourth  : 


"  If  the  multiple  of  the  first  be  equal  to  that  of  the  second, 
the  multiple  of  the  third  is  also  equal  to  that  of  the  fourth  : 
or, 
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"  If  the  multiple  of  the  first  be  greater  than  that  of  the 
second,  tlie  multiple  of  the  third  is  also  greater  than  that  of 
the  fourth." 

We  shall  now  show,  first,  how  to  deduce  Euclid's  test  of  the 
equality  of  ratios  from  the  algebraic  test,  and  secondly,  how  W 
deduce  the  algebraic  test  from  that  employed  by  Euclid. 

361.  I.  To  show  that  if  quantities  be  proportional  accord- 
ing to  the  algebraical  test  they  will  also  be  proportional 
according  to  the  geometrical  test. 

If  a,  b,  c,  (1  be  proportional  according  to  the  algebraical 
test, 

a  _c 
b~d' 

[Multiply  each  side  bv  — ,  and  we  get 

ma_inc 
nb      luT 

Now,  from  the  nature  of  fractions, 

if  via  be  less  than  nb,  mc  wiU  also  be  less  than  nd,  and 
if  ma  be  equal  to  nb,  mc  will  also  be  equal  to  nd,  and 
if  ma  ha  greater  than  nb,  mc  will  also  be  greater  than  nd. 

Since  then  of  the  four  quantities  a,  b,  c,  d  equimultiples  have 
been  taken  of  the  first  and  third,  and  e(|uimultiples  of  the 
second  ami  fourth,  and  it  appears  that  when  the  multiple  of 
the  first  is  greater  tiian,  etpuxl  to,  or  less  than  the  multiple  of 
the  second,  the  multiple  of  the  third  is  also  greater  than, 
equal  to,  or  less  than  the  multiple  of  the  fourth,  it  follows  that 
a,  b,  c,  d  are  proportionals  according  to  the  geometrical  test. 

362.  1 1.  To  deduce  the  algeViraic  test  of  proportionality 
from  that  given  by  Euclid. 

Let  a,  h,  c,  d  be  proportional  according  to  Euclid. 

Then  if  r  ia  not  equal  to  -,, 


let 


"^  be  equal  to  ^ (1). 
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Take  m  and  n  such  that 

TJia  is  greater  than  nb, 

but  less  than  n  (6  +  a;') (2). 

Then,  by  Euclid's  definition, 

mt-  is  greater  than  nd (3). 

But  since,  oy  (1),        —71 \  =  — j» 

and,  by  (2),  ma  is  Jess  than  ?i(6  +  x), 

it  follows  that  mc  is  less  than  nd (4). 

The  results  (3)  and  (4)  therefore  contradict  each  other. 

Hence  (1)  cannot  be  true. 

Therefore  t  is  equal  to  -^.  ^ 

We  shall  conclude  this  chapter  Avith  a  mixed  collection  of 
Examples  on  Ratio  and  Proportion. 


EXAMPLES.— CXXXii. 

1.  If  a  -  6  :  6  -  c  ::  6  :  f,  show  that  6  is  a  mean  proportional 
between  a  and  c. 

2.  \i  a  -.h  ::  c  :  d,  show  that 

a+b  c+d 

and  a  :  6  ::  4/('«a*  +  "c*)  :  ^/(mi*  +  nti*). 

3.  11  a  :  h  ::  c  :  d,  prove  that 

ma  —  nb  _  «ic  -  wi 
ma  +  nb    m^  +  nd' 

4.  If  5a  +  36  :  7a  +  3&  : :  56  +  3c  :  76  +  3c, 
6  is  a  mean  proportional  between  a  and  c. 

5.  If  4  quantities  be  proportional,  and  the  first   be  the 
greatest,  the  fourth  is  the  le.ust. 

If  a  +  6,  m  +  71,  m  -  n,  a  —  6  be  four  such  quAntities,  show  that 
b  is  greater  than  n. 
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6.  Solve  the  equation 

x-1  :x-2  =  2x+l  :a;  +  2. 

7.  If  — . —  >= — ;— ,  sliow  that  the  ratios  a  :  h  and  c  :  d  are 

b  a 

■ilso  equal. 

8.  In  a  mile  race  between  a  bicycle  and  a  tricycle,  their 
iate.s  were  proportional  to  5  and  4.  The  tricycle  liad  half-a- 
mi nute  start,  but  was  beaten  by  176  yards.  Find  the  rates  of 
each,  ' 

9.  \{  a  :  h  ::  c  :  d  and  a  is  the  greatest  of  the  four  quanti- 
ties, show  that  «-'  +  (Z-  is  greater  than  b'^  +  cK 

ui        .1    ^  -c  lOa  +  6     I'ia  +  b  .1  .  . 

10.  hiiow  that  it  vt; ,=  ,>, -,,  then  a  :  b  ::  c  :  d. 

11.  If  .c  :  1/  ::  3  :  2  and  x  :  25  ::  24  :  j/,  find  x  and  y. 

1 2.  If  a,  b,  c  be  in  continued  proportion,  theii 

(1)  a  :  a  +  b  ::  a  -  b  :  a  -  c; 

(2)  (a^  +  b-^){b-^  +  c-)  =  {ab  +  bcy. 

13.  If  a  :  ?)  : :  r  :  a,  show  that  — r-  =  — y-  ; 

and  hence  solve  the  equation 

ab-bc  —  dx_a—b  —  c 

bc  +  dx     ~    h  +  c 

14.  If  a,  b,  c  are  in  continiu-il  piujiortion,  show  that 

a  i-  tab  :  a  -  mh  ::  b  +  vie  :  b  -  vie. 

15.  ]f  fi  :  b  ::  5  -.  4,  find  the  value  ot  the  ratio 

1       3 

16.  The  sides  of  a  triangle  are  as  2-  :  3-  :  4,  and  the  peri- 

nietrr  is  20.5  yards:   fiml  the  side^, 

17.  The  sides  of  a  triangle  are  as  3  :  4  :  fj,  and  the  peri- 
meter is  480  yards  :  find  tlie  sides. 
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1 8.  Assuming  a-^h  -.f  +  q^wf-q^:  a-h, prove  that  the  sum 
of  the  greatest  and  least  terms  of  any  proportion  is  greater  than 
the  sum  of  the  other  two. 

19.  A  waterman  rows  30  miles  and  back  in  12  hours,  and 
he  finds  that  he  can  row  5  miles  with  the  stream  in  the  same 
time  as  3  against  it.     Find  the  rate  of  the  stream. 

20.  There  are  three  equal  vessels  ^,  5,  C ;  the  first  con- 
tains water,  the  second  brandy,  the  third  brandy  and  water. 
If  the  contents  of  B  and  G  be  put  together,  it  is  found  that  the 
mixture  is  nine  times  as  strong  as  if  the  contents  of  A  and  C 
had  been  put  together.  Find  the  ratio  of  the  brandy  to  the 
water  in  the  vessel  C. 

21.  A  factor  buys  a  certain  quantity  of  wheat  which  he 
sells  again  so  as  to  gain  5  per  cent,  on  his  outlay,  and  thus 
clears  £16.  Had  he  sold  it  at  a  gain  of  5s.  a  quarter  he  would 
have  cleared  as  many  pounds  as  each  quarter  cost  shillings. 
How  many  quarters  did  he  buy,  and  what  did  each  quarter 
cost  him  ? 

22.  A  man  buys  a  horse  and  sells  it  for  £144,  gaining  as 
much  per  cent,  as  the  horse  cost  him.  What  was  the  price  of 
the  horse  % 

23.  T  buy  goods  and  sell  them  again  for  £96,  gaining  as 
much  per  cent,  as  the  goods  cost.     What  is  the  cost  price  ? 

24.  A  man  bought  some  sheep  and  sold  them  again  for  £24, 
gaining  as  much  per  cent,  as  the  sheep  cost  him.  What  did  he 
give  for  them  ? 

25.  A  certain  crew,  who  row  40  strokes  per  minute,  start 
at  a  distance  equivalent  to  four  of  their  own  strokes  behind 
another  crew,  who  row  45  strokes  to  the  minute.  In  8  minutes 
the  former  succeed  in  bumping  the  latter.  Find  the  ratio 
between  the  lengths  of  the  strokes  of  the  two  boats. 

26.  The  time  which  an  express  train  takes  to  travel  a 
journey  of  180  miles  is  to  that  taken  by  an  ordinary  train  as 
9  :  14.  The  ordinary  train  loses  as  much  time  from  stoppages 
as  it  would  take  to  travel  30  miles  without  stopping,'.  The 
express  train  only  loses  half  as  much  tinie  as  the  otlur  in  this 

fs.A.]  R 


25S  OA'  J'AA'MT/OAr. 


manner,  and  it  also  travels  15  miles  an  hour  quicker.  Sup- 
posing the  rates  of  travelling  uniform,  what  are  they  in  miles 
j)er  hour  ? 

27.  An  article  is  sold  at  a  loss  of  as  much  per  cent,  as  it 
is  worth  in  pounds.  Show  that  it  cannot  be  sold  for  more 
than  £25. 


XXIX.    ON   VARIATION. 

363.  If  a  sum  of  money  is  put  out  at  interest  at  5  per  cent., 
the  principal  is  20  times  as  great  as  the  annual  interest,  what- 
ever the  sum  may  be. 

Hence  if  x  be  the  principal,  and  y  the  interest, 
X  =  20y. 

Now  if  we  change  x  we  must  change  y  in  the  same  propor- 
tion, for  so  long  as  tlie  rate  of  interest  remains  the  same,  x 
will  alwiiys  be  20  times  as  great  as  y,  and  hence  if  x  be 
doubled  or  trebled,  y  will  also  be  doubled  or  trebled. 

This  is  an  instance  of  what  is  called  Direct  Variation, 
of  which  we  may  give  the  following  definition. 

Dkk.  One  quantity  y  is  said  to  vary  directly  as  another 
([uantity  x,  when  y  depends  on  x  in  such  a  manner  tliat  any 
increase  or  decrease  made  in  the  value  of  x  produci-s  a  j)n)por- 
tional  increase  or  decrease  in  the  value  of  y. 

364.  If  x=^mij,  where  m  is  a  con.stant  quantity,  that  is.  a 
quantity  which  is  not  altered  liy  any  change  in  the  values  of  .<, 
and  y, 

y  will  vary  directly  as  x. 

For  any  increase  made  in  the  value  of  x  must  produce  h 
proportional  increase  in  the  value  of  y.  Thus  if  x  be  doubled, 
y  Taunt  also  be  doubled,  to  preserve  the  ecjuality  of  x  and  my, 
since  m  cannot  be  changed.  . 
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365.  Suppose  a  man  can  reap  an  acre  of  corn  in  a  day. 
Then  10  men  can  reap  60  acres  in  6  daj's, 

and  20  men  can  reap  60  acres  in  3  days. 

So  tliat  to  do  the  same  amount  of  work  if  we  double  the 
number  of  men  we  miis^t  halve  the  number  of  days. 

This  is  an  iiistunci'  of  what  is  called  Inverse  Variation, 
of  which  we  may  give  the  following  definition. 

Def.  One  quantity  y  is  said  to  vary  inversely  as  another 
quantity  x,  when  y  depends  on  x  in  such  a  maimer  that  any 
increase  or  decrease  made  in  the  value  of  x  produces  a  propor- 
tional decrease  or  increase  in  the  value  of  y. 

366.  If  x  =  — ,  where  m  is  constant, 

y 

y  will  vary  inversely  as  x. 

For  any  increase  made  in  the  value  of  x  must  produce  a  pro- 
portional DECREASE  in  the  value  of  y.     Thus  if  x  be  doubled, 

y  must  be  halved,  to  preserve  the  equality  of  x  and  — . 

_,                                      -       2m     m 
For  2x= = — . 

y     y 
2 

367.  If  1  man  can  reap  1  acre  in  1  day, 
5  men  can  reap  20  acres  in  4  days, 

and     10  men  can  reap  80  acres  in  8  days. 

That  is,  the  number  of  acres  reaped  will  depend  on  the 
product  of  the  number  of  men  into  the  number  of  days. 

This  is  an  example  oi  joint  variation,  of  which  we  may  give 
the  following  definition. 

Def.  One  quantity  x  is  said  to  vary  jointly  as  two  othere 
y  and  £•,  when  any  change  made  in  x  produces  a  proportional 
change  in  the  product  of  y  and  z. 

368.  One   quantity  x  is   said  to  vary  directly  as   y  and 

inversely  as  z  when  x  varies  as  -. 

z 


2b0  0.\    !    ik/A  7/OA'. 


369.  Theorem,  ll  x  varios  as  y  when  a  is  constant,  and 
fts  z  when  '/  is  constant,  then  wiit-n  ij  and  z  are  both  variable, 

X  varies  as  yz. 

Let  x  =  m.  yz. 

Then  we  have  to  .«lio\v  that  ?«.  is  constant. 

Now  when  2  is  constant, 

X  varies  as  y  ; 
,  :.  mz  is  constant. 

Now  z  cannot  involve  y,  since  z  is  constant  when  y  changes, 
and  theret'oic  m  cannot  involve]/. 

Similarly  it  may  be  shown  that  m  cannot  involve  a  ; 

.•.  m  is  constant, 

and  X  varies  as  yz. 

370.  The  symbol  oc  is  used  to  express  variation ;  thus  xocy 
stands  for  tlic  words  x  varies  as  y. 

371.  Variation  is  only  an  abbreviated  form  of  expressing 
proportion. 

Thus  when  we  say  tliat  x  varies  as  y,  we  mean  that  x  bears 
to  y  the  same  ratio  that  any  given  value  of  x  V>ears  to  the 
corresponding  value  of  y,  or 

X  :  y  =  &  given  value  of  x  :  the  corresponding  value  of  y. 

And  similarly  for  the  other  kinds  of  varialU)n,  as  will  be 
seen  from  nur  examples. 

Ex.   1 .      1 1  ./■  oc  )/  and  y  oc  ,■:,  to  show  that  x  oc  z. 
Let  X  =  my,  and  y  = /c 

Then  substituting  this  value  of  y  in  the  first  e(| nation. 
X  =  mm:  ; 
and  therefore,  since  mn  is  constant, 
aiocK. 
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Ex.  2.     If  xoc  1/  and  xccz,  then  will  xcc  ^(yz). 
Let  a;  =  my,  and  x  =  nz. 

Then  a:^^^^^^. 

.-.  x=  ^/(mn) ,  V(i/2). 
Now  J{mn)  is  constant ; 

.-.  roc  V(!/z). 
Ex.   3.     If  y  vary  as  x,  and  when  a;  =  1,  ?/  =  2,  what  will  be 
the  value  of  y  when  x  =  2  ? 

Here  1/  :  a;=  a  given  value  of  1/ :  corresponding  value  of  x; 
.•.V.x  =  2:]: 
..  y  =  2x. 
Hence,  when  x  =  '2,  i/  =  4. 

Ex.  4.     If  A  van'  inversely  as  5,  and  when  A  =  2,  B=  12, 
what  \vill  B  become  when  ^  =9  ? 

Here  A  :  -„=  a  given  value  of  A  : -. -, j-^  ; 

B  corresponding  value  01  J> 

•  :^     ? 


Hence,  when  ^»=9, 


^2 
12  ~B' 


whence  £=-  =  -=23.  ^ 

Ex.  5.     If  A  vary  jointly  as  B  and  G,  and  when  A  =  6,B=6 
and  a=15,  find  the  value  of  ^  when  5=10  and  C=3. 

Here 
A  :  BC=  a  given  value  of  A  :  corresponding  value  oi'  BG; 
:.  A  :Ba-6:  6x15; 
.-.  90.4=  6  BC. 
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H.«nce,  when  5=  10  and  C=3, 

90A  =  6  X  10  X  3 ; 

J     180    o 
•••^  =  -90-  =  2- 

Ex.  6.     If  2  vary  as  x  directly  and  y  inversely,  and  if  when 
2  =  2,  x=3  and  y  =  4,  what  is  the  value  of  z  when  a;  — 15  and 

tj  ^  ^      ■  If      correspondint'  value  of  x 

Here  a  :  -*a  given  value  of  z  :  4- — , .--'^  -  , ; 

y  corresponding  value  of  y 

*     o    * 
..  2  ■  —  =  2  :     : 

2/  4 

.   3z_2x 
4  ~  y' 

TIence,  when  2:=  15  and  y  =  8, 

32_30 
4~8  ' 

120     ^ 


Examples.— cxxxiii. 


1.  If  ^oc       and  /ioc  ^f  tiiLii  will  AccG. 

2.  If  .4o:7?then  willf^oc-^. 
f  IP 

3.  If  /I  cr/?  !uid  CocZ)  then  will  ACccBD. 

4.  If  xccy,  and  when  x  =  7,  2/  =  5,  find  the  value  of  x  whew 
y=12. 

5.  If  xoc    ,  and  when  X— 10,  1/  =  2,  find  the  value  of  7/ when 
x=.4. 
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6.  If  xocyz,  and  when  x=  1,  j/  =  2,  2  =  3,  find  the  value  of  1/ 
when  x  =  4  aud  z  =  2. 

7  If  xoc^,  and  when  x  =  6,  i/  =  4,  and  s  =  3,  tiud  the  value 
of  X  when  2/ =  5  aud  2  =  7. 

8.  If  3x  +  by  oc  5x  +  3i/,  and  when  x  =  2, ;/  =  5,  find  the  value 
of^. 

y 

9.  If  .4oci^  and  B^ozCP,  express  how  .4  varies  in  respect 
of  C. 

10.  If  2  vary  conjointly  as  x  and  y,'and  2=4  whenx  =  l 
and  3/ =  2,  what  will  be  the  value  of  x  when  2  =  30  and  i/  =  3  ? 

11.  If  ^oc5,  and  when  ^  is  8,  5  is  12;  express  A  in 
terms  of  B. 

12.  If  the  square  of  x  vary  as  the  cube  of  y,  and  x  =  3  when 
y  =  4.,  find  the  equation  between  x  and  y. 

13.  If  the  square  of  x  vary  inversely  as  the  cube  of  y,  and 
x  =  2  when  i/  =  3,  find  the  equation  between  x  and  y. 

14.  If  the  cube  of  x  vary  as  tlie  si^uare  of  y  and  x  =  3  when 
y  =  2,  find  the  equation  between  x  and  y. 

Is.     If  xocz  and  yoz-.  show   that  xoc-. 

16.  Show  that  in  triangles  of  equal  ai-ea  the  altitudes  vary 
inversely  as  the  bases. 

17.  Show  that  in  parallelograms  of  equal  area  the  altitudes 
vary  inversely  as  the  bases. 

18.  Ji  y=2}  +  q  +  r,  where  p  is  invariable,  q  varies  as  x,  and 
r  varies  as  x"-,  find  the  relation  between  y  and  x,  supposing 
that  when  x  =  l,  y  =  G;  when  x  =  2,  y=ll  ;  and  when  x  =  3, 
y=l8. 

19.  The  volume  of  a  pyramid  varies  jointly  as  the  area  of 
its  base  and  its  altitude.     A  pyramid,  the  base  of  which  is  9 
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feet  square  and  the  height  of  which  is  10  feet,  is  found  to  con- 
tain 10  cubic  yards.  "What  niu.st  be  the  height  of  a  pyramid 
upon  a  base  3  feet  square  in  order  that  it  may  contain  2  cubic 
yards  ? 

20.  The  amount  of  glass  in  a  window,  the  panes  of  which 
are  in  every  respect  equal,  varies  as  the  numlier,  length,  and 
breadth  of  the  panes  jointly.  Show  that  if  their  number  varies 
as  the  square  of  their  breadth  inversely,  and  their  lengtli  varies 
as  their  breadth  inversely,  the  Avliole  area  of  ghiss  varies  as  the 
square  of  the  length  of  the  panes. 


XXX.  ON  ARITHMETICAL  PROGRESSION. 

372.  An  Arithmetical  Progression  is  a  series  of 

numbers  wliich  increase  or  decrease  hxj  a  constant  difference. 

Thus,  the  following  series  are  Arithmktic'al  Progressions: 

2,     4,     6,     8,     10; 
9,     7,     5,     3,     1. 

The  Coustixnt  Difference  being  2  in  tlie  first  series  and  -2 
in  the  second. 

373.  In  Algebra  we  express  an  Aritlimetical  Progression 
thus  :  taking  a  to  represent  tlie  first  term  and  d  to  rejjresent 
the  constant  dKfereiice,  we  shall  have  as  a  series  of  numbers  in 
Arithmetical  Progression 

a,  a  +  1I,  a  +  2d.,  a  +  '.id, 
and  80  on. 

We  observe  that  the  terms  of  the  series  differ  only  in  the 
corffici/'nl  (jf  d,  and  that  each  coefficient  of  d  is  always  less  by  1 
than  the  num})er  of  the  term  in  which  that  particular  coefl5cieiil 
stands.     Thus 

the  coefficient  of  d  in  the  3rd  term  is  2, 

in  the  4th  3, 

in  the  Sth  4. 
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Consequently  the  coetficient  of  d  in   the  71""  term  will  be 

7!-l. 

Therefore  the  /i*  term  of  the  series  will  beti  +  (n  -  \,  d. 

374.  If  the  series  be 

a,a  +  d,a  +  2d,  

ami  2  the  last  term,  the  term  next  before  z  will  clearly  hez-d, 
and  the  term  next  before  it  will  be  2  -  2d,  and  so  on. 

Hence,  the  series  written  backwards  wall  be 

z,  z-d,  z-2d, a  +  2d,  a  +  d,  a. 

375.  To  find  the  sum  of  a  series  of  iiumbers  in  Arithmetical 
Progression. 

Let  a  denote  the  first  term. 

...  d the  constant  difference. 

...    z the  last  term. 

...  n the  number  of  terms. 

...    s the  sum  of  the  n  terms. 

Than  s  =  a  +  {a +  d)  + (a +  2d)+  +{z-2d)  +  {z-d)+z. 

Also  s  =  z  +  (z-d)+{z-2d)+  +(a  +  2rf) +  (a  +  d) +  a, 

the  series  in  the  second  case  being  the  same  as  in  the  first,  but 
written  in  the  reverse  order. 

Therefore,  by  adding  the  two  series  together,  we  get 

2s  =  {a  +  z)  +  {a  +  z)  +  (a  +  z)  + +  {a  +  z)  +  (n  +  z)  +  {a  +  z); 

and  since  on  the  right-hand  side  of  this  equation  we  have  a 
series  of  n  numbers  each  equal  to  a  +  z,  we  get 
2s  =  n{a  +  z) ; 
n,        . 

This  result  may  be  put   in  another  form,  because  in  the 
place  of  z  we  may  put  a  +  (n—l)d,hy  Article  373. 

Hence  s=-\a  +  a  +  {n-  L)d\, 

thati.^.,  =|j2a  +  (n-l)di. 
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376.     We  have  now  obtained  tlie  following  results  : 

a  =  a  +  (n-l)(Z (A), 

«  =  |(«  +  -^) (B), 

«=^}2a  +  (n-l)(/{ C). 

From  one  or  more  of  these  equations  we  have  in  Examples 
to  determine  tlie  values  of  «,  rf,  n,  s  or  z.  We  shall  now  pro- 
iee>l  to  ;_'ive  instances  of  such  Examj^les. 

Ex.  1.     Find  the  last  term  of  the  series 
7,  10,  13,  to  20  terms. 

Taking  the  equation  z  =  a+  (n—l)d, 
for  a  put  7  and  for  n  put  20,  and  we  get 
8  =  7  +  (20-l)i, 
or,  z  =  7+l9d. 

Now  d  is  always  found  by  taking  the  first  term  frova  the  second, 
and  in  this  case, 

(i=10-7  =  3; 
.-.  z  =  7  +  10x3  =  7  +  57  =  fi-». 

Ex.  2.     Find  the  last  term  of  th  ■  series 
12,  S.  4,  to  11  tLTms. 


In  the  equation 

z  =  a+  {n—  l)d, 

]iUt 

a=l2  and  n=ll 

Then 

z=\2  +  ]0d. 

Now 

d  =  8-12=-4. 

Hence 

8=12-40=  -28. 

I 


Examples. — cxxxiv.  ? 

Find  the  last  term  of  each  ol  the  following  series : 

1.  2,  5,  8  to  17  terms.  '*. 

2.  4,8,12  to  50  terms.  ^ 
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-   29   15 

3-  'j  -Ti  -g-  to  16  terms. 

1  5 

4-  2'~^'~9 to  23  terms. 

5   11 

5-  g,  2'  R  *'^  ^^  terms. 

6.  -12,-8,-4 to  14  terms. 

7.  -3,  5,  13  to  16  terms. 

„      n-\    n-2   71-3 

O'     —7— J . to  n  terms. 

n         n         n 

9,     (x  +  2/)2,  a;2  ^  j^2^  (a;  _  ^)2 to  ^^  terms. 

a-6  4a -36  7a  — oh 

10.     — —.,  — — j-, 7—  to  71  terms. 

a+b     a+b  '    a+b 

377.     Ex.  1.     Find  the  sum  of  the  series 
3,  5,  7  to  12  terms. 

In  the  equation        s  =  -\2a  +  {n-l)  d\  ' 

put  3  for  a  and  12  for  n,  and  we  get 

s=-2-|6  +  lld(. 

Now  d  =  5 -3  =  2,  and  so 

«  =  ^)6  +  22j=6x28=168. 

Ex.  2.     Find  the  sum  of  the  series 

10,  7,  4  to  10  terms. 

s==^\2a  +  (n-l)d\: 

put  10  for  a  and  10  for  71,  then 

s^~\20  +  9d\. 
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Now  (i  =  7  -  10—  -3,  and  therefore 


.^!20--27;=5x(     7)= -35. 


EXAMPLES.— CXXXV . 

Find  the  snni  of  the  following  series  : 

1.  1.  2.  3  to  100  td-ms. 

2.  2,  4,  (i  to  50  terms. 

3.  3,  7,  11  to  20  terms, 

4-     4.   2'   4  l-'i  terms. 

5.      -9,  -7,  -5  to  12  term 

/:      5     1     1 

6-     6'   2-   6 ^"1'  terms. 


■  .1 


7.  1,  2,  3  m  n  terms. 

8.  1,  4,  7  to  u  terms. 

9.  1,  8,  15  to  n  terms. 


n  -  1    ?!  -  2   H  -  3  ,        . 

10, ,    — , to  »  tr-rms. 

n         n         n 


37«.     Ex.     What  is  tlie  Constant  DiFFERENCr:  when  the 
first  f<rin  is  24  .in<l  the  tiiith  term  is  -  12/ 

T;ikiii^'  the  equation  (A). 

2  =  a  +  (n  -  \)d, 
and  ref,'jirdiiij,'  tlie  tenth  as  the  last  term,  we  get 

-  12  =  24  +  (10-l)rf. 
or  -  .36  =  0(i, 

v.heiioe  ws  obtain  rf=  —  4. 
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Examples. — cxxxvi. 

What  is  the  Constant  Difference  in  the  following  cases  ? 
X.  When  tla-  rti-st  term  ii^  lUO  ami  ihe  twentieth  is  - 14. 
2 X      fifty-first  is  -  J. 

3 — - forty-ninth  is  5-. 

3  3 
4.     — -  twentv-tifth  is  —21-.. 

4  •  4 

5 -10 sixth  is  -20. 

6 150  ninety-first  is  0. 

379.     Ex.     TVhat  is  the  First  Term  when 

the  40th  term  is  28  and  the  43rJ  term  is  32  ? 

Taking  equation  (A), 

2  =  a  +  (n-l)rf, 

and  regarding  the  last  term  to  be  the  40tli,  we  get 

28  =  a4-39'f (1). 

Again,  regarding  the  last  term  to  be  the  43rd,  we  get 

32  =  a-)-42rf (2) 

From  equations  (1)  and  (2)  we  may  find  the  value  of  a  i«> 
be  -24. 

EXAMPLES. — CXXXVil. 

I.     "^iMiat  is  the  first  term  when 
(i)     The  59th  term  is     To     and  the  66th  tenn  is  84 ; 

(2)  The  20th  term  is  93  -  356  and  the  21st  is  98  -  376 ; 

(3)  The  second  term  is  -  and  the  55th  is  5-8 ; 

(4)  The  second  term  is  4  and  the  87th  ic  -  SO  ? 
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2.  The  sum  of  the  3rd  and  8th  terms  of  a  scries  is  31,  and 
the  sum  of  the  uth  and  10th  terms  is  43.  Find  the  sum  of 
10  terms. 

3.  The  Slim  of  the  1st  and  3rd  terms  of  a  series  is  0,  and 
the  sura  ol  the  2nd  and  7th  terms  is  40.  Find  the  sum  of 
7  terms. 

4.  If  24  and  33  be  the  fourth  and  fifth  terms  of  a  series, 
what  is  the  100th  term  ] 

5.  Of  how  many  terms  does  an  Arithmetical  Progression 
consist,  whose  difference  is  3,  first  term  5  and  last  term  302  ? 

6.  Supposing  that  a  body  falls  through  a  space  of  16^^  feet 
in  the  first  second  of  its  fall,  and  in  eacli  succeeding  second 
32-  feet  more  than  in  tlie  next  preceding  one,  how  f;;r  will  a 
bod}-  fall  in  20  seconds? 

7.  "Wiiat  debt  can  be  discharged  in  a  year  by  weekly  pay- 
ments in  arithmetical  prou'iession  ;  the  first  payment  being  1 
shilling  and  the  last  £b.  3*-.  ? 

8.  Find  the  41  st  term  and  the  sum  ui  41  terms  lu  each  of 
the  following  series  : 

(1)  --,,4,13 

(2)  4'/'^  0,   -4a2  

(3)  1+x,  .',  +  3.r,  9  +  5x 

f4)      -4.*,.   -1-4 


(5) 


4'    HO 


9.     To  how  m.'u.\  terms  do  the  following  )«erirs  extend,  and 
what  is  the  sum  of  all  the  terms? 

(1)  1002 10,2. 

(2)  -C,  : ,186. 
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(3)     2|x, -Sx -72-3X. 

11  ^ 

(5)  m-1 137(l-m},  139il-m). 

(6)  x  +  254, x  +  2,  x-2. 

380.     To  insert  3  arithmetic  means  between  i  and  JO. 

The  number  of  terms  will  be  5. 

Taking  the  equation  2  =  a  +  i^ji  -  I)  d, 

we  have  I0  =  2  +  (5-l)d. 

\^Tieiice  8  =  4d;   .-.  d=2. 

Hence  the  series  will  be 

2.  4.  6,  8,  10. 

Ex  A  M  PLES.— cxxxviii . 

1.  Insert  4  arithmetic  means  between  3  and  18. 

2.  Insert  5  arithmetic  means  between  2  and  —2. 

3.  Insert  3  arithmetic  means  between  3  and  -. 

4.  Insert  4  arithmetic  means  between  \  and  -. 

iJ  3 

381.     To  insert  3  arithmetic  means  between  a  amZ  b. 

The  number  of  teim.--  in  the  series  will  be  r,,  pince  ther.^ 
are  to  be  3  terms  in  addition  to  the  first  term  a  autl  the  List 
term  6. 

Taking  the  equation  ::  =  a  +  {n  —  l)  a, 
we  hare  to  find  d,  ha\  ing  given 

o,  2  =  6  and  n  =  6. 
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Hence  6  =  a  +  (5-l)(/, 

Hence  the  series  will  be 

6  — a         h  —  a        Z{h  —  a\, 
«» «  +  —4—'  "  "^  ~2~'  '^  "^      4      '   ' 


Examples. — cxxxix. 

1.  Insert  3  arithmetic  means  between  m  and  n. 

2.  Insert  4  arithmetic  means  between  m  +  1  and  m  -  1 . 

3.  Insert  4  arithmetic  means  between  n^  and  ?i-  +  1. 

4.  Insert  3  arithmetic  means  between  x'^  +  i/-  and  x'-  — j/-'. 

382.     We  shall  now  give  the  general  form  of  tlu'  proposition 
"  To  iiisert  m  arithmetic  means  between  a  and  b." 

The  number  of  terms  in  the  series  will  be  m  +  2 

Then  taking  the  equation  z  =  a  +  {n-'i)d, 
we  have  in  this  case     b  =  a  +  {m  +  2-\)tl, 
or,  b  =  a  +  {m  +  l)d. 

Hence  d  = -, , 

m  +  1' 

and  the  form  of  the  scries  will  be 

b-a  26 -2a  ,      2b-ia   ,      b-a    , 

a,a-i -,|OH 7',  0-- —    -,  ,0-^ — L,  0, 

'       m+V         m+1'  m+1'       m+1'    ' 


that  is, 


am  +  b    am -a  +  Zb  bm -b  +  ia    bm  +  a  m 

"'w+T'        m  +  1      ' '"m+1      '    'nTri' 


XXXI.  ON  GEOMETRICAL  PROaRESSlON. 

383.     A  Geometrical  Progression  is  a  seiies  of  mimlieis 
wliich  increase  or  (lecrease  by  a  constant  factor. 

Thus  the  following  series  are  Geometrical  Proqebssions, 

2,    4,    8,    16,    32,    64; 

12     3     ^     A     A. 
^'^'    '^'    4'    16'    64' 

1     J^         J       ^_ 

2'    16'        128'    1024" 

The  Constant  Factors  being  2  iu  the  first  series,  ^  in  tin- 

second,  and  —  -  in  the  third. 

8 

Note.  That  which  we  shall  call  the  Constant  Factor  is 
nsually  called  the  Common  Ratio. 

384.  In  Algebra  we  express  a  Geometrical  Progression 
thus  :  taking  a  to  represent  the  first  term  and  /  to  represent 
the  Constant  Factor,  we  shall  have  as  a  series  of  numbers  in 
Geomiitrical  Progression 

a,  af,  af^,  aP,  and  so  on. . 

We  observe  that  the  terms  of  the  series  differ  only  in  the 
i'ndtx  oif,  and  that  each  index  of/ is  always  less  by  1  tlian  the 
number  of  the  tenn  in  which  that  particular  index  stands. 

Thus  the  index  of/ in  the  3rd  term  is  2, 

in  the  4th  3, 

in  the  5th 4. 

Consequently  the  index  of/ in  the  nth  term  will  be  n-  1. 

Therefore  the  7!th  term  of  the  series  will  be  a/"^'. 

[8.A.]  8 
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Hence  if  z  be  the  last  term. 

z  =  af-\ 

385.  If  tlie  series  contain  n  terms,  a  being  tb«  firat  term 
anci/tlie  Constant  Factor, 

the  last  term  will  be  a/""', 

the  last  term  but  one  will  be  a/*~*, 

the  last  term  but  tico  will  be  o/""*. 

Now  rt/"-'  xf^af-'  X />  =  .(/"-'+'  =  a/-, 

a/-2  x/=  a/"-*  x/'  =  a/"-'^'  =  a/"-\ 

a/"-'  x/=  o/"-'  X  /'  =  a/"- »+'  =  a/--*. 

386.  "We  may  now  proceed  to  Jiiid  the  iiU7n  of  a  terUa  of 
numbers  in  Geometrical  Progression. 

Let  a  denote  the  first  tenn, 

/  the  constant  factor, 

n  the  number  of  terms, 

s  the  sum  of  tlie  Ji  terms. 

Then  «  =  a  +  o/ +«/■  +  ...  +  a/""^  +  af  -» +  a/-'. 

Now  multiply  both  sides  of  this  etjuation  by/,  then 

fs  =  ((/+  af  +  af+...+<(f''  +  (if"  '  +  af. 

Hence,  subtracting  the  first  equation  from  the  second, 

f8  —  s  =  (if"  —  a. 

.■.s{f-\)  =  aif"-l); 

■"-     /-I     • 

Note.  The  proposition  just  proved  presents  a  difficvdty  to 
a  beginner,  wliich  Me  .shall  endeavour  to  ex]ilain.  Wlien  we 
multiply  the  serirs  of  n  terms 

a-¥af+np^ +  af'-*-^af*-*  +  qf'^^ 


ox  GEOMETRICAL  PROGRESSION.  275 

by  /,  we  sliall  obtain  another  series 

a/+  af  +  ap+ +  o/"-»  +  a/"-*  +  a/", 

which  also  contains  n  ^i^rms. 

Though  we  cannot  fill  up  the  gap  in  each  series  completely, 
we  see  that  the  terms  in  the  two  series  must  be  the  same, 
except  theirs/  term  in  the  former  series,  and  the  last  term  in 
the  latter.  Hence,  when  we  subtract,  all  the  terms  will  dis- 
appear except  these  two. 

387.     From  the  formulae  : 

z  =  af-^ (A), 

.-"-^> (b;, 

prove  the  following  : 

(a)     sJj^.  (y)     «  =  /--(/-!).. 


7 

(/3)      a=_pt.  (5)     /= 


s  —  a 


388.     Ex.     Find  the  last  term  of  the  series 
3,  6,  12  to  9  terms. 

The  Constant  Factor  is  -,  that  is,  2. 

In  the  formula 

putting  3  for  a,  2  for/,  and  9  for  n,  we  get 
2  =  3x28  =  3x256  =  768. 

Examples.— cxl. 

Find  the  last  term  of  the  following  series 

1.  1,  2,  4 to  7  terms. 

2.  4,  12,  3<j  to  10  terms. 

3.  5,  20,  SO  tu  9  terms. 
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4.  8,    4,    2  to  15  terms. 

5.  2,    6,    18  to  9  tenu-s. 

^-     k'    ^'    4  tolltc-nns. 

2     1         1  ,    „, 

7-     -3'    3'    -6 to.  term*. 

389.     Ex.     Find  thf  sum  ol'  the  series 
o 

6,   3,    '^ to  8  terms. 

Generally,  s=  -  -i_^ — 

;in<i  here  a  =  6,/=^,  n  =  8, 

2  2 

^  -r    fi    -1 

256  256     765 

"    _1      "       1       "6T' 
2  2 


EXAMPLES.— CXli. 

Find  till'  Sinn  of  tlu'  lollnwiim  svrii..--  ; 

1.  2,    4,    H  to  1.')  It-nus, 

2.  1,    3,    9  to  (i  tiTiue, 

3.  ((,  ax^,  ax*  to  13  tiini«. 

4.  O,  -,    -.,  to  !)  terms 

X       T^ 

II  —  X 

a^-x\  a-  X,  —  -   to  7  terms, 

d  +  V 
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6.  2,  6,   18 to  n  terms. 

7.  7,    14,   28 to  n  terms. 

8.  5,    -10,   20 to  8  terms. 

2     1         1  .    ^. 

9-     -0.   3>    ~  (. to  7  terms. 

390.  To  find  the  sum  of  an  Infinite  Series  in  Geometrical 
Progression,  when  the  Constant  Factor  is  a  proper  fraction. 

If /be  a  proper  fraction  and  n  very  large, 
/"  is  a  very  small  number. 

Hence  if  the  number  of  terms  be  infinite,  f"  is  so  small  that 
we  may  neglect  it  in  the  expression 

,_«(/"-l) 
/-I,    ' 
and  we  get 

_     ** 

391.  Ex.1.     Find  the  sum  of  the  series  H  + 1  +  7  + to 

infinitv. 

Here                              ^=1-|  =  !: 
4 
a 3 16__1 

••*-r-/-773-T-^3- 

4 

Ex.  2.     Sum  to  infinity  the  series  5  "  o  +  o^  " 

Here  /=_^_  = 


3  •  2         9  ' 
3  3 

(I  2  2        27 


f     .     (     ^\     1+4    26- 


9 
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Examples.— cxlii. 

Find  thu  sum  of  tlie  t'(>llnwiu<;  iufinile  seriee: 

J    1  ^  ^^      ,  Q.  4^  2^ 


2'    4' 

2.     1,   ^,   yg,  lo.     2x-\  -•2r,x, 

2     11  „        ^  i 

4-     3'    3'    6' 10'  10- 


3     1 

)•     4'    4' 


13-     ^.    -?/' 


1        1  86^       86_ 

6-     2'  ~3 ''^'    ^00'    ioooo' 

7.     8,   \ ■  15-     -^4444 


3' 


8.      l^.  -5,  l6.     -83636, 


392.      To  \n»<'ri  ?,  (jmrneiric  means  brtirfyn  10  and  160. 

Taking;  the  equation         z  =  af-^, 
we  put  10  for  a,  160  for  2,  and  5  for  n,  an<l  we  obtain 
160=10./'-'; 

.-.  1  (;=/♦. 

Now  16  =  2)^2x2x2  =  2*; 

".-.  2*=/*. 

Hence/=i',  uihI  tlie  series  will  be 

10,    20,    40,    80,    160. 
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Examples.— cxliii. 

1.  Insert  3  geometric  means  between  3  and  243. 

2.  Insert  4  geometric  means  between  1  and  1024. 

3.  Insert  3  geometric  means  between  I  and  16. 

4.  Insert  4  geometric  means  between  -  and    f-?. 

2  fi-J 

393.     To  insert  m  geometric  means  hetwen  a  and  b. 
The  number  of  terms  in  the  series  will  be  to +  2. 
In  the  formula  z  =  af"~^, 

putting  b  for  2,  and  to  +  2  for  n,  we  get 

or,  i,^af+i. 

■  /■»+i-^ 
_i_ 

Hence  the  series  will  be, 

a,    ax-p,    ox-„,    ,    b^-^,   6H-V,    6, 


t"»-H  ,,>n+I 


that  is, 

'                        '  J  1 

a,   («".6)->,    (<r-i.62;)^K     ^    (a^.i-y-i,    (./ .  Z,«)-+\  /,. 

394.     We  shall  now  give  some  mixed  Examples  on  Arith- 
metical and  Geometrical  Proiiression. 

Ex  A  MPLES. — CXliv. 
1.     Sura  the  following  series : 

(i)     8  +  15  +  22+  to  12  terms. 

(2)      116+108+100+   tolOterma. 
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(3)  3  +  ^  +  ^+  toiufimty. 

(4)  2  -  ^  +  ^2  -  to  infinity. 

1      9      11 
'z\    :^_^_:^--  to  13  terms. 

112 

(6)  2-3  +  9"  t"«  terms. 

(7)  \-^-\-  to  29  terms. 

(8)  ^  +  l  +  lt+  to  8  terms. 

(9)  ^  +  ^  +  2V  to  infinity. 

fio")    ^_^"*-'^-  to  10  terms. 

'    5     10     1.") 

(ii)    ^^-  s'6  + 2  V(^  •'■>)-  toStenns. 

(12)     -rj  +  g-T"^  to^tcrma. 

2.  If  the  contiim.'il  profluct  of  o  terms  in  Qeometrioal 
Progression  be  32,  show  that  the  nii«hlle  term  is  2. 

3.  If  a,  /),  c  are  in  arithmetic  i.n).L;ression,  and  a,  //,  r  ait 

6       a  +  c 
in  geometriral  prnj^'rcssion,  sliow  that  j>  =  2~J7oc)' 

4.  Sliow  that  the  arithmetical  mean  hetwccn  a  and  h  is 
},'reat».r  than  Uie  geometrical  mean. 

;.  The  sum  of  the  first  Uiree  terms  of  an  arithmetic  series 
is  12,  and  the  sixth  term  is  12  also.  Find  tlie  sum  of  the  first 
(5  terms. 

6.  What  i:^  necessary  that  a,h,c  may  be  in  geometric  i-ro- 
gression  ? 
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7.  If  2n,  X  and  —  are  in  geometric  progression,  what  is  x% 

8.  If  2«,  y  and  —  are  in  aritlimetic  progression,  what  is  y\ 

9-  The  sum  of  a  geometric  progression  whose  first  term  is 
1,  const  uit  factor  3,  and  number  of  terms  4,  is  equal  to  the  sum 
of  an  arithmetic  progression,  whose  first  term  is  4  and  constant 
difference  4;  how  many  terms  are  there  in  the  aritlimeric  pro- 
gression ? 

10.  The  first  (7  +  h)  natural  numbers  when  added  together 
make  153.     Find  n. 

11.  Prove  that  the  sum  of  any  number  of  terms  of  the 
series  1,  3,  5, is  tlie  square  of  the  number  of  terms. 

12.  If  the  sum  of  a  series  of  5  terms  in  arithmetic  progres- 
sion be  95,  show  that  the  middle  term  is  19. 

13-  There  is  an  arithmetical  progres.siou  whose  first  term  is 
Sg,  the  constant  difference  is  l|,  and  tlie  sum  of  the  terms  is 
22.     Required  the  number  of  terms. 

14.  The  3  digits  of  a  certain  number  are  in  arithmetical 
progression ;  if  the  number  be  divided  by  the  sum  of  the  digits 
in  the  units'  and  tens'  place,  the  quotient  is  107.  If  SQe^be 
subtracted  from  the  number,  its  digits  will  be  inverted. 
Required  the  number. 

15.  If  the  {'p  +  ([f  term  of  a  geometric  progression  be  m 
and  ihe  {j)-(^'^  term  be  «,  sliow  that  tlie  f^  term  is  ^{mn).    ' 

16.  The  difference  between  two  numbers  is  48,  and  tJie 
arithmetic  mean  exceeds  tlie  geometric  by  18.  Find  the 
numbers. 

17-     Place  three  arithmetic  means  between  1  and  11. 

18.  The  first  term  of  an  increasing  arithmetic  series  is  -034, 
the  constant  difference  -0004,  and  the  sum  2-748.  Find  the 
number  of  terms. 

19.  Place  nine  arithmetic  means  between  1  and   -  \, 
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20.  Prove  that  every  term  of  the  series  1,  2,  4, 
greater  by  unity  than  the  sum  of  all  that  precede  it. 

21.  Show  that  if  a  series  of  m'p  terms  forming  a  geometrical 
progression  whose  constant  factor  is  r  be  divitled  into  sets  oi'  p 
consecutive  terms,  the  sums  of  the  sets  M'ill  fonu  a  geometrical 
progression  whose  constant  factor  is  f. 

22.  Find  five  numbers  in  arithmetical  progrc-.-^sion,  audi 
that  their  sum  is  55,  and  the  sum  of  their  scj^uares  765. 

23.  In  a  geometrical  progression  of  5  terms  the  diiTereuce 
of  tlie  extremes  is  to  the  dlHVreiice  of  the  2nd  and  4t]i  terms 
as  10  to  3,  and  the  sum  of  the  2nd  and  4th  terms  equals  twice 
the  i>roduct  of  the  1st  and  2nd.     Find  the  series. 

24.  Show  tliat  the  amounts  of  a  sum  of  inoney  put  out  at 
Compound  Interest  form  a  series  in  geometrical  progression. 

25.  A  certain  number  consists  of  three  digits  in  geometrical 
progression.  The  sum  of  tlit;  digits  is  13,  and  if  792  be  added 
to  the  number,  the  digits  will  be  inverted.     Find  the  number. 

26.  The  population  of  a  county  increases  in  4  years  from 
10(100  to  14641;  wliat  is  the  rate  of  increase? 


XXXII.  ON  HARMONICAL  PROGRESSION, 

395.     A  Harmonica!  Progr.  ssion  is  a  scries  of  number 
of  which  the  recipmcals  form  an  Aiitlunetical  Progression. 

Tlius  the  series  of  numbers  a,  h,  r,  </, is  a  Harmomcai, 

1111 
a'    //    c'    d' 


PudORKSSioN,  if  the  series     ,    ,,      ,     ,,   is    an    Arithmetical 

'  n        h        r.        it 


Progression. 

If  a.  fc,  c  be  in   Harmonical   Progression,  h  is  called  the 
Harmonical  Mean  between  a  and  r. 

Note.     Thfn-  is  ud  way  of  finding  a  general  pxprcssion  for 
the  sum  of  a   Harmonical  berie -,  but  many  problems  with 
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reference  to  such  a  series  maybe  solved  by  inverting  the  terms 
and  treating  the  reciprocals  as  an  Arithmetical  Series. 

396.  J/a,  b,  c  he  in  Harmonical  Prorjression,  to  s/ioi^-  tlmt 

a  :  c  ::  a  —  b  :  b  —  c. 

Since  -,   t.   •   are  in  Arithmetical  Proirression, 
a     b    c  " 

1_1_1_1 

c     b     b    a*  < 

h—c    a—h 
°''  ~br^-ab~' 

ah     a-b 

be      b  —  c 

a    a  —  b 

or  -  =  T . 

c      b  —  c 

397.  To  insert  m  harvionic  means  between  a  and  b. 

First  to  insert  m  arithmetic  means  between  -  and  ■=•• 

a  b 

Proceeding  as  in  Art.  3.")7,  we  have 

0     a  ' 

or  a  =  i  +  (m  + 1).  a6ii    . 

■  d=      «-&  1 

a6(??i+l)* 

Hence  the  arithmetic  series  will  be 

1     1  ,       a-b         1  ,    2  (a  -  h)  I       i//,(((-6)      1 

a'    «  'o6(»i+l)'   a     a6(»n-l)'    a     ab{rii+iy   b' 

1        bm  +  a       bin  +  2a-b  am  +  b      1 

a'   a6';n-rl)'     ab{m+l)'    a6(//i  +  l)'6* 

Therefore  the  Harmonic  Series  is 

ab(m+\)       ab(m  +  l)  ah  (m  +  l) 

'      bm-ru    '    bin  +  2a-b'    am  +  b 


,   b. 
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398.  Given  a  and  h  the  first  two  terms  of  a  series  in  Har- 
monical  Progression,  to  find  the  n*  tenn. 

-,  T  are  the  first  two  terras  of  an  Arithmetical   Series   of 
a   0 

which  the  common  difference  is  t  — . 

b    a 

The  n"'  term  of  this  Arithmetical  Series  is 
i  +  (..-i)a-i) 

a     ^         ^\b     a/ 

—  ^     (^— l)(g-ft)  _h->r'nja-a  —  -nh-\-'b 
a  ah  ah 

_  (na  -a)-  jnb  -  26)  _  (n- l)o-(w-2)6 
~  S6  ab 

:.  the  n**  term  of  the  Harmonical  Series  is 

ab 
{n-l)a-{n-2)b' 

399.  Let  a  and  c  be  any  two  numbei-s, 

b  the  Harmonical  Mean  between  them. 

Then  W=--i 

bach 

2     a  +  c 
or  T  = ; 

0       ac 

,_  2flc 

400.  The  following  results  should  be  remembered. 
Arithmetical  Mean  between  a  and  c=   -— . 

Geomitrical  Mi-an  between  a  and  c=  Jac. 

2<ic 
Harmonical  Mean  between  a  and  c  = . 
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Hence  if  we  denote  the   Means  by  the  letters  A,  G,  H 
respectively, 

A  X  H=--—-  X 

«       a+- 

=  ac 
=  (P; 
that  is,  G  is  a  mean  proportional  between  A  and  H. 

401.     To  show  that  A,  G,  H  are  in  descending  order  of 
magnitude. 

Since  (  s'a  -  s/tf  must  be  a  positive  quantity. 
i^Ja-  is/cY  is  greater  than  0, 
or  a  — 2  tjac  +  c  greater  than  0, 

or  a  +  c  greater  than  2  sjac, 

a-\-c  ,  , — 

or  -„-  greater  than  ^ac ; 

that  is,  A  is  greater  than  G. 

Also,  since  a  +  c  is  greater  than  2  ^,lac, 


^Jac  (a  +  c)  is  greater  than  2ac ; 

, — .  ,        2ac 

Jac  is  greater  than  ; 

°  a  +  c 

i.e.  G  is  greater  than  H. 


Examples. — cxlv. 

I.     Insert  two  harmonic  means  between  6  and  24. 
2 four 2  and  3. 

1  3 

3 three  3  ^^^^  2' 

4-      ^oui ^^^"^A" 
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5.     Insert  five  harmonic  means  between  —  1  and  2^'. 

6 five 5  and  -  -. 

7 SIX   3  and  ^-. 

8 n 2x  and  2\j. 

q.     The  sum  of  three  terms  of  a  liannonical  series  is  ^5,  and 

\.£t 

the  first  term  is  - :  find  the  series,  and  continue  it  botli  ways. 

10.  The  arithmetical  mean  between  two  numbers  exceeds 
the  geometrical  l>v  13,  and  tlie  ijeometrical  exceeds  the  har- 
monical  by  12.     Wiiat  are  the  numbers? 

It.  There  are  four  numbers  a,  ft,  c,  rf,  tlie  first  three  in 
arithmetical,  the  last  three  in  harmonical  progression  ;  show 
that  a  -.1  =  0  :  d. 

12.  If  X  is  the  harmonic  mean  between  m  and  n,  show  that 

_1_      _1_^J_     1 
x-m     x-n     m     11 

13.  Tlie  sum  of  three  terms  of  a  harmonic  series  is  11,  and 
the  sum  of  their  scjuan-s  is  40  ;  find  the  numbers. 

14.  If  X,  y,  z  be  the  j>*'',  </*,  and  r*  terms  of  a  h.p.,  show 
that  {r-q)yz  +  {p-r)xz  +  {q-p)xy  =  0. 

15.  If  the  TI.M.  between  each  pair  of  the  numbers,  a,  b,  c 
Ije  in  A. P.,  then  b'\  a-,  c'^  will  be  in  H.P. :  and  if  the  11.11.  be  in 
H.P.,  b,  a,  c  will  be  in  H.P. 

,       c  +  '2(t     c  +  'Zb     ,       „  ,  ^  , . 

16.  Show  that    -  -  ,   +~-_z~  ~    '  >  '»  "^^  ^  ^^>  ai^^^ordin;,'  as 


is  the  A.,  o.  or  H.  mean  between  a  and  b. 
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402.  The  different  arrangements  m  respect  of  order  of  suc- 
cession wiiich  can  be  made  of  a  given  number  of  things  are 
called  Permutations. 

Thus  if  from  a  box  of  letters  I  select  tu-o,  P  and  Q,  I  can 
make  two  permutations  of  tliem,  placing  P  first  on  the  left  and 
then  on  the  right  of  Q,  thus : 

r,  Q  and  Q,  P. 

If  I  now  take  three  letters,  /',  Q  and  R,  I  can  make  six  per- 
mutations of  them,  thus : 

P,  Q,R;  P,  R,  Q,  two  in  which  P  stan.ls  first. 

Q,P,R;  Q,R,P,  Q 

R,P,Q;  R,Q,P,  R 

403.  In  tlie  E.xamples  just  given  all  the  things  in  each  case 
are  taken  together ;  but  we  may  be  required  to  find  how  many 
joermutations  can  be  made  out  of  a  number  of  things,  when  a 
certain  number  only  of  them  are  taken  at  a  time. 

Thus  the  permutations  that  can  be  formed  out  of  the  letters 
P,  Q,  and  R  taken  tico  at  a  lime  are  six  in  number,  thus : 
P,Q;  P,R;  Q,P;  Q,R;  R,P;  R,Q. 

404.  7^0  find  the  number  cf  permutations  of -a.  different  things 
taken  r  at  a  time. 

Let  a,  b,  c,  d  ...  stand  for  n  different  things. 

First  to  find  the  numV)er  of  permutations  of  the  n  things 
taken  two  at  a  time. 

If  a  be  placed  before  each  of  the  other  things  h,  c,  d  ...  of 
which  the  number  is  n-  1,  we  shall  have  n-  1  permutations 
in  which  a  stands  first,  thus 

ab,  ac,  ad,  


iiS  PERMUTA  TIONS. 

If  fc  be  placed  before  each  of  the  other  things,  a,  c,  d  ...  we 
shall  have  n—l  permutations  in  which  b  stands  first,  thus: 
ba,  be,  bd,  

Similarly  there  will  be  n  -  1  jjermutations  in  which  c  stands 
lirtit:  and  so  of  the  rest.  In  this  way  we  get  every  possible 
permutation  of  the  n  things  taken  two  at  a  time. 

Hence  there  will  be  n .  {n  -  1)  permutations  of  n  things  taken 
two  at  a  time. 

Ne.xt  to  find  the  number  of  permutations  of  the  n  things 
taken  three  at  a  time. 

Leaving  a  out,  we  can  form  (71-  1) .  (n  —  2)  permutations  of 
the  remaining  (>i-l)  things  taken  tvw  at  a  time,  and  if  we 
place  a  before  each  of  these  permutations  we  shall  ha^■e 
(n- 1) .  (u- 2)  permutations  of  the  n  things  taken  three  at  a 
time  in  which  a  stands  first. 

Similarly  there  will  be  (n-l).(?i  — 2)  permutations  of  the 
n  things  taken  three  at  a  time  in  which  b  stands  first :  and  so 
for  the  rest. 

Hence  the  whole  number  of  permutations  of  the  n  things 
taken  three  at  a  time  will  be  n.  (n-  1).  (n-2),  the  factors  of 
the  formula  decreasing  each  by  1,  and  the  figure  in  the  lastfactoi 
being  1  less  thtin  the  number  taken  at  a  time.  ' 

We  now  assume  that  the  formula  holds  good  for  the  number 
of  permutations  of  n  things  tiiken  r-  1  at  a  time,  and  we  shall 
proceed  to  show  that  it  will  liold  good  for  the  number  of  per- 
mutations of  n  things  taken  r  at  a  time. 

The  number  of  permutations  of  the  n  things  Uiken  r— 1  at 
a  time  will  be 

n.(n~l).(n-2) [n- \{r -I) -l\], 

that  is  n.{n-l).(n-2) (n-r+2). 

Leaving  a  out  we  can  form  (n—l).(n  —  2) {n-l—r  +  2) 

permutations  of  the  (71 -1)  remaining  things  takru  r—1  ut  a 
time. 

Putting  a  before  each  of  these,  we  shall  have 

(71  -  1) .  (;i. -  2) (7i-r+l) 

peninit;iti'.iis  of  the  71  things  tiiken  r  at  a  time  in  which  a 
stands  fii>l. 
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So  again  we  shall  have  (»- 1).  (?^-2)  (/i-r  +  1)  jxr- 

inutatioiis  of  the  n  things  taken  r  at  a  time  in  which  /)  stands 
first ;  and  so  on. 

Hence  the  whole  nnmi.er  uf  iieiiuutatious  of  the  n  things 
taken  r  at  a  time  will  be 

n\n-\).{n-^) (,i_r+l). 

If  then  the  formula  holds  good  when  the  n  things  are  taken 
r  -  1  at  a  time,  it  will  hold  good  when  they  are  taken  r  at  a 
time. 

But  we  have  shown  it  to  hold  when  they  are  taken  3  at  a 
time ;  hence  it  will  hold  when  they  are  taken  4  at  a  time,  and 
so  on  :  therefore  it  is  true  for  all  integral  values  of  r* 

405.  If  the  n  things  be  taken  all  together,  r=«,  and  the 
formula  gives 

n.  (to- 1).  (71-2) (n-rt+l)  ; 

that  is,  «.(?i-l).(?i-2) 1 

as  the  number  of  permutations  that  can  be  formed  of  n  dif- 
ferent things  taken  all  together. 

For  brevity  the  formula 

n.(?i-l).(7i-2) 1, 

which  is  the  same  as      1.2.3 n, 

is  wTittfcTi  \ru     This  symbol  is  called /ac^orm/  n. 

Similarly  \r  is  put  for  1.2.3 r  ; 

|r^l for  1.2.3 (r-1). 

Ohs.  yn  =  n.  |w-  l=w.(n-l).  ;rj-2=:&c. 

406.  To  find  the  number  of  permutations  of  n  things  taken  all 
fo(iethcr  when  certain  of  the  things  are  alike. 

Let  the  n  things  be  represented  by  the  letters  a,  b,  c,  d 

and  suppose  that  a  recurs  p  times, 

b    q  times, 

c    r  times, 

and  so  on. 

*  Another  proof  of  this  Theorem  may  be  seen  in  Art.  475. 
ls.A.l  T, 
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Let  P  repiL'sent  the  wliule  niiiuber  of  permutations. 

Then  if  all  the  p  kttei-s  a  were  changed  into  p  other  letteis, 
different  from  each  other  and  from  all  the  rest  of  the  7t  letters, 
the  places  of  these  p  letters  in  umj  one  permutation  could  now 
be  interchanged,  each  interchange  giving  rise  to  a  new  permu- 
tation, and  thus  from  each  single  permutation  we  could  form 
1.2 p  permutations  in  all,  and  the  whole  number  of  per- 
mutations would  be  (1 .  2  ...  2?)  -P,  that  is  i  p .  P. 

Similarly  if  in  addition  the  q  lett^-rs  h  were  changed  into  q 
letters  different  from  each  other  and  from  all  the  rest  of  the  ?i 
letters,  the  whole  niuaber  of  permutations  would  be 

\±.ip.P; 
and  if  the  r  letters  c  were  also  similarly  changed,  the  whole 
number  of  permutations  would  be 

and  so  on,  if  more  were  alike. 

But  when  the  j),  q,  and  r,  Sec,  letters  have  thus  been  changed, 
we  shall  have  n  letters  all  dilfcrent,  and  the  numlier  of  permu- 
tations that  can  be  formed  of  them  is  i  n  (Art.  405). 

Hence  P.\pj.\q.\r =  u; 


p= 


\P-\9 


Ex  AMPLES.— CXlvi. 

1.  How  many  pcrnuitatioiis  can  be  fornicd  out  of  12  things 
*taken  2  at  a  time  ? 

2.  How  many  permutations  can  be  formed  out  of  16  things 
taken  3  at  a  time  ? 

3.  How  many  j)Pnnntations  ran  be  formed  out  of  20  things 
taken  4  at  a  time  i 

4.  How  many  changes  can  be  rung  with  5  bells  out  of  8  ? 

5.  How  many  i>ermutation8  can  be  made  of  the  letters  in 
the  word  Examination  taken  all  together  ? 

6      In  how  many  ways  can  8  luin  by  placed  side  by  side? 


I 
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7.  In  how  many  ways  can  10  men  be  placed  side  by  side  1 

8.  Three  flags  are  required  to  make  a  signal.  How  many 
signals  can  be  given  by  20  flags  of  5  difi'erent  colours,  there 
being  4  of  each  colour  ? 

9.  How  many  different  permutations  can  be  formed  out  of 
the  letters  in  Algebra  taken  all  together  ? 

10.  The  number  of  things  :  number  of  permutations  of  the 
things  taken  3  at  a  time  =  1 :  20.    How  many  things  are  there? 

11.  The  number  of  permutations  of  in  things  taken  3  at  a 
time  :  the  number  of  permutations  of  m  +  2  things  taken  3  at 
a  time  =  1:5.     Find  m. 

12.  In  the  permutations  of  a,  b,  c,  d,  e,  f,  g  taken  all 
together,  find  how  many  begin  with  cd. 

13.  Find  the  number  of  permutations  of  the  letters  of  the 
product  aV/c^  written  at  full  length. 

14.  Find  the  number  of  permutations  that  can  be  formed 
out  of  the  letters  in  each  of  the  following  words  :  Conceit, 
Talavera,  Calcutta,  Proposition,  Mississippi. 


XXXIV.    COMBINATIONS. 

407.  The  Combinations  of  a  numlier  of  things  are  the 
difi'erent  collections  that  can  be  formed  out  of  them  by  taking 
a  certain  number  at  a  time,  without  regard  to  the  order  in 
which  the  things  stand  in  each  collection. 

Thus  the  combinations  of  a,  b,  c,  d  taken  two  at  a  time  are 
ab,  ac,  ad,  be,  bd,  cd. 

Here  from  each  combination  we  could  make  two  permuta- 
tions :  thus  ab,  ba ;  ac,  ca ;  and  so  on  :  for  ab,  ba  are  the  same 
combination,  and  so  are  ac,  ca. 

Similarly  the  combinations  of  a,  b,  c,  d  taken  three  at  a  time 
are  abc,  abd,  acd,  bed. 

Here  from  each  combination  we  could  make  six  permuta 
tions ;  thus  abc,  acb,  bac,  bca,  cab,  cba  :  and  so  on. 
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And,  generally,  v.i  :u'i-orc1;inre  -with  Art.  405,  any  coniliina. 
tion  of  n  tilings  ]uay  Le  inadii  into  1  .  2  .  3  ...  ?i  pcinuitations. 

408.  To  find  tlie  vumber  of  combinations  of  ii  different  thingn 
talcen  r  at  a  time. 

Let  C,  denote  tlie  nninlter  of  coinltitiutions  required. 

Since  each  coniljination  c(inlain.s  r  tiiing.s  it  can  be  made 
into  \r  permutations  (Art.  405); 

/.  the  -whole  nnndjer  of  permntations  =  |  r  .  0,. 

But  also  (from  Art.  404)  the  whole  number  of  permutations 
of  n  things  taken  r  at  a  time 

=  11  (n- I) (n-r+l); 

:.  \r_.  Cr  =  n{n-1) (n-r+  ]); 

.  n(n-l) (n-r+l) 

409.  To  shoio  that  the  number  of  combinations  of  n  thinfjn 
taken  r  at  a  time  is  the  same  as  Oie  number  taken  n  —  r  at  a 
time. 

p     n.(n-l) (n-r+l) 

^'~  1.2.3 r 

and              C,^=="'^^VV-.;^^"^^7^^ 
1.2.3 [n-r) 

_n.  (n  -  1) (r+l) 

~ X.^3 (n-r)  ' 

Hence 

rr,  _n.(n-l) (n-r+l)       1  .2.3 (n-r) 

C,_~  1.2.3 r     "     ^n.(n-l)::Z:(r~'+l) 

n.(n-\) (n-r+l).  (n-r) 3.2.1 

*"  1.2.3 r.(r+l) (n-l).n 

\n 


=  1. 
That  is,  C^  =  0^ 


i 
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410.     Making  r  =  ] ,  2,  3 r  -  1,  r,  r  +  1  in  order, 


n  —      n     n    ix  —  \   f^     n   n-\    n-'i 
ti  — n,  L2  —  -  .  -  2~,  t/3  =  Y  .  —^  .  — 3— • 


^        71.  (/I -1) ,(7J-r  +  2) 


1.2 (r-1) 

^  _n_^(n-l).. (n-r  +  a).  (n-r+l) 


C,^i  — 


1.2 (r-l).r 

n  .  (?i  —  1) (71  —  r  +  1) .  (n  —  7) 

1.2 r.(r+l) 


C'„  =  l. 

Hence  the  general  expression  for  the  factor  connecting  0*,, 
one  of  the  set  of  numbers  Cj,  C, C^i C'„,  with  Cv_i, 

that  which  stands  next  before  it,  is ,  that  is, 

n-^_+_l_ 
r 

With  regard  to  this  factor ,  we  observe 

r 

(1)  It  is  always  positive,  because  %  + 1  is  greater  than  r. 

(2)  Its  value  continually  decreases,  for 

7)-r+l        7!  +  l 


r  1' 

r 


which  decreases  as  r  increases. 


(3)  Though ■  continuaily  decreases,  yet  for  several 

successive  values  of  r  it  is  greater  than  unity,  and  therefore 
each  of  the  corresponding  terms  is  greater  than  the  preceding. 

(4)  "When  r  is  such  that  — ~^^  is  less  than  unity  the  cor- 
responding term  is  less  than  the  preceuing. 
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(5)     If  n  and  r  be  such  that =  \,C,.  and  C,_,  are  a 

pair  of  equal  terms,  each  greater  than  any  preceding  or  subse- 
quent term. 

Hence  up  to  a  certain  term  (or  pair  of  terms)  the  terms  in- 
crease, an<l  after  that  deprease :  this  term  (or  pair  of  terms)  is 
the  greatest  of  tlie  series,  and  it  is  the  object  of  the  next  Article 
to  determine  what  value  of  r  gives  this  greatest  term  for  j>air 
of  terms). 

;411.  To  find  the  value  of  t  for  which  the  number  of  coiabina- 
tions  of  n  thvKjti  taken  r  together  is  the  greatest. 

_n.{n-\) (7t-r-t-2) 

^^'~     r.2~::(r-i) 

•  p  _  n.  (n-1) (n-r  +  l)  ^  {v  -  r+1) 

'"         1.2 [r-i)         '      ~r 

„     _n.(n-l) (n-r-f-l)    n-r 

"^'~  1  .2 r  r+  r 


Hence,  if  C,  denote  the  number  of  combinations  required, 

C  C 

Y^'-  and  jf^  must  neither  of  them  be  less  than  1. 

(7,      n-r  +  1 

C,      r  +  l 

and  rr-  —  — -  . 

C'^,     n-r 

Hence is  not  less  than  1  and  is  not  less  than  1, 

r  n  —  r 

or,  n  —  r -I- 1  is  not  less  than  r  and  r-i-  1  not  less  than  7i  -r, 

or,  n+  1  is  not  less  than  2r  and  2r  not  less  than  n-\; 

:.  2r  is  not  greater  than  n  +  1  and  not  less  than  n—  1. 

Henco  2r  can  have  only  three  values,  n-  1,  n,  n+  1. 

Now  2r  must  be  an  even  number,  and  therefore 

(1)     Tf  n  be  odd,  n  -  1  and  h  +  1  being  both  even  numbers, 
2r  may  be  equal  to  ?i  -  I  or  /*  +  1 ; 
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n— 1  n+ 1 

.■.r=-2-orr  =  --. 

(2)  If  n  be  even,  n-  1  and  ?i  +  1  being  both  odd  numbers, 
2r  can  only  be  eqnal  to  n  ; 

TO 

•••  ^  =  2- 

Ex.  1.  Of  eight  things  how  many  must  be  taken  together 
that  the  number  of  combinations  may  be  the  greatest  pos- 
sible ? 

Here  n  =  8,  an  even  number,  therefore  the  number  to  be 

taken  is  4,  which  will  tjive  :; — - — r — -  or  70  combinations. 
1x2x3x4 

Ex.  2.     If  the  number  of  things  be  9,  then  the  number 

9-1       9+1 
to  be  taken  is  —^  or  — -— ,  that  is  4  or  5,  which  -will  give 


respectively 

9x8x7x6 
1x2x3x4' 

9x8x7x6x5 
1x2x3x4x5 


,  or  126  combinations,  and 
,  or  126  combinations. 


Examples. — cxlvii. 

1.  Out  of  100  soldiers  how  many  different  parties  of  4  can 
be  chosen  ? 

2.  How  many  combinations  can  be  made  of  6  things  taken 
5  at  a  time  \ 

3.  Of  the  combinations  of  the  first  10  letters  of  the  alphabet 
taken  5  together,  in  how  many  will  a  occur  ? 

4.  How  many  words  can  be  formed,  consisting  of  3  con- 
sonants and  one  vowel,  in  a  language  containing  19  consonant >= 
and  5  vowels  ? 

5.  The  number  of  combinations  of  n  things  taken  4  at  a 
time  :  the  number  taken  2  at  a  time  =  15  :  2.     Find  n. 

6.  The  number  of  combinations  of  n  things,  taken  5  at 
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3 

a  time,  is  3_  times  the  number  of  combinations  taken  3  at  a 

time.     Find  n. 

7.  Out  of  17  consonants  and  5  vowels,  how  many  words 
can  be  formed,  each  containing  2  vowels  and  3  consonants  ? 

8.  Out  of  12  consonants  and  5  vowels  how  many  words  can 
be  formed,  each  containing  6  consonants  and  3  vowels  ? 

9.  The  number  of  permutations  of  n  things,  3  at  a  time,  is 
6  times  the  number  of  combinations,  4  at  a  time.     Find  n. 

10.  How  many  different  sums  may  be  formed  with  a  guinea, 
a  half-guinea,  a  crown,  a  half-crown,  a  shilling,  and  a  sixpence  ? 

11.  At  a  game  of  cards,  3  being  dealt  to  each  person,  any 
one  can  have  425  times  as  many  hands  as  thefe  are  cards  in 
the  pack.     How  many  cards  are  there  ? 

12.  There  are  12  soldiers  and  IG  sailors.  How  many  dif- 
ferent partii-s  of  6  can  be  made,  each  party  consisting  of  S 
soldiers  and  3  sailors  ? 

13.  On  1k)w  many  nights  can  a  different  patrol  of  ,5  men  be 
dnuigliteil  Irom  a  corj)s  of  36  ?  On  how  many  of  these  would 
any  one  man  be  taken  I 


XXXV.    THE    BINOMIAL   THEOREM. 
POSITIVE    INTEGRAL    INDEX. 

412.  The  Binomial  Theorem,  fust  explained  by 
Newton,  is  a  nictliod  of  raising  a  binomial  expression  to  any 
power  without  going  through  the  jjrocess  of  actual  multipli- 
cation. 

413.  To  invesli(/ate  ilie  Binomial  Theorem  for  a  Positive 
Integral  hulex. 
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By  actual  multiplication  we  can  show  that 
(x  +  aj  (z  +  Oj) = x^  +  (ttj  +  a„)  X  +  a^aj 
(x  +  aj)  (x  +  Oo)  (x  +  a-3)  =  x^  +  (aj  +  Oj  +  a^  x^ 

(x  +  ai)  (x  +  a.,)  (x  +.03)  (x  +  04)  =  X*  +  (a^  +  aj  +  03  +  04)  x^ 

+  {a^a^  +  «ia3  +  aja^  +  ajOg  +  a.j3.^  +  a3a4)  x^ 

+  (aiajOj  +  aia2a4  +  a^a^ai  +  a2a3a4)  x  +  a-^a^a^a^. 

In  these  results  we  observe  the  following  laws  : 

I.  Each  product  is  composed  of  a  descending  series  of 
powers  of  x.  The  index  of  x  in  the  first  term  is  the  same  as 
the  number  of  factors,  and  the  indices  of  x  decrease  by  unity 
in  each  succeeding  term. 

II.  The  number  of  terms  is  greater  by  1  than  the  number 
of  factors. 

III.  The  coefficient  of  the^rsi  term  is  unity. 

of  the  second  the  sum  of  a^,  a.^,  a^  ... 
of  the  third  the  sum  of  the  products  of 

Oj,  Oj,  03  ...  taken  two  at  a  time. 
of  the  fourth  the  sum  of  the  products  of 

Oj,  a.^,  03 ...  taken  three  at  a  time. 
and  the  last  term  is  the  product  of  all  the  quantities 

«1,  «2>  «3 

Suppose  now  this  law  to  hold  for  n  -  1  factors,  so  that 

(x  +  Oi)  (x  +  ttj)  (x  +  aj) (a:  +  a»-i) 

= x-i  +  .S'l .  x-2  +  S^ .  x-3  +  6^3 .  x"^  + +  S„_i, 

where  /Si  =  a^  +  ag  +  «3  +  •  •  •  +  «„-i, 

that  is,  the  sum  of  a^,  a,,  a^  ...  a„_i, 

<Sj = a  jrt.,  +  a^a^  +  a./i^  +  . . .  +  aia„_i  +  a./i„_-^^  +  ... 

that  is,  the  sum  of  the  products  of  %,  a^,  rtg  ...  j,^i, 
taken  two  at  a  time, 
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that  i.?,  the  sum  of  the  products  of  aj,  a„...a,_,, 
takoii  three  at  a  time, 


S»_i  =  «i«ort3...a„_i, 

tliat  is,  the  product  of  aj,  a^,  rts  ...  a,_j. 

Now  multiply  both  sidea  by  x  +  a„. 

Then 

(x  +  ttj)  (x  +  a.})  ...  {x  +  a„_i)  (x  +  a„) 

=  x''  +  S^i  X"-'  +  ^',  X—2  +  ,S'3x"-3  4. ... 

+  a„  x"-i  +  a^Si  x"-2  +  a„Sj  X" "'  +  ...  +  a„S,  _, 
=x"  +  (/Si  +  a,)  x"-i  +  (Sj  +  a„Si)  x—'^ 

Now  Si  +  a„  =  rt,  +  rt„  +  as  +  . . .  +  a„_i  +  a«, 

that  is,  the  sura  of  a^,  a^,  03 ...  a„, 

(Sj  +  a„.Si  =  ."^„  +  a„  (a,  +  rtj  +  . . .  4- 1^1), 

that  is,  the  sum  of  the  products  of  a,,  a,  ...a„- 
taken  two  at  a  time, 

Sj  +  rt„^2  =  .S'a  +  a„  (ajOj  +  a ,rt3  +...)> 

that  is,  the  sum  of  the  products  of  «,,  aj...a,, 
taken  tlireo  at  a  tiine, 

o,S,^i  =  rtiaja3  ...  a,^,  rt„ 

that  is,  the  product  of  a,,  a^,  'ij  •••  o,. 

If  then  tlie  law  liolds  good  for  71-  1  "factors,  it  will  hold  good 
for  n  factors  :  and  as  we  have  shown  that  it  hnhls  good  up  to  4 
factors  it  will  hold  for  5  factors  :  and  hence  for  6  factors  :  and 
BO  oil  for  any  number. 
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Now  let  each  of  the  n  quantities  aj,  aj,  aj  ...  a,  he  equal  to 
a,  and  let  us  write  our  result  thus : 

(a;  +  ai)(x  +  a2)...(.T  +  a„)=a;"  +  .4i.  a;"-^  +  ^j .  «"-'+  ...  +-4„. 

The  left-hand  side  becomes 

(x  +  a)  (x  +  a) . . ,  (.r  +  a)  to  n  factors,  that  is,  (x  +  «)". 

And  on  the  rij,'ht-hand  side 

>li  =  a4-a  +  a+  ...to  7(  terms=?ia, 

Ai  =  d?' -\- ofi ■'r a?- -^^  ...to  as  many  terms  as  are  equal  to  the 
number  of  combiuatious  of  n  things  taken  two  at  a  time,  that 
.    n.(n-l) 

^3  =  a^  +  o^  +  a-''+  ...to  as  many  terms  as  are  equal  to  the 
Jiumber  of  combinations  of  n  things  taken  three  at  a  time,  that 
«.(n-l).(n-2)_ 

''      rr2T3      ' 

A^  —  a.a.a...ion  factors  =  a". 
Hence  we  obtain  as  our  final  result 

(x  -I-  a)"  =  x"  +  nax''-^  +  — )^ — --'  aV"* 

n.  fji-l) .  (n-2)      ,  .  , 

+ ■     '    \ .  a'x"-'-!-  ...  +a". 

1  .  ^  •  o 

414.     Ex.     Expand  (x  +  a)6. 

Here  the  number  of  terms  will  be  seven,  and  we  have 

(x  +  a)6  =  x6+6ax5  +  ^  aV  +  |-^%V 

^6.5.4.3    ,,.6.5.4.3.2    ,         . 
+  r:2:374  "^  +172737476  '^^^^ 
«"X«  +  6ax5  +  Ibah^  +  20a^x3  +  15a*x*+  Qa^x  +  a". 
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NoTK.  The  coofficienta  of  terms  equidistant  from  the  end 
and  from  the  hesinning  are  the  same.  Tlie  general  proof  of 
this  will  be  given  in  Art.  420. 

Hence  in  the  Example  just  given  wlien  the  coefficients  of 
four  terms  liad  been  found  tliuse  of  the  other  three  might  have 
been  written  down  at  once. 


Examples.— cxlviii. 

Expaml  the  following  expressions  : 

I.     (a  +  a;)*,  2.     (6  +  c)«.  3.     (a +  6)'. 

4.     (x  +  i/)8.  5.     (5  + 4a)*.  6.     {a^^hcf. 

415.  Since 

/        N  -  1     ^^'^  ('I- 1)     .  .  » 

(x  +  a)"  =  a;"  +  nax"~^+  .  a-x""'' 4- . . .  +  a", 

if  we  put  j=  1,  we  sliall  have 

(1  +  a)"  =  1  +  7Ui  +  — ^       .  ' .  a^  +  ...  +  a". 
L  .  Ji 

416.  Every  binomial  may  be  reduced  to  such  a  form  that 
the  part  to  be  expanded  may  ha^'e  1  for  its  tirst  term. 

Thus  since  x  +  a  =  x(l+-l, 

(x  +  ar  =  x»(l+")"., 

and  we  may  then  expand  (1  +  -)   and  multiply  each  tenn  of 
the  result  by  x". 

Ex.     Expand  (2x  +  3i/)*. 
(2x  +  33/)6  =  (2x)''.(l+||y 

5.4.jJ^2    /3.vy  ,  /.W) 
i. 2.3.4' V2x/      V2x/  ) 


THE  BINOMIAL  THEOREM.  301 

_         f        15j/     90J/2     2701/3     405//*     243t/S> 
-^Ja-.^l+-2— +  43.2  +    ya^   +  i(5^4-+  32^5^^ 

=  32x5  +  240x*i/  +  720x3i/2  +  IOSOx^t/^  ^  siOxj/^  +  243?/^ 

417.  The  expansion  of  (x  — a)"  will  be  precisely  the  same  as 
that  of  (.x  +  a)",  except  that  the  sign  of  terms  in  which  the  odd 
powers  of  a  enter,  that  is  the  second,  fourth,  sixth,  and  other 
even  terms,  will  be  negative. 


rri  /  \n  n  n-1        ^  .  {ll  -  1)         , 

1  lius  (x  -  a)"  =  X"  —  Jiax"  ^  H ^ — r —  .  «-x" 


7t .  (to  -  1)  .  (71  -  2) 

1.2.3  ' 


for  Cx  — a)"=  jx  +  (-a)}" 

= x»  +  7^  ( -  a)  x"-!  +  ™-'  j™  ^^  ( -  a)V-*  +  &c. 

=x''-nax"  '■i ^ — - —   a^x"  ^+  &c. 

Ex.     Expand  (a  -  c)^ 

.     ^   .       5.4,2     5.4.3  ,  ,     5.4.3.2     .       , 
(a  -  cy  =  a^  -  5a*c  +  p^a'c*  -  ^-^^""C  +  123   4       ~ 

=  o''  -  5a*c  +  lOa^c-  -  10a"c^  +  5ac*  -  c^ 


Examples. — cxlix. 

Expand  the  following  expressions : 

I.     (a-x)8.  2.     (h-cy.  3.     (2x-3yf. 

4.     (l-2x)=.  5.     (l-x)!".  6.     (a3-62)8. 

418.     A  trinomial,  as  a  +  6  +  r,  may  be  raised  to  any  power 
by  the  Binomial  Theorem,  if  we  regard  two  terms  as  one,  thus  : 

(a  +  6  +  c)"  =  (a  +  6)"  +  n .  (a  +  b)"'^ .  c 


n.(n-l)    , 
■+      1:2      •^"^'-'^" 


.6^^ 
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Ex.     Expiiiid  (l+x  +  x2)3. 

(l+a+x-f  =  (l+x)3  +  3(l+a;)^a;2  +  ?^|(l+a:).a-*  +  x'' 

=  (l+3x  +  3x'''  +  x3)  +  3(l+2x  +  x2)x'' 

+  3(1  T  ,-).r^  +  x-« 
=  1  +  3x  +  3x2  +  x3  +  3x2  +  6x3  ^.  3_j.4  +  3  H 

+  3x-^ +  ./•'' 
=  1  +  3.C  +  6x2  ^  7_j.3  ^  g-j4  +  3j^  +  a*. 


Examples.— cl. 

Expand  the  following  expressions : 
I.     («  +  26-c)».  2.     (l-2x  + 3x2)1      3.     (x3-x2  +  x/. 

4.     (3x^  +  2x^  +  1)3.      5      /a;+l-iy.         6.     (a*+6*-c^)3. 

419.  T'o  yind  </ie  r""  or  general  term  0/  the  expaiuion  of 
(x  +  a)". 

We  have  to  determine  three  things  to  enable  us  to  write 
down  the  r^  term  of  the  expansion  ol'  (x  +  a)". 

1.  The  index  of  x  in  that  term. 

2.  The  iii<lex  of  a  in  that  term. 

3.  The  coefficient  of  thai  term. 

Now  the  index  of  x,  dccrea.sing  by  1  in  each  term,  is  in  the 
r**"  term  n  -r+  1  ;  and  the  index  of  a,  increasing  by  1  in  each 
term,  is  in  the  r*  term  r-  1. 

Fur  example,  in  the  third  term 

the  index  of  x  is  n  -  3  +  1 ,  that  is,  n  -  2  ; 
the  index  of  a  is  3  -  1,  that  is,  2. 

Ill  as.si<,'iiiii<,'  it.<<  proper  coefficient  to  the  r*  term  we  have  to 
deU'ruiine  llie  last  factor  in  the  denominator  and  also  in  the 
numeratiir  of  the  fraction 


n.(n-l).(n-2).(n-3). 
1.2.3.4 
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Now  the  last  factor  of  the  denominator  is  less  by  1  than  the 
number  of  the  term  to  which  it  belongs.  Thus  in  the  3"*  term 
the  last  factor  of  the  denominator  is  2,  and  in  the  r"'  terra  the 
last  factor  of  the  denominator  is  r—  1. 

The  last  factor  of  the  numerator  is  formed  by  subtracting 
from  ?i  the  number  of  the  term  to  which  it  belongs  and  adding 
2  to  the  result. 

Thus  in  the  3"*  term  the  last  factor  of  the  nixmerator  is 

n-  3  +  2,  tjiat  is  ?«  —  1  ; 

in  the  4* ?i-4  +  2,  that  is  h-2  ; 

and  so      in  the  r"" ?^  -  r  4-  2. 

Observe  also  that  the  factors  of  the  numerator  decrease  by 
unity,  and  the  factoi-s  of  the  denominator  increase  by  unity,  so 
that  the  coetliiieiit  of  the  r""  term  is 

n.(n-l).(n-2) (n-r  +  2) 

1.2.3 (r-1) 

Collecting  our  results,  we  write  the  r*  term  of  the  expansion 
of  (x  +  a)"  thus  : 

n.{n-l).{n-2) (n-r  +  2) 

1.2.3 (r-1)  •"'     -"^        • 

Obs.  The  index  of  a  is  the  same  as  the  last  factor  in  the 
denominator.     The  sum  of  the  indices  of  a  and  x  is  n. 


Find 


Examples. — cli. 

The  S^-termof  (1+x)". 
The  5'"  term  of  (a^  -  }Ff\ 
The  4*^  term  of  (a  -  6)i«>. 
The  g'^term  of  (2a6  -  cfZ)'*. 
The  middle  term  of  (a  —  hy^. 
The  middle  term  of  (a^  +  6*)*. 
The  two  middle  terms  of  (a  -  6)i9. 
The  two  middle  terms  of  (a  +  z)i3. 
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9.     Show  that  tlie  coetlicieiit  of  tlie  middle  term  of 
,,   .    „,      1.3.5 (471-1) 

10.     Show  that  the  coefficient  of  the  middle  terra  of 
(a  +  .r-  is  2"^>  X  (2n^3)(2n4.5^.....(4.-l)(4n:Hl)^ 

420.  To  show  that  the  coefficient  of  the  v*^  term  from  the 
bey  inning  of  the  expansion  of  (x  +  a)"  is  ideiitical  with  the  coeffi- 
cient of  the  r"'  term  from  the  end. 

Since  the  number  of  terms  in  the  expansion  isn+1,  there 
are  n+l—r  terms  before  the  r*  term  from  the  end,  and  there- 
fore tiie  r"'term  from  the  end  is  the  (n-r  +  2)"'  term  from  the 
beginning. 

Thus  in  the  expansion  of  (x  +  a)^,  that  is, 

x^  +  5ax*  +  lOa^x^  +  lOa'x^  +  ba*x  +  a^, 

the  3rd  term  from  the  end  is  the  (5  -  3  +  2)*,  that  is  the  4*^  term 
from  the  beginning. 

Now  if  we  denote  the  coefficient  of  the  ?"'  term  by  G„ 
and  the  coefficient  of  the  (n-r  +  2)"'  term  by  C„_^j, 
we  have 


r»  _'>^("-l) (n-r  +  2) 

^'~  1.2 (r-1)        ' 

0  +  2} 

1 


n.(n-l) }n-(n-r  +  2)  +  2} 


1.2 (7i-r  +  2-l) 

_    n.(n-l) f 

■"1.2 (n-r+l)" 

Hence 

C,       n.(n-l) {n-r  +  2)     1.2 (n-r+l) 

C,_H^"         1.2 (r-'l)         ""    n.(n-l)~. r 

n.(n-l) {n-r  +^)_^(n  -  r  +  1 ) '2.1 

"  1.2 (r-l).r (n-l).7i 

\n  ...  , 

,B-^==l,  whicli  proves  the  proposition. 
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451.     To  find  the  greatest  term  in  the  expansion  of  (x  +  a)",  n 
being  a  positive  integer. 

Tlie  r*  term  of  the  expansion  {x  +  a)"  is 

n.jn-l) (n-r  +  2)  ^_^^ 

1.2,.....(r-l)         •''     -"^        • 

The  (r+  l)""  term  of  the  expansion  (x  +  a)"  is 

n.(n-l) (n-r  +  2).(>i-r  +  l)  ,_, 

1.2 (r-l).r  *     ■ 

Hence  it  follows  that  we  obtain  the  (r+  l)"*  term  by  multi- 
plying the  r""  term  by 

n  -  r  4- 1   a 
r       '  X 

When  this  multiplier  is  first  less  than  1,  the  r*  term  is  the 
greatest  in  the  expansion. 

Now  .  -  is  first  less  than  1 

T  X 

when  na  -  ra  +  a  is  first  less  than  rx, 

or  "         na  +  a  first  less  than  rx  +  ra, 

or  r  (x  +  a)  first  greater  than  a  (n  + 1), 

or  r  first  greater  than  — ~. 

*  x  +  a 

Tc       -u  1    i      ''^C^  +  l)    4.1-        n  -r+l   a     ^  ,    ^, 

If  r  be   equal   to   \  then  •-  =  !,   and   the 

^  x+a    '  r         X       ' 

(r  +  1)"'  term  is  equal  to  the  r"",  and  each  is  greater  tlian  anv 

other  term. 

Ex.     Find  the  greatest  term  in  the  expansion  of  {4  + ay, 
when  a  =  g- 

Here  a(n+l)     2^"""'^     12     24     ,„ 

^  +  2        T 

The  first  whole  number  greater  than  2^\  is  3,  therefore  the 
greatest  term  of  the  ex])anpion  is  the  3rd. 
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422.     To  find  the  sum  of  all  the  coefficients  in  the  expansion 
ofil+x)". 


Since  {l+x)"  =  \+nx+  —  'x^  + 


n.(n—  1)  .  ,        .^ 
1  •  ^ 


]iuttiii<^  x=l,  we  get 


o.     ,  n.  (71-  1)  n.  (ji- 1)  , 

2"  =  the  sum  of  all  the  coefficients. 


423.  To  shov:  that  the  sum  of  the  coefficients  of  the  odd  term 
in  the  expansion  of  {I  +  x)"  is  equal  to  the  stim  of  the  coefficients 
of  the  even  terms. 

Since 

(1  +x)''=l+nx  +  — p2"  *  + —     123 

putting  x=  -  1,  we  get 

n      n--i     „4."-("-^)     n.{n-\).{n-2) 
(1-1)  -l-n  +  -j    2      T.2T3"~^ 

^     f,     n.(7i-l)  ) 

(        n.(n-l).(n-2)  ) 

-r"- — TO — "- } 

=  RUin  of  cocfficiiiits  of  odd  terms  —  sum  ol  co- 
efficients of  even  teniis ; 

.•.  sum  of  coefficionta  of  odd  terms  =  sum  of  coefficients  of 
even  terms. 

Hence,  by  the  preceding  Article, 

2" 
Bum  of  coefficients  of  odd  terms  =  ^=2'~*; 

2" 
sum  of  coefficients  of  even  terms  =  -  =  2"~*. 
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FRACTIONAL  AND    NEGATIVE    INDICES. 

424.     We  have  shown  that  when  m  is  a  positive  integer, 

N«     n               m.(rii-l) 
(l+x)"  =  l  +  ma;4- — p^ — ^  x^+ 


We  have  now  to  show  that  this  equation  holds  good  when 
3 
m  is  a  positive  fraction,  as  ^,  a  negative  integer,  as  -  3,  or  a 

negative  fraction,  as  -  -. 

We  shall  give  the  proof  devised  by  Euler. 
42f).     1  f  m  be  a  positive  integer  we  know  that 
/-,       Nm     ,  m.  (m-1)  2     m.  (m- 1).  (m-2)   , 


1.2  1.2.3 

liCt  us  agree  to  re[ireseut  a  series  of  the  form 

m .  (m  -  1)    , 
l  +  mx+ 12+  


by  the  symbol  /(w),  whatever  the  value  o/m  may  be. 

Tlien  we  knovs-  tluit  when  m  is  a  positive  integer 

{l+x)''=f{m); 

and  we   have   to   show  that,  also,  when  m  is  fractional  or 
negative 

(l+3!)'"=/(m). 

,,    V     ,              m.(m— 1)    , 
Since  /(m)  =  l+TOX  +  - — y^  ^x^+  


^/  N     1  w  .  (n  -  1)    „ 

/{n)  =  l+nx  +  — ^-^'  x^+  , 
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If  we  multiply  together  the  two  series,  we  shall  obtain  au 
expression  of  the  form 

1  +  ax  +  fej;^  +  cx^  +  rfx*  +  

that  is,  a  series  of  ascending  powers  of  x  in  which  tlie  coelii- 

cients  a,  b,  c are   formed  by   various   combinations  of 

m  and  n. 

To  determine  the  mode  in  which  a  and  b  are  formed,  let  us 
commence  tlie  multiplication  of  the  two  series  and  continue  it 
as  far  as  terms  involving  x^,  thus 

...     ,              m  .  (m  -  1)    „ 
f{m)  =  l+mx-i ^— 2 — -x^+  

f{n)  =  1  +nx  +  — in       ^  +  

1    .  ^ 


/(m)  x/(n)  =  1  +  mx  +  — p-g"  ^  + 

+  nx  +  mnx-+  

n.(n-l)    „ 
1.2 


l  +  (m  +  'n).x+< -'— 


m .  (to  —  1) 
2 

■n.(n  —  l))    , 


Comparing  this  product  with  the  assumed  expression 

1  +  ax  +  bx'^  +  cx^  +  (Iji*  +  

we  see  that  a  =  m  +  n, 


an 


,     m.(m-  1)  n.  (»—  1) 

d  ^  =  —172-+"^™  +  — 172- 

to'  -  TO  +  2to»  +  n*  —  « 
~  172 

_  (to +  n) .  (TO+n  — 1) 
^  1:2 


J 
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Similarly  we  could  show  by  actual  multiplication  that 

(m  +  n) .  (m  +  n  —  1) .  (w  +  n  -  2) 
*"  1.2.3  ' 

, _(m  +  n)  .  {m  +  n  —  1) .  (m  +  n-2).(m  +  n- 3) 
~  TT273T4  ~         • 

Thus  we  might  determine  the  succe.ssive  coefficients  to  any 
extent,  but  we  may  ascertain  the  law  of  their  formation  by  the 
following  considerations. 

Tlie  forms  of  the  coefficients,  that  is,  the  way  in  which  m 
and  n  are  invoh'ed  in  them,  do  not  depend  in  any  way  on  the 
values  of  m  and  n,  but  will  be  precisely  the  same  whether  m 
and  n  be  positive  integers  or  any  numbers  whatsoever. 

If  then  we  can  determine  the  law  of  their  formation  when 
m  and  n  are  positive  integers,  we  shall  know  the  law  of  theii 
formation  for  all  values  of  m  and  n. 

Now  when  m  and  n  are  positive  integers, 
f(m)  =  (l+xr, 
/(«)  =  (l+x)-; 
:.f{m)xf(n)=^(l+x)''x(l+x)'' 

=/(m  +  n). 

Hence  we  conclude  that  whatever  be  the  values  of  m  and  n 
/(m)  X /(«)=/ (m  +  7i). 

Hence  f{m  +  n  +p)  =f{m)  .f{n  +p) 

=f{m).f{n).f(p}, 
and  so  generally 

f{m  +  n+p  +  ...)=f{m).f{n).f{p)... 
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Now  let  m  =  n=p=^ ...  =,-,  h  ami  k  beiiig  positive  inte<,'ci-a, 
then 

,/h     h     h  ^    ,  \ 

•••a-)^=/(^) 

-  (--l) 

which  proves  the  theorem  for  a  positive  fractional  index. 

Again,  since  f{m).f{n)=f(m  +  n)  for  all  values  of  to  and  n, 
let  71=  -TO,  then 

=/(0). 

•KT       .t  ,  TO.(m-l)  , 

Now  the  series  l+7nj;+      -\~a — -X'+  ... 

becomes  1  when  m  =  0,  tliat  is,/(0)=  1  ; 
.-. /(to)./(-to)=I; 

:./(-  m)=  ,-7— ,-  =  ,-; xi.  =  (l  +^)~' ; 

/("i)    (1+x)" 

.-.  (l+x)-=/(-7n) 

,     ,        .        — to(  — m  — 1), 

=  1  +  (  -  m)  a;  + -^ x^  +  ... 

which   proves  the    theorem   for  a  negative  index,  integral  or 
tractional. 


i 
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426.     Ex.     Expand  (a  +  x)-  to  four  terms. 
1.(1      ,) 


1.2 

.3 

—  .  «" 

1 

3 

-ai  + 

1 

-i.x-^ 

4 

-f 

-'4- 

a' 

.1 

2 

,x' 

.ai  + 

X 

2.4 

X- 

X3 
5.  ' ' 

IfitC-i 

a^     ,x^... 


Or  we  might  proceed  thus,  as  is  explained  in  Art.  416. 
(a  +  x)^  =  aVl+-'^y^ 

(        2    a  1.2         a^  1.2.3  a^       ) 

„i  f ,  ,   X       x'-        x^        ) 

(       2rt     8a2^16a3-"j 

,i  .    X        x2.       x^ 
=  a--^-^ ,^  + .  ... 

2rt2     8a2     16a2 


Examples.— clii. 

Expand  the  followinj,'  expressions  : 

1.  (1  +x)2  to  five  terms. 

2.  (1  +a;-*  to  four  terms. 


3.  (a  +  x)*  to  five  terms. 

4  (l  +  2x)-  to  five  terms. 

5.  (  a  +  —  I*  to  four  terms 

6.  (a*  +x*)'^  to  four  terms. 


7.  (1 -x-)^  to  five  terms. 

8.  (1  -a?)*  to  four  terms. 

9.  (1  —  .3x)*  to  four  terms. 

10.  (•«"  —  -.r)^  ^'^  ^^'"^  terms. 

11.  (1  -x)^  to  four  terms. 

12.  ( J^ )   to  three  terms. 


3»2 
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427.     To  expand  (1  +x)~". 

/,       \_«     1      /       \          -n .  ( -n—\)    „ 
(1  +  x)-"  =l  +  {-n).x  + ."•- '-  x2 


-n.(-n-l).(-M  -2) 
^  1.2.3  ^ 


,  n(n+\)  „    n{n+l)(n  +  2)     - 


the  terms  being  alternately  positive  and  negative. 
Ex.     ExpaU'l  (1  +x)~^  to  five  terms. 
n  .    s  ^     ,      •>       3.4    „     3.4.5    ,     3.4.5.6      . 

(i+.r)-3=i-.j.,;4- -,x^-^- -2-.3^^rT:-3r4-^- - 

=  1  -  3x  +  6x-2  -  10.r3  +  ISz*  -  . . . 

428.     To  expand  (I- x)^. 

/,       \-ii     1     /       \           —  n.(  —  71-1)      „ 
(1  -  x)-^  =  l-{-n).x+  j^-~~- ' .  x2 

-n(-TO-l)(-ri-2)    3  . 

i:2T3 '^■'••• 

n.(n  +  l)      ,     n.(n  +  \)(n  +  2)    „ 

the  terms  being  all  positive. 

Ex.     Expand  (1 -a;)~3  to  five  terms. 
,,       ,,     ,      ^       3,4„     3,4.5,     3.4.5.6. 

(^-^)"=^+-^^+r:2^^i.2.3^-^i-:2-.-374^+- 

=  1  +  3x  +  6x2  +  10,^3  +  15^  +  ,,^ 


Examples.— cliii. 

Expand 

1.  (1 +a)"^  to  five  terms.  t-  \ - 

2.  (1  -  3x)~'  to  five  terms.  5.  (a--2x)"'''  to  five  terms. 

3.  \^~i)     to  four  terms.  6.  (a^  —  x^)~^  to  lour  terms. 


4.    (  1  -  9  )     to  five  terms. 
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429.     roexpa?irf  (l+x-)~". 


_l(_l_l)(_1.2) 


1.2.3 


xA.^'^Aa     («+l)(27i+l) 


Examples. — cliv. 

Expand 

I.   (1  +  X-)  -  to  five  terms.  4.    (1  +  2.r)  -  to  five  terms. 

_a  JL 

3.   (1— «^)  2  to  five  tenns.  5.    (rt^  +  a^)"^  to  four  terms. 

2  _i 

3    (x^  +  2*)  5  to  four  terms.  6.   (a^  +  a^^)  ^  to  four  terms. 

430.    Observations  on  the  general  eiyrression  for  the  term  involving 
af  in  the  expansions  (1  +  x)"  and  (1  -  x)". 

The  general  expres-sion  for  the  term  involving  x',  that  is  the 
(r+  l)""  term,  in  the  expansion  of  (1  +x)"  is 

n.{n-\)  ...{n-r-\-\) 

1.2 r         •'■^'• 

From  this  we  must  deduce  the  form  in  all  cases. 

Thus  the  (r+  l)""  term  of  the  expansion  of  (1  -x)"  i^s  found 
')y  changing  x  into  (  —  a;),  and  therefore  it  is 

n..  (n-l)  ...  (?i-r+l)  ,       . 

— 172 -.r.TF^  ■(-'') 
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If  n  be  negative  and  =  —  7rt,  the  {r -v  l)""  term  of  the  expan- 
sion of  ( I  +  .t)"  is 

(-m)( -7>i— 1)  ...    -m-r  +  1)  ^ 
1.2 r  ^' 

■       (-l)-.{m.(m-H)...(m  +  r-l){x'. 
''  1.2 .....~i- 

If  ft  be  negative  and  =  —m,  the  (r+  1)*  term  of  the  expan- 
sion of  (1  +  xf  is 

(-iy.|m.(m-H)...(m  +  r-l)} 

1.2....:... r  -^     ^'' 

m.(m  +  l) ...  Cm  +  r-l)     , 
1.2 ....r ^•^• 


Examples. — civ. 

Find  ihc  r""  terms  df  the  following  expansions: 
1.    (l+x)^  2.    (l-x)»2.  3.    (a-x)8.  4.    (5x  +  2j/f. 

5.    (1+x)-'.         6.    (l-3x)-^.        7.    (l-x)'i       8.    (a  +  x)i 
9.    (l-2x)~5.  10.    (a2-a;2)-i 

1 1.  Find  the  (r+  1)'"  torm  of  (1  -x)"^. 

12.  Find  the  (r  + 1)*  term  of  (1  -4s;)  '-'. 

13.  Find  the  (r+  1)""  term  of  (1  +x)''. 

14.  Show  tliat  tlie  coefficient  of  x'"*"'  in  (1  +x)"+'  is  the  sum 
of  the  coefficients  of  x'  and  x*^'  in  (1  +x)". 

x> 


1 5.  Wh.it  is  tlie  fourth  term  of  ("  -    )  "  ^ 

16.  What  is  tlie  fiftli  f.rin  of  (a^-ft-)?  ? 

17.  What  is  the  ninth  term  of  (a*  +  2x^)2  ? 

18.  Whit  iri  the  tenth  tenn  of  fa-l-  6)""  ? 

1 

19.  What  13  the  seventh  tenu  of  (a  +  6)"  ? 
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431.     The  following  are  examples  of  the  application  of  the 
Binomial  Theorem  to  the  approximation  to  roots  of  numbers. 

(1)     To  approximate  to  the  square  root  of  104. 
V104=  V(100  +  4)  =  10(l  +  ~-)^ 

=io|i+i.-i-+2iil'J.My 

C        2    IDO^       1.2         VlOO/ 


ikJ.  (J )%...; 

1  .  i . 3  VlOU/  ) 


2V2-Vl2-'>'    /4X3  f 


=  10|l  +  A__2_  +  .      4 


'  j  '  "*"  1 00     1 0000  "^  1000000      * "  j 
=  10-19804  nearly. 


(2)  To  approximate  to  the  fifth  root  of  2. 
4/2  =  (1  +  1)5 

«  5     25     250     2500 

=  1  +  — -  H nearly 

25     2500 

=  1-1236  nearly. 

(3)  To  approximate  to  the  cube  root  of  25. 

4/25=  4/(27- 2)  =  3|l-^^p. 

Here  we  take  the  cube  next  ahovz  25,  so  a.9  to  make  the 
second  term  of  the  binomial  as  small  as  possible,  and  then 
proceed  as  before. 


Examples.— clvi. 

Approximate  to  the  following  roots  : 
I.    4^31.  2.    ;/108.  3.    4/26O.  4.    4/31. 


XXXVII.    SCALE:?   OF    NOTATION. 

432.  The  s^-rnbols  employed  in  our  common  system  of 
Arithmetical  Notation  are  the  nine  digits  and  zero.  These 
digits  wlien  written  consecutively  acquire  local  values  from 
their  positions  with  respect  to  the  place  of  units,  tli«  value  of 
every  digit  increasing  ten-fvld  as  we  advance  towards  the  left 
hand,  and  hence  the  number  ten  is  called  the  Kadix  of  the 
Scale. 

If  we  agree  to  represent  the  number  ten  by  the  letter  t,  a 
number,  expressed  according  to  the  conventions  of  Arithmetical 
■  Notation  by  3245,  would  assume  the  form 

if  expressed  according  to  the  conventions  of  Algebra. 

433.  Let  us  now  suppose  that  some  other  number,  aefive, 
is  the  radix  of  a  scale  of  notation,  then  a  number  expressed  in 
this  scale  arithmetically  by  2341  will,  if  five  be  represented  by 
/,  assume  the  form 

2/3  +  3/2  +  4/+ 1 

if  expressed  algebraically. 

And,  generally,  if  r  be  the  radix  of  a  scale  of  notation,  a 
number  expressed  arithmetically  in  tliat  scale  by  6789  will, 
when  expressed  algebraically,  since  the  value  of  each  digit 
increases  r-/old  as  we  advance  towards  the  left  hand,  be  repre- 
sented by 

Gr' +  7?-*  +  8r  +  9.    ■ 

434.  The  number  which  denotes  the  railix  of  any  scale  will 
be  represented  in  that  scale  by  10. 

Thus  in  the  scale  whose  radix  is  five,  the  number  five  will 
be  repreaented  by  10, 
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i 

In  the  same  scale  seven,  being  equal  to  five  +  two,  vrill 
tlierefore  be  represented  by  12. 

Hence  the  series  of  natural  numbers  as  far  as  tv3tnty-fiv*^'\W. 
be  represented  in  the  scale  wliose  radix  is  five  thus  : 

1,  2,  3,  4,   10,  11,  12,  13,  14,  20,  21,  22,  23,  24,  30,  31, 
32,  33,  34,  40,  41,  42.  43,  44,  100. 

435.  In  the  scale  whose  radix  is  eUven  we  shall  require 
a  new  symbol  to  express  the  number  ten,  for  in  that  scale  the 
number  eleven  is  represented  by  10.  If  we  agree  to  express 
ten  in  this  scale  by  the  symbol  t,  the  series  of  natural  numbers 
as  far  as  twenty-three  will  be  represented  in  this  scale  thus  ; 

1,  2,  3,  4,  5,  6,  7,  8,  9,  t,  10,  11,  12,  13,  14,  15,   16,  17, 

18,   19,   \i,  20,  21 

436.  In  the  scale  whose  radix  is  twelve,  we  shall  require 
another  new  symbol  to  express  the  number  eleven.  If  we 
agree  to  express  this  number  by  the  symbol  e,  the  natural 
numbers  from  nine  to  thirteen  will  be  represented  in  the  scale 
whose  radix  is  twelve  thus  : 

9,  t,  e,  10,  11. 

Again,  the  natural  numbers  from  twenty  to  tw«nty-five  will 
be  represented  thus  : 

18,  19,  It,  le,  20,  21. 

437.  The  scale  of  notation  of  which  the  radix  is  two,  is 
called  the  Binary  Scale. 

The  names  given  to  the  scales,  up  to  that  of  which  the 
radix  is  twelve,  are  Ternary,  Quaternary,  Quinary,  Senary, 
Septenary,  Octonary,  Nonary,  Denary,  Undenary  and  Duo- 
denan,'. 

438.  To  perform  the  operations  of  Addition,  Subtraction, 
Multiplication,  and  Division  in  a  scale  of  notation  whose  index 
is  r,  we  proceed  in  the  same  Avay  as  we  do  for  numbers  ex- 
pressed in  the  common  scale,  with  this  difference  only,  that  r 
must  be  used  where  ten  would  be  used  in  the  common  scale  : 
v.'hich  will  be  itnderstood  better  by  the  following  examplea 
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Ex.  1.    Find  the  sum  ol  4325  and  5234  in  the  senary  scale. 
4325 
5234 

the  sum  T- 14003 

whicli  is  obtained  by  adding  the  numbers  in  vertical  lines, 
carrying  1  for  every  six  contained  in  the  several  results,  and 
set'ing  down  the  excesses  above  it. 

Thus  4  units  and  5  units  make  nine  units,  that  is.  six  units 
together  with  3  units,  so  we  set  down  3  and  cany  1  to  the 
next  cohuini. 

Ex.  2.     Find  the  difference  between  62345  and  53466  in 

the  septenary  scale. 

62345 
53466 

the  difference  =   5546 


which  is  obtained  by  the  following  process.  We  cannot  take 
six  units  Ironi  five  units,  we  therefore  add  seven  units  to  the 
five  units,  making  12  units,  and  take  six  units  from  twelve 
units,  and  then  we  add  1  to  the  lower  fignre  in  the  second 
column,  and  so  on. 

Ex.  3.     Tilid  iply  2471  by  358  in  the  duodenary  scale. 
247  1 
358 


17088 
t  I  e  b 

7  193 

8  3  3  3  18 

tlu- 

■2>s(; 

J033 

nonary 

Divide  367286  by  8  in 
8  ;  36- 

45 

scale. 

Ex. 


The  following  is  the  process.  We  ask  how  often  8  is  contained 
in  36,  whicli  in  tin;  nonary  scale  represents  thirty-ihrce  units  ; 
the  answer  is  4  and  1  over.  We  tlu-ii  ask  how  often  8  is  con- 
tainrd  in  17,  wliich  in  the  nonary  scale  represents  rnVdcen.  units; 
the  answer  is  2  smd  no  remainder.    And  so  for  the  other  digits. 
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Ex.  5.     Divide  1184323  by  589  in  the  duodenary  scale. 

589;  1184323  (2483 
€56 

22^3 
IteQ 


3e32 
39<0 

1523 
1523 


Ex.  6.     Extract  the  square  root  of  10534521  in  the  senary 
scale. 

10534521  (  2345 
4 


43 

253 
213 

504 

4045 
3224 

5125 

42121 
42121 

Examples. — clvii. 


scale 


Add  23561,  42513,  645325  in  the  septenary  scale. 
Add  3074852,  4635628,  1247653  in  the  nonary  scale. 
Subtract  267862  from  358423  in  the  nonary  scale. 
Subtract  124321  from  211010  in  the  quinary  scale. 
Multiply  57264  by  675  in  the  octonary  scale. 
Multiply  1456  by  6541  in  the  septenary  scale. 
Divide  243012  by  5  in  the  senary  scale. 

8.  Divide  3756025  by  6  in  the  octonary  scale. 

9.  Extract  the  square  root  of  25400544  in  the  senary  scale. 
10.     Extract  the  square  root  of  56898 il  in  the  duodenary 
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439.     To  traTisform  a  given  integral  number  from  one  icale  to 
another. 

Let  ^V  be  the  given  integer  expressed  in  the  first  scale, 

r  the  radix  of  the  new  scale  in  wliich  tlie  number  is  to 
be  expressed, 

(i,  b,  c  '>^i,P,  1  the  digits,  n  +  1  iti  number,  expressing 

the  number  in  the  new  senile  ; 
so  that  the  number  in  the  new  scale  will  be  expressed  thus  : 

ar"  -\-hr"~^  +  cr"'-  Jr  +mr-'  +  ^^r  +  2. 

We  have  now  from  the  ('([nation 

JV'=((r''  +  6r"~i  +  C7'"~-+  +wr'+^>r  +  g 

to  determine  the  values  of  a,  b,  c m,  p,  q. 

Divide  N  by  r,  the  remainder  is  q.     Let  A  be  the  quotient : 

iben 

A=ar''-^ +  br'--  +  cr''~^+  +mr+p. 

Divide  A  by  r,  the  remainder  is  p.     Let  B  be  the  quotient ; 

then 

B  =  ar''--  +  br'-^  +  cr'—*+  +m. 

Hence  the 
first  digit  to  the  right  of  the  number  expressed  in  the 

new  scale  is  q,  the  first  remainder  ; 

second p,  the  second  remainder  ; 

third     ?i,  the  third  remainder  ; 

and  thus  all  the  digits  may  be  determined. 

Ex.  1.     Transform  235791  from  the  common  scale  to  the 
scale  whose  radix  is  6. 


6 

235791 

6 

39298  remainder  3 

6 

6549  remainder  4 

() 

1091  remainder  3 

f; 

181  remainder  5 

6 

30  remainder  1 

6 

5  remainder  0 

0  remainder  5 

The  numlter  requirwl  is  therefore  5015343. 
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The  digits  by  which  a  number  can  be  expressed  in  a  scale 

whose  radix  is  r  will  be  1,  2,  3 »*-  1,  because  these,  with  0, 

are  the  only  remainders  which  can  arise  from  a  division  in 
which  the  divisor  is  r. 

ElX.  2.     Express  3598  in  the  scale  whose  radix  i3  12. 


3598 


299   remainder  t 


24   remainder  e 


2   remainder  0 
0   remaind-er  2 
.*.  the  number  required  is  20ef. 

440.  The  method  of  transforming  a  given  integer  from  one 
scale  to  another  is  of  course  applicable  to  cases  in  which  both 
scales  are  other  than  the  common  scale.  "We  must,  however, 
be  careful  to  perform  the  operation  of  division  in  accordance 
with  the  principles  explained  in  Art.  438,  Ex.  4. 

Ex.  Ti-ansfomi  142532  from  the  scale  whose  radix  js  6  to 
the  .scale  whose  radix  is  5. 


5 

142532 

5 

20330 

remainder  2 

5 

2303 

remainder  3 

5 

300 

remainder  3 

5 

33 

remainder  3 

5 

4 

remainder  1 

0 

remainder  4 

The  required  number  is  therefore  413332. 

EXAMPLES. — clviii. 
Express 

1.  1828  in  the  septenary  scale. 

2.  1820  in  the  senary  scale. 

3.  43751  in  the  duodenary  scale, 
rs.A.3 
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4.  37U(>  in  the  ([uiiiary  scale. 

5.  7631  in  tlie  binary  scale. 

6.  215855  in  the  duodenary  scale. 

7.  790158  in  the  septenary  scale. 

Trant^loiiu 

8.  34002  from  the  quinary  to  the  quaternary  scale. 

9.  8978  from  the  uinlcnary  to  tlie  duodenary  scale. 

10.  3256  from  the  septenary  to  the  duodenary  scale. 

11.  37704  from  the  nonary  to  the  octonary  .scale. 

12.  5056  from  the  septenary  to  the  quaternary  scale. 
\-^.  654321  from  the  duodenary  to  the  septenary  scale. 
14.  2304  from  the  quinary  to  the  uudenary  scale. 

441.  In  any  scale  the  positive  integral  powers  of  the  num- 
ber which  denotes  the  radi.\  of  the  scale  are  expi'essed  by 
10,100,1000 


Thus  twenty-five,  which  is  the  square  of  five,  i.s  expressed  in 
the  scale  M'hose  radix  is  five  by  100:  one  hundred  and  twenty- 
five  will  be  expressed  by  1000.  and  so  on. 

Generally,  the  n""  power  of  llie  niimber  denoting  the  radix 
in  any  scale  is  expressed  by  1  followed  by  n  cyphers. 

The  highest  number  that  can  be  expressed  by  jj  digits  in  a 
scale  whose  radix  is  r  is  expressed  by  r'-  1. 

Thus  the  highest  number  that  can  be  expres.sed  by  4  digits 
in  the  scale  whose  radix  is  five  is 

10<  -  1,  or  10000  -  1,  that  is  4444. 

The  least  nundier  tliat  can  be  expressed  by  ;;  digits  in  a 
scale  whose  radix  is  r  is  expre.ssed  bv  j-*'  '. 

Thus  the  least  number  that  can  be  expressed  by  4  digits  in 
the  scale  wl)o.se  radix  is  five  is 

10*-'  or  103,  thjit  is  looQ^ 


I 
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442.  In  a  scale  whose  radix  is  r,  the  sum  of  the  digits  of 
an  integer  divided  by  (r-  1)  will  leave  the  same  remainder  as 
the  integer  leaves  when  divided  by  r  -  1. 

Let  N  be  the  number,  and  suppose 

i\"=a;-" +6r^i +cr''~'^+  +mr'^+pr  +  q. 

Then 

J\'-=a(r»-l)  +  6(r"-i-l)  +  c(r"-2-l)+  ...  +m(f--l)+p{r-l) 
+  \(t  +  b  +  c+  +m+p  +  q\. 

Now  all  the  expressions  r"- 1,  r""^  — 1 r--l,  r— 1  are 

divisible  by  r  -  1 ; 

N  .,  a  +  b  +  c+  m  +  p  +  q 

:. ^=  an  integer  H — ~  ; 

r— 1  r—\ 

which  proves  the  proposition,  for  since  the  quotients  differ  by 

an  integer,  their  fractional  parts  must  be  the  same,  that  is,  the 

remainders  after  division  are  the  same. 

Note.  From  this  proposition  is  derived  the  test  of  the 
accuracy  of  the  result  of  Multiplication  in  Arithmetic  by  cast- 
ing out  the  nines. 

For  let  A=Qm  +  a, 

and  B=9n  +  b; 

then  AB  =  9(9mn  +  an  +  bm)  +  ab ; 

that  is,  AB  and  ab  wJien  divided  by  S  will  leave  the  same 
remainder. 


Radical  Fractions. 

443.  As  the  local  value  of  each  digit  in  a  scale  whose  radix 
is  r  increases  r-fold  as  we  advance  from  right  to  left,  so  does 
the  local  value  of  each  decrease  in  the  same  proportion  as  we 
advance  from  left  to  right. 

If  then  we  affix  a  line  of  digits  to  the  right  of  the  units' 
place,  each  one  of  these  having  from  its  position  a  value 
one-r"'  part  of  the  value  it  would  have  if  it  were  one  place 
further  to  the  left,  we  shall  have  on  the  right  hand  of  the 
units'  place  a  series  of  Fractions  of  which  the  denominators 
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are  successively  r,  ?-,  r',  ,  while  the  numerators  may  be 

any   numbers  between   r  —  1    and    zero.       These    are    called 
Radical  Fractions. 

In  our  common  .«<ystem  of  notation  the  word  Radical  .is 
replaced  by  Decinud,  because  ten  is  the  radix  of  the  scale. 

Now  adopting  the  ordinar\-  sy.'^tem  of  notation,  and  markin<T 
the  place  of  units  by  putting  a  dot  •  to  tlie  right  of  it,  we  have 
the  folh)win<'  results  : 


246-4789  =  2  X  10^  +  4x10  +  6  + A +  -^J^^  +  _?_  +  ^; 


In  the  denary  scale 

246-4789  =  2: 

in  the  quinary  scale 

324-4213  =  3x  10^  +  2.  10  +  4  +  A+.j?^.J/+-^_^ 

remembering  that  in  this  scale  10  stands  ioifive  and  not  for  ten 
(Art.  434). 

444.     To  show  that  in  any  scale  a  rddiral  fraction  is  a  proper 
fraction. 

Suppose  the  fraction  to  contain  n  digits,  a,  b,  c 


Then,  since  r  -  1  is  the  highest  value  that  each  of  the  digits 
ran  have, 

-  +  -2  +  ...  is  not  greater  than  (r  -  1)  ^  •  +  .,  +  ...  to  n  terms  ) 


1 
not  greater  than  (r—  1) 

'      1 


'  r 

not  greater  than  (r  -  1 )  .j  ^J*^"      I; 

not  greater  tlian  —      ; 

not  greater  than  I . 
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Hence  the  <fiveii  fraction  is  less  tlian  1,  and  is  therefore  a 
proper  fraction. 

445.  To  transform  a  fraction  expressed  in  a  given  scale  into 
a^adical  fraction  in  any  other  scale. 

Let  i''be  the  given  fraction  expressed  iu  the  first  scale, 

r  the  radix  of  tlie  new  scale  in  which  tlie  fraction  is  to 
be  expressed, 

a,  b,  c...the  digits  expressing  the  fraction  in  the  nev/ 
scale,  so  that 

„    a     b      c 

JF^=-  +  -7,  +  ^+  ... 
r     r-     r^ 

from  which  equation  the  values  of  a,  6,  c.are  to  be  deter- 
mined. 

Multiplying  both  sides  of  the  equation  by  r, 

77.  be 

Fr  =  a  +  -  +  -^+  ... 
r     'T 

Now  -  +  -5+  ...  is  a  proper  fraction  by  Art.  444. 

Hence  the  integral  part  of  Fr  will  —a,  the  first  digit  of  the 
new  fraction,  and  the  fractional  part  of  Fr  will 

b      c 

Giving  to  this  fractional  part  of  Fr  the  symbol  Fi  we  have 

n     b      c 
-^1  =  -  +  --.,+  ... 
r     r- 

Multiplying  both  sides  of  the  equation  by  r, 

F^r  =  b  +  -+  ... 
r 

Hence  the  integral  part  0^  Fir^b,  the  second  digit  of  the  new 
fraction,  and  thus,  by  a  similar  process,  all  the  digits  of  the 
new  fraction  may  be  found. 
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3 

Ex.  1.     Express  =  as  a   radical   fraction   in   the   quinary 


'^cale  : 

TIT 

1  -      5      ,^     5 

5  .     25     „     4 
^x5  =  -^  =  3  +  -. 

^5  =  5' =.2.^, 
7  7  7' 

6  r     30      ,     2 

7  7  7' 

2  ^     10     ,     3 

-x5  =  -.  =  l  +  -^; 

therefore  fraction  is  -203241  recurring. 

Ex.  2.     Express  '84375  in  the  octonary  scale ; 
•84375 
8 


6-75000 
8 

6-00000 

The 

fraction 

required 

is  -GG. 

Ex. 

scale. 

3. 

Transform  ■ 

■42765  from  the 

•42765 
6 

2-78133 
6 

nonary 

to  the 

senary 

5-23820 
6 

1-55430 
6 

3-65800 
The  fraction  required  is  -2513  ... 
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Ex.  4.     Transform  el24-t27o  horn  the  duodenary  to  the 
qiiateruan'  scale  : 

4  I  el24  '^275 

4 


4     2937  -  remainder  0 

4  ;     83^ —remainder  3 
20e- remainder  2 


4 


3-4«58 
4 

1-75  iS 


4  I       62  -  remainder  3  4 

4         16 -remainder  2  2'5e68 

4  4  -  remainder  2  £ 

4           1  -  remainder  0  l'et28 
I         0  -  remainder  1 
Number  required  is  10223230-3121 ... 

Examples.— clix. 

25 

1.  Express  .     in  the  senary  scale. 

3 

2.  Express  —  in  the  septenary  scale. 

3.  Express  23"  125  in  the  nonary  scale. 

4.  Express  1820*3375  iu  the  senary  scale. 

5.  In  what  scale  is  17486  written  212542  ? 

6.  In  what  scale  is  511173  written  1746305  ? 

7.  Show  that  a  number  in  the  Common  scale  is  divisible  : 
(i)     by  3  if  the  sum  of  its  digits  is  divi.sible  by  3. 

(2)  by  4  if  the  last  two  digits  be  divisilde  by  4. 

(3)  by  8  if  the  last  three  digits  be  divisible  by  8. 

(4)  by  5  if  the  number  ends  with  5  or  0. 
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(5)  by  11  if  the  diflference  between  the  sum  of  the  digit* 
in  the  odd  pliices  and  the  aum  of  those  in  the  even 
places  be  divisible  by  11. 

8.  If  TV  be  a  number  in  the  scale  whose  radix  is  r,  and  n 
be  the  number  resultinf^f  when  the  digits  of  N  are  reversed, 
show  thut  N -nvi  divisible  by  r-  1. 


XXXVIII.    ON    LOGARITHMS. 

446.  Dkk.  The  Logarithm  of  a  number  to  a  given  base 
is  the  iiide.x  of  the  jiower  to  wliich  the  base  must  be  raised  to 
give  the  number. 

Thus  if  -m^a",  x  is  called  the  logarithm  of  m  to  the  base  a. 

For  instance,  if  the  base  of  a  system  of  Logarithms  be  2, 
3  is  the  logaritlim  of  the  number  8, 
because  8  =  2^: 
and  if  the  base  be  5,  then 

3  is  the  logarithm  of  the  number  125, 
because  125  =  5\ 

447.  The  logarithm  of  a  number  m  to  the  l>ase  a  is  written 
thus,  log.m;  and  so,  if  to  =  a'. 

Hence  it  follows  that  TO  =  a'°*«"*. 

448.  Since  l=a",  tlie  logarithm  of  unity  to  »ny  bane  is 

zero. 

Since  a  =  a},  the  logarithm  of  the  ba.se  of  any  system 
is  unity. 

449.  We  now  proceed  to  de.~cril>c  that  whi«h  is  calle<l  the 
Common  System  of  logarithms. 

The  bftj»€  of  the  system  is  10. 
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By  a  system  of  logarithms  to  the  base  10,  we  mean  a  succes- 
sion of  values  of  x  which  satisfv  the  equation 

m  =  10' 
for  all  positive  values  of  m,  integral  or  fractional. 

Such  a  system  is  formed  by  the  series  of  logarithms  of 
the  natural  numbers  from  1  to  100000,  whicli  constitute  the 
logarithms  registered  in  our  ordinary  tables,  and  which  are 
therefore  called  tabular  logarithms. 


450.     Now 


1  =  100, 

10=101, 

100  =  10', 

1000  =  10^ 


and  so  on. 

HL-nce  the  logarithm  of 


1  isO, 
of  10  is  1, 
of  100  13  2, 
of  1000  is  3. 


ana  so  on. 


Hence  for  all  nTimV)ers  be*tween  1  and  10  the  logarithm  is  a 
decimal  less  than  1, 

between  10  and  100  the  logarithm  is  a  decimal  between  1 
and  2, 

between  100  and  1000 a  decimal  between  2 

and  3,  and  so  on. 

451.     The  logarithms  of  tlie  natural  numbers  from  1  to  12 
stand  thus  in  the  tables  : 


No. 

Log 

1 

0-0000000 

2 

0-3010300 

3 

0-4771213 

4 

0-6020600 

5 

0-6989700 

6 

0-7781513 

No. 

Log 

7 

0-8450980 

8 

0-9030900 

9 

0-9542425 

10 

1-0000000 

11 

10413927 

12 

1-0791812 

The  logarithms  are  calculateil  to  seven  places  of  decimal.* 
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452.  The  integral  parts  of  the  logarithms  of  numbers 
higher  than  10  are  called  the  diaracterislics  of  those  logarithms, 
and  the  decimal  parts  of  the  logarithms  are  called  the  mantissm. 

Thus  1  is  tlie  characteristic, 

•0791812  the  mantissa, 
of  the  logarithm  of  12. 

453.  The  logarithms  for  100  and  tho,  numbers  that  succeed 
it  (and  in  some  tables  those  that  precede  1(K);  have  no  charac- 
teristic prefi.xed,  because  it  can  be  supplied  by  the  reader,  being 
2  for  all  numbers  between  100  and  1000,  3  for  all  between 
1000  and  10000,  and  so  on.  Thus  in  the  Tables  we  shall 
liud 


No. 

Log 

100 

0000000 

101 

0043214 

102 

0086002 

103 

0128372 

104 

0170333 

105 

0211893 

which  we  read  thus  : 

the  logarithm  of  100  is  2, 

of  101  is  2-0043214. 

of  102  is  2-0086002;  and  so  on. 

454.  Logaritlims  are  of  great  use  in  making  arithmetical 
computations  more  eas\',  for  by  means  of  a  Table  of  Lo^jarithms 
the  operation 

of  Multiplication  is  changed  into  that  of  Addition, 

...  Division  Subtraction, 

...  Involution        Multiplication, 

...Evolution         Division, 

as  we  shall  show  in  the  next  four  Articles. 

455.  The  logarithm  of  a  product  is  equal  tr.  the  sum  of  t lie 
logarithms  of  its  factors. 


O.V  LOGARITHMS.  331 


TO  = 

=  a' 

71  = 

=  a'' 

mn  = 

=  a' 

Let 
and 
Then 

.'.   l0gaTO?l  =  X  +  )/ 

Hence  it  follows  that 

log^mH.p  =  log„?ri.  +  liig^n  +  log^^j, 
and  siniiliiily  it  may  be  shown  that  the  Theorem  holds  good 
for  any  number  of  factors. 

Thus  the  operation  of  Multiplication  is  changed  into  tliat  of 
Addition. 

Suppose,  for  instance,  we  want  to  find  the  product  of  246 
and  357,  we  add  the  logarithms  of  the  factors,  and  the  sum  is 
the  logarithm  of  the  product :  thus 

log  246  =  2-3909351 
log  357  =  2-5526682 

their  sum  =  4-9436033 

which  is  the  logarithm  of  87822,  the  product  required. 

Note.  We  do  not  write  log,o246,  for  so  long  as  we  are 
treating  of  logarithms  to  the  particular  base  10,  we  may  omit 
the  suffix. 

456.  The  logarithm  of  a  quotient  is  equal  to  the  logarithm  of 
the  dividend  diminished  by  the  logarithm  of  the  divisor. 

Let  m  =  a% 

and  n  =  a''. 

Then  ~  =  a'^: 

n 

1      m 
:.  log„— =  a;-v 


=  lorr„77l  — log. 


.n. 


Thus  the  operation  of  DiWsion  is  changed  into  that  of  Sub- 
traction. 
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If,  for  example,  we  are  required  to  divide  371 '49  by  52-376, 
we  proceed  thus, 

log  371 -49  =  2-5699471 
log  52-376=  1-7191323 


their  difference  =    -8508148 
which  is  the  logarithm  of  7-092752,  the  quotient  required. 

457.  77(e  logarithm  of  any  poicer  of  a  number  is  unial  to  the 
product  of  tlie  logarithm  of  the  number  and  Hie  index  denoting  tht 
poiver. 

Let  m  =  a'. 

Then  171'  =  a"; 

:.  log,?n-''  =  rz 

=  r .  log.?>i. 

Thus  the  operation  of  Involution  is  cluingod  into  Multipli- 
cation. 

Suppose,  for  in.stance,  we  have  to  find  the  fourth  power  of 
13,  we  may  proceed  thus, 

log  13  =  1-1139434 
4 


4-4557736 
which  is  the  logarithm  of  28561,  the  number  required. 

458.  The  logarithm  of  antj  root  of  a  member  is  equal  to  the 
quotient  arising  from  the  division  of  the  logarithm  of  the  number 
by  tlie  number  denoting  the  root. 

Let  m  =  «'. 

1  m 

Then  to'  =  a' ; 

X 


loc'.m''  =  • 

^  r 


1    1 


Thus  the  operation  of  EvoUnion  is  changed  into  Division. 
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If,  for  example,  we  have  to  find  the  filth  root  of  16807,  we 
proceed  thus, 

5  j  4-2254902,  the  log  of  16807 

•8450980 

which  is  the  logarithm  of  7,  the  root  required. 

459.  The  common  system  of  Logarithms  has  this  advantage 
over  all  others  for  numerical  calculations,  that  its  btise  is  th^ 
same  as  the  radix  of  the  coiumou  scale  of  notatiun. 

Hence  it  is  that  the  same  mantissa  serves  for  all  numbers 
which  have  the  same  significant  digits  and  differ  only  in  the 
position  of  the  place  of  units  relatively  to  those  digits. 

For,  since  log      60  =  log      10  +  log  6  =  1  +  log  6, 

log    600  =  log    100  +  log6  =  2  +  log6, 

log  6000  =  log  1000  + log  6  =  3  + log  6, 

it  is  clear  that  if  we  know  the  logarithm  of  any  number,  as  6, 

we  also  know  the  logarithms  of  the  numbers  resulting  from 

multiplying  that  number  by  the  powers  of  10. 

So  again,  if  we  know  that 

log  1-7692  is  -247783, 
we  alsn  know  that 

log  17-692  is  1-247783, 
log  176-92  is  2-247783, 
log  1769-2  ia  3-247783, 
log  17692  is  4-247783, 
log  176920  is  5-247783. 

460.     We  must  now  treat  of  the  logarithms  ot  numbers  lass 
tlian  unity. 

Since  1  =  10",  • 

•^i=i4=i^' 
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the  logarithm  of  a  number 

between     land       "1  lies  between      0  and  -  1, 

between    'land    "Ol  -land  -2, 

between  -01  and  -001  -2  and  -3, 

and  so  on. 

Hence  the  logarithms  of  all  numbers  less  than  unity  are 
negative. 

We  do  not  require  a  separate  table  for  these  logarithms,  for 
we  can  deduce  them  from  the  logarithms  of  numbers  greater 
tliau  unity  by  the  following  process  : 

log  -6  =log  ^  =  log  6  -  log  10  =  log  6  -  1, 
log  -06  =  log  ~  ~  =  log  6  -  log  100  =  log  6-2, 
log  -OOe^log  y^iplog  6-log  100U  =  log  6-3. 

Now  the  logarithm  of  G  is  •7781513. 

Hence 

log  -6  =  -  1  +  •7781.')13,  which  is  written  T-7781513, 
log  06  =  -  2  +  -7781513,  which  is  written  2-7781513, 
log -006=  -3  + -7781513,  which  is  written  3-7781513, 

the   characteristics    only  being   negative   and   the    mantissa; 
positive. 

461.  Thus  the  same  mantissce  serve  for  the  logarithms  of 
all  numbers,  whether  greater  or  less  than  uvity,  which  have  tlie 
same  significant  digits,  and  differ  only  in  tiie  position  of  the 
place  of  units  i^datively  to  tho.'^e  digits. 

It  is  best  to  regard  the  Table  as  a  register  of  the  logarithms 
of  numbers  which  have  one  significant  iligit  before  the  decimal 
point. 
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For  instance,  when  we  read  in  the  tables  144  |  1583625,  we 
interpret  the  entrj'  thus 

log  1-44  is  -1583625. 

We  then  ohtain  the  following  rules  for  the  characteristic  to 
be  attached  in  each  case. 

I.  If  the   decimal   point  be  shifted   one,  two,  three. ..?i 
places  to  the  right,  prefix  as  a  characteristic  1,  2,  3  ...  n. 

II.  If  the  decimal  point  be  shifted  one,  two,  three... 71 


Thus 


prefix  as  a 

ch 

ai 

acteristic  1,  2,  3  ...  n. 

log 

1-44 

is 

1583625, 

log 

14-4 

is 

1 

1583625, 

log 

144 

is 

2 

1583625, 

log 

1440 

is 

3 

1583625, 

log 

•144 

is 

1 

1583625; 

log 

•0144 

is 

2 

1583625, 

log 

•00144 

is 

3 

1583625. 

462.  In  calculations  with  negative  characteristics  we  foUow 
tne  rules  of  algebra.     Thus, 

(1)  If  we  have  to  add  the  logarithms  3-64628  and  2^42367, 
W3  first  add  the  mantissa?,  and  the  result  is  1^06995,  and  then 
add  the  characteristics,  and  this  result  is  1. 

The  final  result  is  1  + 1  ^06995,  that  is,  -06995. 

(2)  To  subtract  56249372  from  3-2456973,  we  may  arrange 
the  numbers  thus, 

-  3  +  -2456973 

-  5  +  -6249372 


1  +  -6207601 

the  1  carried  on  from  the  last  suljtraction  in  the  decimal  places 
changing  -  5  into  —  4,  and  theu  —  4  subtracted  fi-om  -  3  giving 
1  as  a  result. 

Hence  the  resultinj^  logarithm  is  1-6207601. 
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(3)     To  multiply  3-7482569  by  5. 

3-7482JG9 
5 


12-7412845 


the  3  carried  on  from  the  last  multiplication  of  the  decimal 
places  liiing  added  to  —  15,  and  thus  giving  —  12  as  a  result, 

(4)     To  divide  14-2456736  hy  4. 

Increase  the  negative  characteristic  so  that  it  may  be  exactly 
divisible  by  4,  making  a  proper  compensation,  thus, 

14-2456736  =  16  +  2-2456736. 

14-2456736     16  +  2-2456736     - 

Then . = , =4  + -5614184; 

4  4 

and  so  the  result  is  4-5614184. 


Examples.— clx. 

1.  Add  3-1651553,  47505855,  6-6879746,  2-6150026. 

2.  Add  4-6W43785,  5-6650657,  3-8905196,  3-4675284. 

3.  Add  2-5:124716,  3-6650657,  6-8905196,  -3156215. 

4.  From  2-483269  take  3-742891. 

5.  From  2-352678  take  5-428619. 

6.  From  5349 162  take  3624329. 

7.  Multiply  2-4596721  by  3. 

8.  Multiply  '7-429683  by  6. 

9.  Multiply  9-2843617  by  7. 

10.  Divide  6-3725400  by  3. 

11.  Divide  14-432962  by  6. 

12.  Divide  4-53627188  by  9. 

463.  We  shall  now  explain  how  a  syptpm  of  logarithm.? 
ealcnlatcil  to  a  ba^;  o  may  be  transformed  into  another  system 
of  which  the  base  ia  6. 
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Let  m  be  a  number  of  which  the  logarithm  in  the  first 
system  is  x  and  in  the  second  y. 

Then  m  =  a', 

and  m  =  b». 

Hence  6*  =  a', 

.-.  6  =  a'; 

.•.^  =  log.6; 

■  ■  X      \0gJ)  ' 

Hence  if  we  multiply  the"  logarithm  of  any  number  in  the 

system  of  which  the  base  is  a  by  ^ — ,,  we  shall  obtain  the 

logarithm  of  the  same  number  in  the  system  of  which  the  base 
is  b. 

This  constant  multiplier  = — ,  is  called  The  Modulus  of  the 

system  of  which  the  base  is  b  with  reference  to  the  system  of 
which  the  base  is  a. 

464.  The  common  system  of  logarithms  is  used  in  all 
uuraeiical  calculations,  but  there  is  another  system,  which  we 
must  notice,  employed  by  the  discoverer  of  logarithms,  Napier, 
and  hence  called  The  Napierian  System. 

The  base  of  this  system,  denoted  by  the  symbol  e,  is  the 
number  which  is  the  sum  of  the  series 

oil  1  ,  .   , 

of  which  sum  the  first  eight  digits  are  2-7182818, 

465.  Our  common  logarithms  are  formed  from  the  Loga- 
rithms of  the  Napierian  System  by  multiplying  eacli  of  thu 

CS.A.]  ¥ 


338  ON  LOGARITHM.^. 


latter  by  a  common  multiplier  called  The  Modulus  of  the 
Common  System 

This   modulus   is,    in    accordance    with   the   conclusion   of 

Art.  463,  r-  "in- 
log, 10 

That  is,  if  I  mid  N  lie  the  logarithms  of  the  same  number  in 
the  common  and  Napierian  systems  respectively. 

Now  log,  10  is  2-30258509  ; 

•••  1^  10  ^^  2-30258509  ""'  -^•^429448, 
and  so  the  modulus  of  the  coirimon  system  is  •4;i429448. 
46G.     To  prove  that  log,6  x  log4a  =  1. 

Let  X  =  logaft. 

Then  6  =  a'; 

1 
:.  \f  —  a\ 

1     1 

Thus  l«g„6  X  log^a  =  x  x  - 

=  1. 

467.     The  following  are  simjile  examples  of  the  method  n( 
applying  the  principles  explaineil  in  tliis  Chapter. 

Ex.   1.     Given  log  2  =  •3(»1();]00,  log  3  = -4771213  and 
log  7  =  -8450980,  find  log  42. 

Since  42  =  2x3x7 

log  42  =  log  2  +  log  3.  +  log  7 

=  -3010.300  +  -4771213  +  -8450980 
=  1-6232493. 
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Ex.  2.     Given  log  2  =  -3010300  and  log  3  =  -4771213,  find 
the  logarithms  of  64,  81  and  96. 

log  64  =  log  2«  =  6  log  2 

log  2  =  -3010300 
6 


.-.  log  64=  1-8061800 


log  81  =  log  3*  =  4  log  3 

log  3= -4771213 
4 


log  81  =  1-9084852 


log  96  =  log  (32  X  3)  =  log  32  +  log  3, 
and  log  32  =  1  og  2'^  =  5  log  2 ; 

.-.  Iog96  =  5log2-rlog3  =  l-5051500+ -4771213  =  1-9822713.  . 

Ex.   3.     Given    log  5  = -6989700,    find    the    logarithm    of 
^(6-25). 

log(6-25)^  =  ^log6^5  =  ^log^|  =  -J  (log 625-  log  100) 
=  ^(log5*-2)  =  ^(4log5-2) 
=  i  (2-7958800  -  2)  =  - 1 136657. 


Examples.— clxi. 

1.  Given    log  2  = -3010300,    find     log  128,    log  125     and 
log  2500. 

2.  Given   log  2  =  -3010300   and   log  7  = -8450980,   ftnd   the 
logarithms  of  50,  -005  and  196, 

3.  Given   log 2  =  -3010300,  and   log3  =  -4771213,  find    the 
logarithms  of  6,  27,  54  and  576. 

4.  Given  log  2  =  -3010300,  log  3  =  -4771213,  log  7  =  -8450980, 
find  log  60,  log  03,  log  1-05,  and  log  -0000432. 
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5.  Given  log  2  =  -3010300,  log  18=  1-2552725  and 

log  21  =  1-3222193,  find  log -00075  and  log  31-5. 

6.  Given  log  5  =  -6989700,  find  tlie  logarithms  of  2,  -064, 


7.     Given  log  2  =  -3010300,  find  the  logarithms  of  5,  -125, 
and 


( .^Y» 


V240/  • 

8.  What  are  the  logarithms  of  -01,  1  and  10(^  to  the  base 
10  ?     What  to  the  base  -01 '/ 

9.  What  is  the  characteristic  of  log  1593,  (1)  to  base  10, 
(2)  to  base  12? 

4' 

10.  Given  -^  =  8,  and  x  —  Zxj,  find  x  and  y. 

11.  Given  log  4  =  -6020600,  log  1  04  =  -0170333: 

(a)  Fiii.l  the  logarithms  of  2,  25,  83-2,  (-625)'**. 

(b)  How  many  digits  are  there  in  the  integral  part  ot 
(1-04)8000? 

12.  Given  log  25  =  1 -3979400,  log  1  03=  0128372  : 

(a)     Find  the  lognrithms  of  5,  4,  51-5,  (-064)"". 

(h)     How  many  digits  are  there  in  the  integral  part  of 
(l-03)"»? 

13.  Having  given  log  3  =  "4771213,  log  7  = -8450980, 

log  11  =  10413927: 
"7  1 

find  tlie  logarithms  of  7623,  ^  ^  and  ^^. 


14,     Solve  the  equations  : 
8 
64' 


(I)    4096'  =  ^^-.  (4)    «-&•-  =  «. 


(2)  (i)'  =  6-25.  (5)    a^.h*-'  =  c^K 

(3)  rt'.b'^m.  (6)    a'b"  =c'". 
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468.  "We  have  explained  in  Arts,  459 — 461  the  advantages 
of  the  Common  System  of  Logarithms,  which  may  be  suitcid  in 
a  more  general  form  thus  : 

Let  A  be  any  sequence  of  figures  (such  as  2-35916),  having 
o«e  digit  in  the  integral  part. 

Then  any  number  A'  having  the  same  sequence  of  figures 
(such  as  235-916  or  -00235916)  is  of  the  form  A  x  10",  where  n 
is  an  integer,  positive  or  negative. 

Therefore    logi„iV= \og-^j^A  x  10")  =  logj^^  +  n. 

Now  A  lies  between  10^  and  10',  and  therefore  log  A  lies 
between  0  and  1,  and  is  therefore  a  proper  fraction. 

But  logijA^  and  logj^^  differ  only  by  the  integer  n  ; 

•'•  logjj^  is  the  fractional  part  of  logj^iV". 

Hence  the  logarithms  of  all  numbers  having  the  samb 
SEQUENCE  OF  FIGURES  have  the  same  mantissa. 

Therefore  one  register  serves  for  the  mantissa  of  logarithms  of  all 
such  numbers.     This  renders  the  fables  more  comprehensive. 

Again,  considering  all  numbers  which  have  the  same 
sequence  of  figures,  the  number  containing  Vco  digits  in  the 
integral  part  =10.^,  and  therefore  tlie  characteristic  of  its 
logarithm  is  1. 

Similarly  the  number  containing  m  digits  in  the  integral 
part  =  l()'".  A,  and  therefore  the  characteristic  of  its  logarithm 
is  m. 

Also  numbers  which  have  no  digit  in  the  integral  part  and 
one  cypher  after  the  decimal  point  ate  equal  to  A  .  10~^  and 
A  .  10~2  respectively,  and  therefore  the  characteristics  of  their 
logarithms  are  -  1  and  —  2  respectively. 

Similarly  the  number  having  m  cyphers  following  the  decimal 
point  =  ^.  10-"»+"; 

.".  the  characteristic  of  its  logarithm  is  —  (m  +  1). 

Hence  we  see  that  the  characteristics  of  the  logarithms  of  all 
numbers  can  be  determined  by  inspection  and  therefore  need  not  be 
re-jistered.     This  renders  the  tables  less  bulky. 


M^ 
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469.  Tlie  method  uf  using  Talik-s  of  Logarithma  does 
not  fall  within  the  scojie  of  this  treatise,  but  an  account  of 
it  may  Vje  found  in  the  Author's  work  on  Elementaby 
Trigonometry. 

470.  We  proceed  to  give  a  short  exphination  of  the  way 
in  which  Logaritlinis  are  applied  to  the  solution  of  iiuestions 
relating  to  Compound  Interest. 

471.  Su])pose  ?•  to  represent  the  interest  on  .£1  for  a  year, 
then  the  interest  on  P  pounds  for  a  year  is  represented  hy 
Pr,  and  the  amount  of  P  pounds  for  a  year  is  represented 
by  i'  +  Pr. 


472.     To  find  the  amount  of  a  given  sum  for  any  time  at 
compound  interest. 

Let  P  be  the  original  principal, 

r        the  interest  on  .£1  for  i  yi-nr, 
n       the  number  of  years. 

Then  if  Pj,  Pj,  Pj.../',,  be  the  amounts  at   tlie  end  ot 
1,  2,  3  ...  71  years, 

P,  =  P  +l'r=^P  (H-7V, 

P,  =  Pi  +  P,r  =  P,  (1  + r)  =  P  (1  +  rX'i 

P3  =  P,  +  P.,r  =  P,(l+r)  =  P(I+r)3, 


P,  =  P(l+r)". 

Al'.i.     Xi>w  BU])])ose  P,„  P  and  r  to  be  given  :  then  by  the  aid 
of  Logarithms  we  can  find  /»,  for 

logP.  =  log|P(l+r)"( 

=  log  P  +  7ilog(l+r)  ; 

.   ^_logP„-logP 
log(l+r) 
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474.  If  the  interest  be  payable  at  intervals  other  than  a 
year,  the  formula  P,  =  P(1  +  rf  is  applicable  to  the  solution  of 
the  (juestion,  it  beiii^'  observed  that  r  represents  the  interest 
on  £\  for  the  j)erio'i  on  which  the  interest  is  calculated,  half- 
yearly,  quarterly,  or  for  any  other  period,  and  rt  represents  the 
number  of  such  periods. 

For  example,  to  find  the  interest  on  P  pounds  for  4  years 
at  compound  interest,  reckoned  quarterly,  at  5  per  cent,  per 
annum. 

Here  r=- of --=  —  =  -012o, 

«  =  4x4=16; 
.-.  P„  =  P(1  + -0125)16. 


Examples.— clxii. 

N.B. — The  Logarithms  required  may  be  found  from  the 
extracts  from  the  Tables  given  in  pages  329,  330. 

1.  In  how  many  years  will  a  sum  of  money  doulile  itself 
at  4  per  cent,  compound  interest  ? 

2.  In  how  many  years  will  a  sum  of  money  double  itself 
at  3  per  cent.  comj)ound  interest  \ 

3.  In  how  many  years  will  a  sum  of  money  double  itself 
at  10  per  cent,  compound  interest  ? 

4.  In  how  many  years  will  a  sum  of  money  treble  itself 
at  5  per  cent,  compound  interest  ? 

5.  If  £r  at  compound  interest,  rate  r,  double  itself  in  n 
years,  and  at  rate  2r  in  m  years:  show  that  m  :  n  is  greater 
than  1:2. 

6.  In  how  many  years  will  XIOOO  amount  to  i;i800  at 
5  per  cent,  compound  interest  ? 

7.  In  how  many  years  will  £P  double  itself  at  6  per  cent, 
per  ann.  compound  interest  payable  half-yearly  ] 


APPENDIX. 

475.  The  following  is  another  niethoJ  of  proving  the  prin- 
cipal theorem  in  Pernmt;itions,  to  which  reference  is  made  in 
the  note  on  page  289. 

To  jrrove  that  the  nuviber  of  permutatiotis  of  n  thinys  taken  r  at 
a  time  t5  n  .  (n  -  1) (u  -  r  +  1). 

Let  there  be  n  things  a,  b,  c,  d 

If  n  things  be  taken  1  at  a  time,  the  number  of  permutations 
is  of  course  n. 

Now  take  any  one  of  them,  as  a,  then  7i  -  1  are  left,  and 
any  one  of  these  may  be  put  after  o  to  form  a  ])ermuUition, 

2  at  a  time,  in  which  a  stands  first:  and  hence  since  there  are 
n  tilings  which  may  begin  and  each  of  these  n  may  have  7i  -  1 
put  after  if,  tliere  are  altogether  n(n-l)  permutations  of  n 
things  taken  2  at  a  time. 

Take  any  one  of  these,  as  ab,  then  there  are  n  -  2  left,  and 
any  one  of  these  may  be  put  after  ah,  to  form  a  permutation, 

3  at  a  time,  in  which  ab  stands  first  :  and  hence  since  there 
are  n{n  -  1)  things  Avhich  may  begin,  and  LOch  of  these  tj(u  -  1) 
may  have  n  -2  put  after  it,  there  are  altdgether  7i(7i—  l)(n  -  2) 
permutations  of  n  things  taken  3  at  a  time. 

If  we  take  any  one  of  these  as  abc,  there  are  7i  -  3  left,  and 
so  the  number  of  permutations  of  n  things  taken  4  at  a  time  is 
n.(7i-l)(7i-2)(7i-3). 

So  we  see  that  to  find  the  number  of  permutations,  taken 
r  at  a  time,  we  must  multiply  the  number  of  permutations, 
taken  r— 1  at  a  time,  by  the  number  formed  by  subtracting 
r—  1  from  n,  since  this  will  be  the  number  of  endings  any  one 
of  these  permutations  may  have. 

Hence  tlie  num])er  of  permutations  of  n  things  taken  6  at  a 
time  is 

n(n  -  1)  (n  -  2)  '71  -  3)  X  (n - 4),  or  71(71  -  1)  (n -  2)  (n-  3)  (n - 4); 
and  since  each  time  we  multiply  by  an  additional  factor  the 
number  of  factors  is  equal  to  the  number  of  things  taken  at  a 
time,  it  follows  that  the  number  of  permuttftiona  of  n  things 
taken  r  at  a  time  is  the  product  of  the  factors 
n.{n~l)(n-2) (7t-r+l). 
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i. 

(Page  10.) 

I. 

6a+76+12c. 

2. 

a +  36  + 2c. 

3- 

2a  +  26  +  2& 

4- 

8a +  26  + 2c. 

5- 

2x-7a  +  36-2, 

6. 

0. 

7- 

126  + 3c. 

ii.      (Page  10.) 


2a.          2. 

2a  +  5x. 

3.     3a -3x-. 

4- 

8x  +  5y. 

4o  +  6  +  2c. 

6.     2a. 

7.     4. 

8. 

13x  -  y  -  62. 

9- 

lOa-76-a; 

iii. 

(Page  10.) 

I. 

26.            2. 

x  +  2y. 

3.     a  +  5c  +  dl. 

4.     2r/  +  22. 

J' 

2r.            6. 

26  + 2c. 
iv. 

7.     a-36-c. 
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8.     3?/ +  2. 

4a -6. 

2.     46. 

3.     a  +  6  -  4c, 

4.     26. 

14a; +  2. 

6.     2x  +  a. 

7.     6x  -  a. 

8.     a. 

9- 

2a  -  b. 

lo.     2a. 

II.      c. 

12.     a;  +  3a. 

13.     29a -276  + 6c. 
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Addition. 

I.     la  — 2b. 

2. 

- 106  +  6c, 

3- 

-11X-8I/-62. 

4.     -  66  -  5c  +  3d. 

5- 

2a. 

6. 

-2x-2a  +  b  +  4y. 

7.     7o  +  46  -  4c. 

8. 

7a  —  6  +  7c. 

9- 

-  62/  +  22. 

[8-A.] 

y* 
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Subtraction. 

r. 

2a  +  %. 

2. 

a  -  c. 

3- 

2(1  -  26  +  2c. 

4- 

8x-  17i/  +  5. 

5- 

7a-166  +  2t)c. 

6. 

oa  -  36  -  8x. 

7- 

-  3a  4- 36 -4c. 

8. 

26  + 2c -15. 

9- 

llx-7y  +  43. 

lO. 

ti(£  -  6  +  5c. 

II. 
vi. 

12^-% +  27-, 
(Page  20.) 

1. 

3x2/.              2. 

\2xy. 

3.     12x2j/2. 

4.     3a26c2 

5- 

a'.                6. 

a\ 

7.     12a"6l 

8.     35a«6c*. 

9- 

ISOa^^'V. 

lo.     28a 

6,-'".        II.     3a" 

12.     20a*l)^xy. 

13- 

7<;.c<(/V. 

14. 

b\a¥c-yz. 

15.     48  A'"-"- 

1 6. 

1  •la-hcxy. 

17- 

Sa'^b'cl 

18.     9m*ny. 

19- 

abx-y^z*. 

20. 

•33aW^m-x. 

vii.     (Page  22.) 

I.  a''*  +  a6-ac.  2.     2'(-  +  6a6-8ac.  3.     a*  +  Sa^  +  4a'^. 

4.  9aS-15a^-18a3  +  21a2.  5.     a^b  -  2a'^b- +  ab\ 

6.  3a-^6  -  9a*63  +  3a26*.  7.     8»i3»  +  9mV+ lOm?!^ 

8.  18a''6  +  8aVj2-6a*6'  +  8rt^6*.      9.     xV  -  x-y  +  x^  -  7xj/. 

TO.  m^n  -  3vi-n-  +  3mn^ -  n*.  1 1.      144o''6*  -  72a*6°  +  GOa^b^. 

1 2.  1 04x^1/  -  136x-^i/2  +  40x-y^  -  8x7/«. 


viii.     (Pago  27.) 

2.'  /;2  +  8x-105.  3.     x2-2x-12(). 

5.  a- -8a +  15.  6.     y-  +  7y-7H. 

?.  x«  -  1 2x3  +  50x2  -  84x  +  45. 

I  o.  a"  -  3(t'^  -  3a<  +  1 3a'  -  6a'^  -  6a  +  4. 

II.     x*-x-  +  2x-l.       12.  x^  +  xhJ^+y*.     •     13.     T?-y\ 

14.     a8-x".  15.  x5- 6x3  + 5x2-1. 

j6,     x'-81y«.  17.  a* -166*.  18.     16u^-6*. 


I. 

.'-+i:ix  +  27 

4- 

X--15Z  +  56 

7. 

X*  +  x-  -  20. 

9- 

.'•«-31x2  +  9. 
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I. 

5- 

8. 

lo, 

12 

13 


aS  _  4a*6  +  Aa%^  +  Aa^¥  -  17a6*  -  126*. 

a^  +  ba^h  +  a-'6-  -  \Oa-P  +  12a6*  -  Qt*. 

o-»  +  4ti-:c-  +  1 6-c:*.  22.     81a*  +  Qa-x^  +  x*. 

x^  +  4a-j;*  +  1 6a*.  24.     a^  +  6^  +  c^  -  Zahc. 

x*  +  a-*!/  -  9x-''!/2  -  20x^1/3  +  2x7/*  +  15i/. 

a262  +  c^d?  -  a2c2  -  hhi\  27.     x*  -  a^. 

x'  -  ax-  +  b/-  -  cx^  —  a6x  +  acx  -  hex  +  abc. 

1     .•■".  30.     afi  —  y^.  31.     a'8-x'^  32.     -47. 

2.  34.     -14.  35.     ab  +  ac  +  bc.  36.     —60. 

2.  38.     m'-s. 


ix.     (Page  28.) 

-a-b.  2.     -a°.  3.     -a%^.  4.    12a36'. 

-30xY.         6.     -a^  +  n%-ab'K        7.     -  6a5  -  8a*  +  lOa^. 
a*  +  2a^  +  2a-  +  a.  9.     -  6x^y  +  x-y^  +  Ixif  -  I2y*. 

bm?  +  mhi-Vimn-  +  l'n?.        11.     -  1.3/-3- 22r2  +  96r+ 135. 
-  7x*  +  x^z  +  Sx^z-  +  9X22  4. 9.3 
x^  +  xhf.  14.     X*  +  2x%  +  2x-xf  +  2x1/'  + 1/*. 


X.     (Page  32.) 

1.  x2  +  2ax  +  a2.  2.     x2_2ax  +  a2.  3.     x2  +  4x  +  4. 

4.  x^-Qx  +  Q.  5.     x*  +  2xh/  +  y*.  6.     x*  -  2x27/2  + 1/*. 

7.  o6  +  2a'63^6«.  8.     a«  -  2a''6^  +  66. 

9.  X2  +  J'2  +  SJ2  +  2X7/  +  2XZ  +  27/2. 

10.  x2  +  7/2  +  22  —  2X!/ +  2X2  -  2?/2. 

11.  m2  +  n-  +252  +  r-'  +  27*i?i  -  2'mp  —  2mr  -2np-2)tr+  -Ij  r. 

12.  x*  +  4x3-2x2-]2x  +  9.  13.     x*-12x3  +  50x2-84x  +  4y. 

1 4.  4:<;*  -  28x3  +  Sox-  -  1 26x  +  81 . 

15.  X*  +  7/  +  3*  +  2x2?/2  -  2x2^2  _  2yh\ 
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1 6.  x8  -  8x8y2  +  1 8a:  V  -  8x  Y  +  f. 

17.  a8  +  68  +  c«  +  2a36^  +  2rt3c3  +  263c8. 

18.  z6  +  |/«  +  s8-2xY-2rV  +  2j/V. 

19.  X- 4-41/2  + 93^ +  4xy- 6x2- 12?/2. 

20.  x*  +  4i/*  +  252*-4xV  +  10xV-20|/V. 

21.  x^  +  Sax^  +  Sa^x  +  a^  22.     x' -  Sax^  +  3a^  -  a'. 
23.     x'  +  3x2  +  3x+l.                           24.     x3-3x2  +  3x-l. 

25.     x3  +  6x2+12x  +  8.  26.     a«-3«''62  +  3a26<-66 

27.  a'  +  3a26  +  ZaV^  +  5'  -(•  r"  +  3o«c  +  6ak  +  36'c  +  Sac^  +  36cl 

28.  a'  -  Za%  +  3a62  -  63  _  cS  _  3a2c  +  Qahc  -  ?,hh  +  3ac-  -  3&c'-. 

29.  m*  -  imhi^  +  n*.  30.     m*  +  2m^  -  2mn'  -  n*. 

Xl.     (Page  34.) 

I.  x*.         2.   x*.        3.   o^y.        4.   x*y2*.        5.   66c.        6.   8c*. 

7.  ICa't'c".  8.    12l7n8n''p«.         9.    12a'xi/*.         10.    8a*6c''. 

xii.     (Page  35.) 

I.     x*+2j+1.  2.     y3-i/2  +  y-l.  3.     a*  +  2a6  +  Sft"-". 

4.     X*  +  TTipx- +  m^p'.      5.  4ay-7x  +  x2.      6.  8x'i/*  -  4.r2j/2  _  2y. 
7.     27m«n*-18mV  +  9mp.  8.     3x-?/ -  2x?/ -  t/''. 

9.     13u26-9a6»  +  76.  10.    196'c2+ 126V- 76c-«. 

xiii.     (Page  36.) 

I.     -8.  2.     15a\  3.     -21xV- 

4.  -6m-7?.  5.     16a'6.  6.     a-x-  +  ax  +  l. 
7,     -2a2  +  3a-i*.                             8.     2  +  6a26-8rtW 
9.     -12x'  +  9xi/-8y'.                    10.     -  x^  +  6'xV  +  61/*. 

Xiv.     (Page  38.) 
I.     x  +  5.  2.     x-10.  3.     x  +  4.  4.     x+12. 

5.  x»  +  7u:+12.  6.     7?-\.  7.     x2  +  x  +  X. 


ANSWERS.  549 

8.  x3-3x2  +  3x  +  l.  9.     x2-2x-l.  10.     a;2-2»+l. 

u.  x2-x  +  l.  12.     x3-2x2  +  8.  13.     x^  +  32/2. 

14.  a^  +  2a?b  +  Zal}'  +  b\  15.     a*  -  4a36  +  Ga'-'ft^  _  406^  +  64. 

16.  x2-6x  +  5.  17.     a^  -  2a-'6  +  3a62  +  461 

18.  2ax2  -  3a-x- +  a'.  19.     x^-x  +  l.  20.     x^-a^. 

21.  x  +  22/.  22.     x*-x'y  +  x^3/^  — xi/^  +  ^. 

23.  X*  +  x*i/ +  x^i/2  +  x^j/^  +  xi/*  +  y^.  24.     a  +  h  —  c. 

25.      -6 +  26-- /A  26.     a-6  +  c-d. 

27.  X-  —  xxj  —  xz  +  y-  -yz  +  z^.       28.     x^^  -  x^y-  +  :c*'j/*  -  x^y°  +  y*. 

29.  /I  -r2q-r.  30.     a*  —  a^6  +  aW  —  aW  +  6*. 

31.  X*  +  x^y  +  x^j/- +  xy' +  y*.        32.     2x^-3x'-  +  2x. 

y:,.  a*  +  3a3  +  '9a2  +  27a  +  81.        34.     F  +  A;*  +  A. 

35.  x2-9x-10.  36.     24x''^  -  2ax  -  35o*. 

37.  6x2-7x  +  8.  38.     8x3+12ax2_i8a2x-27a'. 

39.  27x3-3(Ka-2  +  48rt2x-64ft3.  40.     2a +  36. 

41.  x  +  2a.  42.     o2_452_  42.     x^-Zx  —  y. 

44.  x- -  3xi/ -  2)/-.  45.     x' +  3x^2/ +  9x1/2  +  27i/'. 

46.  a"  +  2a26  +  4a62  +  863  47,     27a3- 18a26+ 12a62- 86'^. 

48.  8x3-12x2i/  +  18x!/'''-27i/'.  49.     3a  +  26  +  c. 

50.  a2_2aa;  +  4x2.         51.     x'  +  xy  +  y^        52.      I6x'^  -  4xy  +  y'^. 

53.  x'^  +  xy-y-.  54.     ax2  +  4a"-x  +  2a^.  55.     a-x. 

56.  x-y-z.  57.     3x2-x  +  2.  58.     4 -  6x  +  8x2 -  lOx'. 

59.  x  +  y.  60.     ax  +  by-ab  —  xy.  61.     6x  +  ay. 

62.  x2  -  ax  +  62. 

XV.     (Page  40.) 

I.  x'^  +  ax  +  b.  2.     y- ~  {I  +  m)  y  +  Im.  3.     c*  +  ex  +  (/. 

4.  x2^£j3._6_  5      x2  -  (6  +  ff)  X  +  6d 

Xvi.     (Page  42.) 

I.  TO  -  n,  m2  —  mn  +  n^^  m*  —  m^n  +  ni^n-  -  mn^  +  n*, 

m*  -  m''n  +  &c.,  m^  -  m^n  +  &c. 
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2.  m  +  n,m^  +  mn  +  n-,  w?  +  m-n  +  &c.,  m*  +  m*n  +  &c., 

7/i''  +  m^n  +  &c. 

3.  a  -  1,  a^  -  a  +  1,  a*  -  a^  +  &c.,  a^  -  a^  +  &c.,  a^  -  a^  +  &c. 

4.  1/  +  1, 2/-  + 1/  +  1,  2/*  +  i/-V  &c.,  /  +  J/^  +  &c.,  ?/*  +  j/^  +  &c 

xvii.     (Page  43.) 

I.  5a;  (x- 3).  2.     Sx  (a;^  +  6x  -  2).  3.     1  {1  y"^  - '2g  +  \). 

4.  4x!/ (x^  -  3a:i/ +  2y-).  5.     x  (x^  -  ox^  +  6x  +  c). 

6.  3x3i/2(x2y-7x  +  9y2).  7.     27a366(2  +  4a362_9a663). 
8.  45xV^  (-c^y^  -  2x  -  81/). 

xviii.     (Page  44.) 
I.     (x-o)(x-6).       2.     (a-x)(6  +  x).        3.     Q)-y){c-^y). 
4.     (a  +  m)(6  +  «)-     5-     (ax  +  y)  (bx-y).    6.     (a6  +  cd)  (x  -  j/). 

7.  (cx  +  7?iJ/)  (rfx-?i7/).  8.     {ac-bd)  {hx-dy). 

xix.     (Page  45.) 

I.     (x  +  5)(x  +  6).        2.  (x  +  5)(x  +  12).        3.   (y+12)(y  +  l). 

4.  (>/+ll)(i/+l()).    5.   (r/i  +  2())(m  +  15).    6.  (m  +  6)(m  +  17). 
7.     (a  +  8ft)(a  +  6).       8.  (x  +  4»))(x  +  9m).  9.  (»/  +  3n)(2/  + 16n). 

10.  (z  +  4/»)  (2  +  25/?).  II.  (x2  +  2)  (x2  +  3). 

12.  (x^+l)(x3  +  3).  13.  (xj/  +  2)(xy+16). 

14.  (xV'  +  3)(xy  +  4).  15.  (m6  +  8)(w«-t-2). 

16.  (»  +  2()7)(?i  +  73). 

XX.     (Page  45.) 

\  (x-.5j(x-2).  2.  (x -  19)  (x -  10). 

3-  (J/-Il)(y-12).  4-  (y-20)(i/-10). 

5.  (71 -23;  (71 -20).  6.  (t;  -  5(i)  (h  -  1). 
7.  (x3-4)(x3-3).  8.  (a6-26)(a6-l). 
9.  (6V-5)(/7-(r»-6).  10.  (x7/z-ll)(xy2-2). 


xxi.      (Page  46.) 

I.  {z^l2)(x-5).  2.    (x  +  15)(a;-3).        3.    (a4l2)(a-l). 

4.  (a +  20)  (a -7).  5.    (6 +  25)  (6- 12).       6.    (6 +  30)  (6 -5). 

7,  (x*  +  4)(x*-l).  8.    {xy+14)(xrj-U). 

9.  (m5  +  20)(m5-5).  10.    (71  +  30)  (u  -  13). 

xxii.     (Page  46.) 

I.    (x-ll)(x  +  6).        2.    (x-9)(x  +  2).         3.    (TO-12)(?n.  +  3). 

4.  (7i-15)(n  +  4).       5.    (y-U){y  +  l).      6.    (2 -20)  (2 +  5). 
7.    (x5-10)(x*+l).  8.    {cd-30){cd  +  6). 

9.   {mhi-2){mH  +  l).  10.   (pY  - 'i-2)  (pY  + '>)• 

xxiii.     (Page  47.) 

I.  (x-3)(x-12).  2.  (x  +  9)(a;-5). 

3.  {ab  - 18)  {ab  + 2).  4.  (x*  -  5m)  (x*  +  27ra). 

5.  (y3+10)(j/3-9).  6.  (x2  +  10)(.c2-ll), 
7.  .T  (x^  +  3ax  +  4a2).  8.  (x  +  tm)  (x  +  ?i). 

9-   (2/'-3)(2/'-l).  10.   (x|/-a6)(x-c). 

II.   (x  +  a)(x-6).  12.    (x-c)(x  +  d). 

13.    (a6-rf)(6-c).  14.   4.(x-4y)(x-3y). 

.  XXiv.      (Page  48.) 

I.    (x  +  9)2.  2.    (x  +  13)2.  3.    (x  +  17)2.         4.    (!/  +  l)l 

5.   (2+100)2.      6.    (x2  +  7)2.         7.  (x  +  5r/)2.        8.  {m'- +  Sn^)''. 
9.    (x3  +  12)2.  10.    (x?/  +  81)2. 

XXV.     (Page  48.) 

I.    (x-4)2.        2.    (x-14)2.         3.    (x-18)2        4.    (y-20y. 
5.    (z-50)2.      6.    (x2-ll)2.       7.    (x-15j/)2.     8.    (7ri2-l6n2)'. 

9.     (X3-19)2. 
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XXV i.     (Page  50.) 

{x  +  y){x-y).  2.  (x  +  3)(x-:3).  3.  (2x  +  5)  (2x  -  5). 
(a2  +  0:2)  („2  _  ^2).  ^_  (x  +  1)  (x  -  1).  6.  (x^  +  1)  (x^  -  1 , . 
(x-«  +  1)  (x*  -  1 ).  8.    («i2  +  4)  (m2  -  4). 

(62/  +  72)  (6j/  -  Iz).  10.   (9.TJ/  +  1  \ah)  (9x1/  -  Hat). 

(a-6  +  c)  (d-ft-c).  12.    (x  +  m-n)  (x-m  +  n). 

(rt  +  6  +  c  +  (0  («  +  ^-c-<^)-  H-    2xx2y. 

(X-2/  +  2)  (X-7/-2;). 

(rt  —  ft  +  m  +  ?i)  (a  -  6  -  TO  -  n). 

(a  -  c  +  ft  +  <0  («  -  c  -  ft  -  d).  18.    («  +  ft  -  c)  (a  -  ft  +  c), 

(.c  +  y  +  z)  (x  +  i/-s).  20.    (a-ft  +  TO-n)  (a-ft-m  +  n). 

(«,<;  + 61/ +  1)  (ax  +  ft?/- 1).  22.   iittxx2fty. 

(l  +  a-ft)  (l~a  +  ft).  24.  (1+x-j/)  (1 -x  +  1/). 

(X  +  1/  +  2)  (x-?/-z).  26.  (a  +  2ft-3c)  (o-2ft  +  3c). 

(a2  +  4ft)(«2-4ft;.  28.  (l+7c)(l-7c). 

(«  -  ft  +  c  +  d)  (a  -  ft  -  c  -  d).  30.  (d  +  ft  -  c  -  r/)  (a  -  ft  ^  c  +  cO- 

3rtx  {ax  +  3)  (ax  -  3).  32.  ((t-ft^  +  c*)  {d^b^  -  c*). 

12(.r-l)(2x  +  l).  34.  (9x  +  72/)(5x  +  j/). 

lodo  V  r)06. 

xxvii.     (Page  51.)  t 

((t  +  ft)(a2-<(ft  +  ft2).  2.    (a-6)  (a'  +  aft  +  ftZ). 

(a-2M«^  +  2'i  +  4). 

(x  +  7)(x2-7x  +  49). 

(ft  -  5)  (ft2  +  5ft  +  25).  6.    (x  +  4y)  (x*- 4x2/4-1  Gj/2)- 

(a  -  6)  («■-  +  6ft  +  36).  8.    (2x  +  2y)  (4x»  -  6xj/  +  9y'). 

(4a-  U»ft)  (16a2  +  4()aft+  lOOft^). 

(9z  +  81/;  (81..;2  -  72xy  +  64i/2). 

(x  +  J/)  (/•  -  xy  +  2/')  (.T  -  y)  if-  4-  xj/  +  2/*). 
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12.  (x+l)(x2-z  +  l)(x-l)(x2  +  z+l). 

13.  (a  +  2)(a2-2a  +  4)(a-2)(a2  +  2a  +  4). 

14.  (3  +  y)  (9  -  32/  + 1/2)  (3  -  3/)  (9  +  Sy  +  y"). 

XXViii.     (Page  51.) 

I.  a  +  h.  2.     Take  6  from  o  and  add  c  to  the  result. 

3.  2x.       4.  a -5.       5.  x  +  1.       6.  X— 2,  X- 1,  X,  x+1,  x  +  2. 

7.  0.        8.  0.        9.  (Za.         10.  c.         II.  x-1/.         12.  x-(/. 

13.  365 -6x.  14.     x-10.  15,     x  +  5a. 

1 6.  ^  has  X  +  5  shillings,  B  has  y-d  shillings. 

17.  X  — 8.        18.  xy.       19.  12  — x-?/.       20.  ?ig.       21.  25-x. 
22.  y  — 25.       23.  2567?!.^        24.  4b.        25.  x-5.        26.  i/+7. 
27.  3?-y^.  28.     (x  +  y)(x-2/).  29.     .2.  30.     2. 
31.  28.           32.     7.            33.     23.            34.     5.  35.     10. 


xxix.     (Page  53.) 

1.  To  a  add  b. 

2.  FroTi  the  square  of  a  take  the  square  of  6. 

3.  To  four  times  the  square  of  a  add  the  cube  of  b. 

4.  Take  four  times  the  sum  of  tlie  squares  of  a  and  6. 

5.  From  the  square  of  a  take  twice  b,  and  add  to  the  result 

three  times  c. 

6.  To  a  add  the  product  of  m  and  b,  and  take  c  from  the 

result. 

7.  To  a  add  m.      From  b  take  c.      Multiply  the  results 

together. 

8.  Take  the  square  root  of  the  cube  of  x. 

9.  Take  the  square  root  of  the  sum  of  the  squares  of  x  and  y. 

10.  Add  to  a  twice  the  excess  of  3  above  c. 

1 1.  Multiply  the  sum  of  a  and  2  by  the  excess  of  3  abave  c. 
fs.A.]  z 
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1  2.     Divide  the  sum  of  the  squares  of  a  and  h  by  four  times 
the  product  of  a  and  6. 

13.  From  the  square  of  x  subtract  the  square  of  y,  and  take 

the  square  root  of  the  result.     Tlien  divitle  tliis  result 
by  the  excess  of  x  above  y. 

14.  To  the  square  of  x  add  the  square  of  1/,  and  take  the 

square  root  of  the  result.     Then  divide  this  result  Lv 
the  square  rout  of  the  sum  of  x  and  y. 


XXX.     (Page  53.) 


I.  2. 

2.  0. 

3- 

17. 

4- 

31. 

5.  20. 

6. 

33. 

7.   105. 

8.  27. 

9- 

14. 

10. 

120. 

II.  210. 

12. 

1458. 

13.  30. 

14.  5. 

•5- 

3. 

16. 

4. 

17.  49. 

18. 

10. 

19.   12.    20.  4.    21.  43.    22.  20.    23.  29.    24.  41536.    25,  52. 


xxxi.     (Pago  64.) 

I.  0.  2.  0.  3.  2ac.  4.  2xy.  5.  a' +  61 

6.  4x*  +  (6m  -  Gn)  x'  -  (Am"  +  Qvin  +  An"^)  x} 

+  (Gm'^/i  —  6ni  JI-)  x  +  4>7i*n'. 

7.  cr2  +  fZr  +  «.  8.    -  a'' -  6*  -  c*  +  20^62  +  2a2c2  +  26V. 

When  c  =  0,  this  becomes  -a^-h^-^^aW.  Wiien 
6  +  c  =  a,  the  product  becomes  0.  When  a=-h  =  c,  it 
becomes  3a*.  9.  0.  10.  34. 

12.  (a)  (a  +  6)x2  +  (c  +  rf)x.  08)  (a-6)x5-(c  +  (Z-2)  r 
(7)  (4-a)x3-(3  +  6)x2-(5  +  c)x.  (5)  a2-62  +  (2a  +  26)  ■ 
(e)  (m'  -  n'-)  x*  +  (2?)?7  -  2Hry)  x"  +  (2m  -  2ji)  x". 

13.  x'  -  (a  +  6  +  c)  X-  +  («6  +  ac  +  6c)  X  -  a6c. 

14.  x^  +  (rt  +  6  +  c)  I*  +  {nh  +  ac  +  6c)  X  +  a6c. 

15.  (a  +  6  +  c)3  =  a'  +  3o-6  +  3a6*  +  6'  +  c^  +  So'-'c 

+  6rt6c  +  36-c  +  3ac2  +  36c^. 

(o  +  6  -  c)'  =  «'  +  3«"6  +  3((6'-  +  6''  -  r''  -  ?,n'^c 

-  6a6c  -  36'r;  +  3«c^  +  'i^x 
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(6  +  c  -  of  =  -  a3  +  Za-h  -  3ab-  +  ¥  +  c^  +  3ah 

-6ahc  +  Zb-c-3ac^-  +  3bc^. 

(c  +  a-  by  =  a'  -  3a26  +  3rxh-  -P  +  c^  +  Sc^-c 

-  6abc  +  362c  +  3ac-  -  :ibc^. 
The  sum  of  tlie  last  three  subtracted  from  the  first  give? 

24abc. 

1 6.  9a-  +  6ac-3ab  +  4hc-6b^.  17,  a^^-x^\ 

1 8.  2ac  -  2bc  -  2ad  +  2bd.     The  value  of  the  result  is  -  26c. 

19.  ab  +  xij  +  (b+l  +  2a)x  +  {2a-b-l)y. 

20.  9.  21.  ab  +  x!^  +  {a-b+l)x-(a-hb+l)y. 
22.  2.                         23.  {7m  +  4n  +  l)x+{l-6n-4m)y. 

25.  4a^  +  6ac  +  2ab  +  9bc-6b-.  26.  3;  128;  3;  118. 

27.  9.  28.  44.  29.  20.  30.  35.  31.  18. 


I. 

3. 

2.  2. 

8. 

4. 

9.  9. 

II. 

2. 

12.  9. 

'7- 

2. 

18.  8. 

23- 

3. 

24.   15. 

29. 

6. 

30.    -1. 

xxxii.     (Page  60.) 

3-  1-        4-7.         5.  2.        6.  2.         7.  3. 
10.  .(4hs.  54. 

13.  9.  14.  -T.  15.  3.  16.  7. 

19.   10.         20.  6.  21.  4.  22.   111. 

25.   1.  26.  2.  27.  3.  28.  4. 


XXXiii.     (Page  62.) 

I.  70.         2.  43.         3.  23.         4.  7,21.         5.  36,26,18.  li>. 
6.  12,  8.        7.  50,  30.        8.  10,  14,  18,  22,  26,  30.       9.  £0  ■. 
10.  12  shillings,  24  shillings.  11.  52. 

12.  A  has  £130,  B  £150,  C  £130,  D  £90. 

13.  152  men,  76  women,  38  children.     14,  £350,  £450.  £720. 
15.21,13.  16.  £8.  15s.  17.84,26.  18.  62,  28. 

19.  The  w-ife  £4000,  each  son,  £1000,  each  daughter  £500. 

20.  49  gallons.  21.  £14.  £24,  £38.  22.  31,  17 
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23.  £21.               24.  48,  36.          ,     25.  50,  40.  26.  42,  18. 

27.  60,  24.           28.  8,  12.           29.  88.           30.  18.           31,  4(1 

32.^  57,  19.          33-  4.                 34-  S'^  128.  35.  19,  22. 

36.'  200,  100.      37.  2:3,  20.        38.  5:5,  :ilS.  39.  5,  10,  1.0 

XXXiv.      (Page  GS.) 


I.  a-b. 

2.  x-y-z. 

3.  2x~ij. 

4.    157?l-»/). 

5.   ISabcd 

6.  a^b^. 

7.  2. 

8.   172J^. 

9.  4x-'?/-;:-. 

10.  30xV, 

XXXV.      (Page  69.) 

I.  a-b.         2.  a^-b'^.         3.  a-x.  4.  a  +  a;.         5.  3«+l. 

6.  l-5a.      7.  x  +  1/.  S.  X-1J.         9.  x-1.       10.  1+a. 

xxxvi.     (Page  70.) 
I.  3453.        2.  36.        3.  936.        4.  355.        5.  23.        6.   2345. 

xxxvii.     (Page  74.) 

I.  X4-4.  2.  a; +10.               3.  x-7.             4.  a; +  12. 

5.  x-3.  6.  x  +  3y.               7,  x-4y.           8.  x-l5y. 

g.  x-y.  10.  x  +  y.               11.  x-y.           12.  x  +  y. 

13.  x  +  y.  14-  a  +  h     c.           15.  'ix  +  y.         16.  3x-y. 

17.  hx-y.  18.  ur'  +  x^- 4x-  +  x+ 1.  19.  x*''-2x  +  4. 

20.  x^  +  xy  +  t/^.  21.  x^  +  X'^-x- 1.  22.  3a2  +  2a6 - /)-'. 

23.  3x-?/.  24.  3x-11t/.  25.  3a -6. 

26.  3Crf-x),  27.  3x-2.  28.  3x2 +  o2. 

29.  x2  +  y*.  30.  X  +  3.  31.  (3n  +  2x)x. 

XXXViii.     (Page  76.) 
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Ci.     (Page  206.) 

I.  x*' +  ar'V  +  ^*^-  2.    a*" -81?/". 

3.  a;*^  +  4aV  +  16a*.  4-    a^"  +  2frc' -  6="  +  c^'. 

5 .  2a'  •  +  2a'"6"  -  4a"'c'  -  a"6  -  6"+^  +  26c'  +  a'-c^  +  ^"c^  -  2c'+-. 

6.  a;"-  +  x""-''.r"~"-a-"j/"'-y""""^'"-  7-    x^"  +  ar Y"  +  ?/'". 

8.  a*'' - a^'-^i^'  +  a^'-'C  +  a''^ . t^""' -b  +  b''-'^''  +  a'^^c^-' 

-6'''c'~''  +  c. 

9.  x*''  +  23^''  +  2x"'  +  2x''  +  l.  10.    x*''-2x"'  +  3ar"'-2x''+l. 

Cii.     (Page  207.)  ' 

3.  ar''  +  x*y  +  ^y"'  +  ^y  +  ^V  +  ^''- 

4_  „i2p  _  a'^t"-'  +  a'''6*'  -  a"''?/"  +  b''- 

5.  x*'  +  3J^-i-9x-'  +  27x''^81. 

6.  a-"'-2(rx"  +  4x'».  7-    2-x''  +  3a;*. 
8.  Ab-r-ob"^. 

•9.    a'^n-Sa-^  +  ^rt^  +  l.  10.    a^  +  J'  +  c'. 
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ciii.     (Page  208.) 
I.   x-3x*  + 3x5-1.  2.   y-\.  3.   o*-x-. 

4.  a  +  ft  +  c-Ba^ftM.  5.    10x-llx^i/^  +  5a;M-21j/. 

6.    m-n.  7.    7n*  +  4d^7n.3  ^  16(^. 

8.  16a  +  8a^6^  +  10a^6^  +  18a^6^  -  24a^6^  -  12a^6^  -  15a^  6? 

-276. 

9.  x*  +  2a^x*  +  a3.  jq.    a?^- 2a*x-^  +  a* 
II.    x^  +  2x.^y^  +  y^.                          12.    a'-  +  2a6*  +  6* 

13.  x  -  4x*  +  10x2  -  12x*  +  9, 

14.  4x^  +  12x' +25x^  +  24x^  +  16. 

15.  X 3  _  2x^  J/  ^  +  2x^2^  +  2/§  -  21/323  +  2^. 

16.  x2  +  4x*  y*  -  2x*2*  +  4?/2  -  42/M  +  z^. 

Civ.     (Page  209.) 
I.    x^  +  i/^.  2.    a^-^i  3.    x^  +  x»j/»  +  i/^. 

a         112  ii}J22I4A 

4.  a'' -a^fc^ +6».  5.    x-^-x-'y-^+xSj/S -x'^y+y". 

6.  m'  +  m^n*  +  rn^n*  +  7Ji3 /t 2  +  m*n*  +  n". 

7.  x^  +  3x2j/4  +  9x4i/2  4. 27y*. 

8.  27a^  +  18oM  +  12aM  +  86i  9.    a^-x2. 

10.  m^  +  3m*  +  9m^  +  27//i-^  +  81. 

11.  x^  +  10.  12.    x^+4.  13.    -6  +  263-63. 

14.  j-^  -x^y^  —x^z^  ■{■]]■*  +  z-^  —y^z-^. 

15.  x^- 9x^-10.     •  16.    7?i2+m*H*  +  n2. 

17.  ji-2;)^  +  l.  18.    x--;/^-.:i  \q.    x-' +y'. 
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CV.     (Page  -210.) 
I.    a-2-6-2.  2.    x-^-h-y  3.    a5*-x-*. 

4.    x^  +  l+x-*.        5.    a-* -6-*.        6.    a-2  +  2a-ic-i  - 5-- +  c-2. 

7.  l  +  a26-2  +  a*6^.  8.    a*6-»  -  a-»6*  -  4a-262  _  4. 
9.    4a;-5  -  X-*  +  3.r-3  +  2x-2  4-  ar^  4- 1 . 

cvi.      (Page  211.) 

I .    X-  x~^.                   2.    a  +  6~^.  3.  m^  —  mn~'^  +  7?  '^. 

4.    c^  +  c3rf-i  +  c2d-2  +  cd-3  +  d^.  5.  xir^  +  a;-V 

6.    a-'i  +  a-'t-i  +  ft-l  7-  x^y'- -  2  +  x-y-. 

8.  -x-3-5x-2  +  ^x-i  +  9.  9.    a26-2-l  +  a-262. 
2                      4 

10.    a-2-a-i6-i-a-ic-i  +  6-2-6-ic-^  +  c-2. 
evil.     (Page  211.) 


1.    x*-2x2j/2  +  2y. 


3.1—2 
2.      X 


io*+is«  2a 

3.    X  *•-*  . 


(x<-a«) 


,4\i 


22     ,    421  _,     10     ,     1  ,     ^ 


15 


2,5         i,  a     ,XJ 
7.    x"-i/".  8.    a-  +  2a265-2a2i5-6  5 

9.    a^  +  a^6^  +  ?)^.  II.    TO  =  n"^'.  12.    x*- 

13.    af».  14-    16a^-  15-    ^"^ 

16.    2a="'  +  2a-&''-4a  c"  -  3a' 6  -  3?)''+>  +  66c".         17.    c. 
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19.  x^-\-x^+\. 

20.  ar^  +  2a'"+"-' .  hc3?  -  o"-^-'  h-x-  -  a"'+"-'  c^x*. 

21.  x'^'-"-?/'*''-".  22.    a""'.  23.   j-y-y*". 

24.    :•,  yrr  25.    x""  -  xY"-'""  -  x'—*'"*/"' + 1/"". 

26.    x  +  3x^-2x^-7xi  +  2x~i 

cviii.     (Page  215.) 

I.     4/a;^  4'2/^-  2.    ^(1024),  jys. 

3.     4/(5832),   ^(2500).  4.    "^/2",  •";/2".  5.    •";/a^  •"^/t"'. 

6.     .t/(a2  +  2a!>  +  6-'),  4/(aS-3a26  +  3a62-63). 

cix.     (Page  217.) 
I.    2^/6.  2.    5x/2.  3.    2av/rt.  4-    5a2</V(5d)- 

5.    Az>J{2yz).  6.    10^/(10a).  7.    12c  ^'5. 

8.  42V(nx)-  9-    6x^y.                    10.   «2y". 

II.  («  +  x).v/a-  12.    {x-y)^x.            13.   5(a-i-).s'2. 

14.  (3c2-y)V(72/).  15-    3a^ 4^(262). 

16.  2x1/2.4/(20x1/).  17.    3m3n''4/(4»). 

18.  70^6^4/(46).  19.   (x  +  i/).4/x.              20.     {a-h).*Ja. 


ex.     (Page  217.) 
I.    x/(48).  2.    V(63).  3-    4^(1125).  4-    v'SS). 

5.     '/*?.        .     6.    V(9a).  7-    V(48a2x).  8.    ^/(3a3x). 

9.    V(„.-n>,.  ,0,   (-;;)i  n,   0-fj4. 


Cxi.     (Page  218.) 

The  numbers  are  here  arranged  in  order,  the  highest  on  the 
left  hand. 
I.    J3,  4/4.  2.    VIO,  4^15.  3-    3^2,2^/3. 

^■^Q.    ^5-         .  '■'''■'''■ 

6.    2v'87,3V33.  7-    3  4^7,  4  ^'2,  2  V22. 

8.    5  4^18,  3  ^19,  3  4'B2.  9-    5  4/2,2  4/14,3  4^3. 

10,    1^2,  l^f3,  1^4. 

CXii.     (Page  219.) 

I.    29  V3.  2.    30^/10+1 64  >v/2.  3.  (a'^  +  b'^  +  c^)  Jx. 

4.    134/2.  5.    334/2.  6.    V6.  7-    5V3. 

8.    48^2.  9.    44/2.  10.    0.  II.    4v/3. 

12.    2^''(70).  13.    100.  14-    ^K  ^5-    2a6 4/(126). 

16.    2.  17.    5.  18.  ^-j.  19.  y^. 


^-  Vl+«2/" 


cxiii.     (Page  220.) 

I.    V(«2/).  2.    s/{xy-y^).         3.    x  +  y.  4-    sli^^-y^)- 

5.    18a;.  6.    56(.c+l).  7-    9uV(-c--a;)-  8.    2x^3. 

g.    -X.  10.    l-x.  II.    -12a;.  12.    6a. 

13.    -v'(a;2-7x).  14-    6V(a;''  +  7a;).  15.    8(o2-l). 

16.    -6a2+12a-18. 

CXiv.     (Page  221.) 
1.    x  +  9v/z+14.  2.    x-2v'x-15.  3.    a. 

4.    a -53.  5.    3x  +  5^/x-28.  6.    6x-54.  7.    6. 

8.     V(9^^  +  3x)  +  V(6x2  _  3^)  _  ^(6x2  -  X  -  1)  -  2x  +  1. 
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9.  s'{"->')  +  \'(<""  -  a;^)  -  V(«^  -  ax)  -  rt  +  X. 

10.  .3+X+  V(3x  +  x2).  II.    x-i/  +  s  +  2V^. 

12.  2x  +  2V(aa;).  13.    432  +  42  VC*"'' -  9)  +  a:'-. 

14.  2x+ll+2V(a;2+llx  +  24).       15.    2x-4-i  2  V(x"'*-4x). 

16.  2x-6  +  2V(x2-6x)".  17.    4x  +  9-12Vx. 

18.  2.c-2V(a;--/).  19.    x2  +  2x-l-2v'(x»-x). 

20.  x2  ^  1  +  2  V(x3  -  x). 


cxv.     (Page  222.) 

(  s'c  +  sfd)  (  Vc  -  s'd)-  2.  (c  +  Jd)  (c  -  V<0- 

(  s'c  +  d)  (  Vt-  -  d).  4.    (1  +  ^y)  (1  -  Vy). 

(1+  v/3.x)(l-  V3.X).  6.  (v/5.7)i+l)(V5.TO-l). 

!2a+  v/(3x)j|2a-  V(3x)i.     8.  }3 +  2^/(2n)(  j3-2s/(2»i)|. 

U/(ll).n  +  4Jl^(ll).n-4j.  10.   (p  +  2  ^r)(p  -  2  ^r). 

{s'p+  '^''^■q)(K^P-  '.'^■q).  12.   IW  +  b^Wa^-b^l. 


23 


,1^'  H.    -^^.  15.    24+17^2. 

2+V2.  17.3  +  2^3.  18.3-2^/2. 

a  +  x  +  2V(ax)  l+x  +  2jx 

.  20.      r— ^-. 

a-x  1-x 


X 


22.    m'^-  ^{in*-l). 
2a^  -  1  +  2a  ^/(o^  -  1).  24. ~^ 


X 


cxvi.  (Page  224.) 

I.    19.  2.    11.  3.  8-26  V(-l).  4.    5+ 4^3. 

5.    26  +  2v/(rti)-12a.  6.    a- 4- a.  7.    ft^.^s 

8.     a- -¥(31  9.    e2.  10.    ,.2'V(-i)_g-apV(-i. 
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cxvii.     (Page  224.) 

x  +  y  x  +  y  9/1,0 

S^{xy)  ^     2j',xy)  ' 

6.    7?i-  +  v'2  .  -nin  +  ^f^.  7.    2x  J^.  8.    — r— ^-  . 

9.    ^+c(i-2«c^/-^.  10.    aV--2  +  ^272- 

II.     -„Y-  I--     V(l-x).  13.    -^. 


if>.    a-b^c.  17.    -l+5a-{2-a-)  +  a{10a^     a<-5)V(-l) 


■+  i-^ 


18.    8  +  74/3.  19.    -is'i^cx).  20.    x4''(3p2). 

21.    l4/(_4n2).  22.    (9ji-10).V7.  23.    0. 


cxviii.     (Page  228.) 
I.   v'7+V3.        2.   ^/ll+v'5.        3.   x/7-V2.        4-   7-3^5. 
5.   VK"*-  N^3.      6.  2V5-3V2.     7-  2^/3-  ^/2.     8.  3^/11-2. 
9.  3v'7-2V3.  Io.3V7-2v^6.  11.  ^(  x^lO-2).  12.3^5-2  V- 

CXix.     (Page  229.) 
I.    49.         2.    81.         3.    25.         4.    8.  5.   27.         6.    256. 

7.    27.         8.    56.         9.    79.        10.    153.      11.    6.  12.    36. 

(a  -  b)^ 
13.    12.  14-    "-^.  15-    5- 

17.    3.  18.    10.  19.     -^^. 

.rs,A.i 


16. 

6. 

20. 

n  —  m^. 

13?n 

2 

? 
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CXX.     (Page  231.) 

I.   9. 

2.    25.         3.    49.         4.    121.         5.    1* 

6.   8,0. 

7.    0, 

_s.         8.  ('i-;-A/.        ,.  ("-^7. 

10.    5. 

cxxi.     (Page  231.) 


I.   26.  2.    25.  3.    9.  4.    64.  5.    ^f 


6.    ^  7.    a.  8.    7orO.  9.    64,  10.    100. 

5  4 


cxxii.     (Page  232.) 

I.    16,1.             2.    81,25.              3.    3,  2~.  4.    10,  -13. 

5.5,5.       6.     -4,  -.,2.       7.    9,-3f.  8.    28,i||?- 

9.    49.      10.    729.       II.    4,  -21.       12.  1  or  g, •       13-    ±24. 

14.    5  or  221.      15.    5  or  Y_^.      16.    5  or  0.  17.      "-.      18.    25. 

19.    ±9V2.                  20.    ±  ^/G5  or  ±  V5.  21.    2a. 

1            .1                       1  1 

22.    -  2o.             23.    g  or  -  4  .              24.    -.  25 


2  6"  *"*■    4"  ^'    12" 

36 
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26.    ^'l'^.             27.    ?,^.  28.    ±5  or  ±3^2.  29.    ±14. 

10  5                                                 9a 

*^o.    6or-g.     31.    1.     32.  ^.      33.    2or0.      34.  0  or  — . 

cxxiii.  (Page  235.) 

I.    2,5.               2.    3,  -7.  3.    -9,-2.  4.    5a,  aV 

_7     5                  fi    ?27  _83                        4to  Un 
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8.  -2a,  -3a  and  3a,  4a.  9.   ±2,  a.  10.   0,5. 
2a -6     6 -3a                              ,     ^     f 

CXXV.     (Page  239.) 

I.    x2-llx  +  30  =  0.       2.  x2  +  a;-20  =  0.       3.  x2  +  9x  +  14  =  0. 

4.  6x2-7x  +  2  =  (l  5.  9x2-58x-35  =  0.         6.  x2-3  =  0. 

7.   x2-2nix  +  7ft--n-  =  0.  8.   x2  _  "L^x  + -^  =  0. 

'  ap         ap 

9.  x2  + ^x-l  =  0. 

'  a/3 

cxxvi.     (Page  240.) 
I.   (x-2)(x-3)(x-6).  2.    (x-l)(x-2)(«-4). 

3.  (x-10)(x+l)(x  +  4).   4.4(x  +  l)(x  +  l^)(x  +  ^^). 

5.  (x  +  2)(x+l)(6x-7). 

6.  (x  +  y  +  3)(x-2  +  1/2  +  22_3.y_a^_j^2). 

7.  (a  -  6  -  c)  (a2  +  62  +  c2  +  a6  +  ac  -  6c). 

8.  (a-l)(x  +  3)(3x-7).  9.    (x  -  1)  (x  -  4)  (2a;  +  6). 
10.    (x  +  l)(3x  +  7)(5z-3). 

cxxvii.     (Page  242.) 
I.    J\Zor^l-\.       2.   4/ -2  or  4/- 12.       3.  4/ -  1  or  ^/- 21. 

4.  lor;:/-4.  S.y2^'V~6-  ^     "'"'^ 

1  L 

6 


9±  V97' 


8.  (|yor(-^)"  9.    lorl±2Vli 


1       5±  ^1.329 
10.    3  or  -  s  or . 
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,  _  ffl  +  6        a±2V(a2-3a) 

11.  a  +  2,  or -— ,  or 5L^ /. 

o  o 

12.  0,  or  a,  or         ^^ — ^. 


cxxviii.     (Page  245.) 
I.    6  :  7,  7  :  9,  2  :  3.  2.    The  second  is  the  greater. 

3.  The  second  is  the  greater. 

ad  — he 

4.  ■    _j-  5-    10  :  9  or  9  :  10. 

CXXix.     (Page  246.) 
I.    2:3.  2.    h:a.  3.    h  +  d:a-c.  \.   ±v/6-l:]. 

5.  13  :  1,  or,  -1  :1.         6.   ±  x^(m2  +  4n2) -m  :  2.         7.    6,3. 
8.    12,14.       9.  35,65.        10.  13,11.        11.  4:1.       12.  1:5. 


CXXX.      (Page  247.) 


1. 

8                        8                      x-y                      a—b+c 
l6*                 "■    9"                 ^"    x  +  y                 ^'    a-b-c 

5- 

m*  -  m/n  +  n^                                 ,     {x  +  2)y 
m*  +  mn  +  n-'                                "'    (y  —  4)  x* 

cxxxii.     (Page  255.) 

6. 

x  =  4  or  0.               8.    440  yds.  and  352  yds.  per  minute. 

II. 

62                                 9 
x  =  30,  y  =  20.                        13.    -^.                        15.   jy. 

16. 

50,  75  and  80  yards.                   17.    120,  I  GO,  200  yards. 

19.    1-  miles  per  hour.  20.    1  :  7. 

21.    160  quarters,  ^£2.  22.    £80.  23.    £60. 

74.    £20.  2^.    90:79.  26.    45  miles  and  30  miles. 
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CXXXiii.     (Page  262.) 

4.   16^. 

5.    5.             6.    12.             7-    3^. 

-I 

9-   A^G^. 

2 
lo.    5.           II.    A  =  '^B.          12. 

o 

64x-  =  9!/3. 

108 


13.  x^  =  —~.      14.    ^  =  21y\      18.   y  =  3  +  2x  +  xi      19.    18ft. 


CXXXiv.     (Page  266.) 


I.    50.  2.    200.  3.    lo|  4.    -32^. 


5.    -2|.  6.    40.  7.    117.  8.    0. 

o      ,     „,       n^                                       3an-26n-2a  +  6 
9.   x2  +  i/2-2(n-2)xj/.  10.    ^^-^ . 


4.    30. 
S^i^^  -  n 
2      ■ 


CXXXVi.     (Page  269.) 


I.    -6. 

^'    -25- 

3-   8- 

4- 

8' 

5.    -2. 

6.  -4 

cxxxvii. 

(Page  269.) 

I.    (I)  - 

-46. 

(2)  36- 

-^                (3)  f. 

(4)  4-4, 

2.    155. 

3.    112. 

4.    888. 

5.    100. 
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6.    6433^.  7-    ^135.  As. 

8.  (i)  355,7175.  (2)  -156a2,  -3116«2. 
(3)  161  +  81a;,  3321  +  1681X.               (4)  HsJ,   22^1^. 

(5)  8^,  174 

9.  (0  126,  63252.  (2)  25,  2250. 
(3)  45,  -  1570-5X.  (4)  99,  -  1163^. 
(5)  71,  4899  (1  -m).  (6)  65,  65x  +  8190. 

cxxxviii.     (Page  271.) 

1     ?  2         1 

I.    6,    9,    12,    15.  2.    Ig,    -g,  0,    -g,  -Ig. 

5        5       1  X     1^     ?     11 

3.    2^2'    ^e'    ^4'  ^    15'    30'    5'    30" 


cxxxix.     (Page  272.) 
3m  +  n     m  +  n    m  +  3n 


I. 

4     '        2    ' 

4     ■ 

2. 

5m  +  3     5m  +  1 
5      '        5      ' 

5m  —  1     5m  ■*■  3 
5      '        5      • 

3- 

6n2+l     571*  + 2 
5      '        5      ^ 

5»2  +  3     5n*  +  4 
'        5      '        6      • 

4- 

2a;«  +  i/2       J     2x«-j/2 
'2      '    "= '     '    2      • 

cxl. 

(Page  275.) 

I.   64. 

2.   78732. 

3.    327680. 

^   2048 

5.    13122. 

6.    16384.                    7.    - 

1 
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cxli.     (Page  276.) 

a  (x26  -  1) 
I.    65534.  2.    364.  3.       V,_^  '■ 

4-    x8(x-l)'  ''    (a  +  x)5.  (l-a-x)" 

7.    7(2"-l).  8.    -425.  9.     -gg. 


cxlii.     (Page  278.) 

4  ,27  4  1 

I.    2.  2.    3.  3-     8--  4-    3-  5-    Ig. 

8  1  „   1  16x* 

6.    -3.         7-    8n-  ^•■^4-  9-    803.  10.    g^,--^. 

a2  1  ,.       ^"  ,,     ^6 

"•    ^i:  '^-    9-  '^-    x^-  '^-    99- 

49  .     46 

^5-    90-  '^-    55- 

CXliii.     (Page  279.) 

I.    9,27,81.  2.    4,16,64,256.  3.    2,4,8. 

3     9     27     81 
4-    4'    8'    16'    32' 

CXliv.     (Page  279.) 

/  X    18.  ,  V   16 

I.    (I)  558.  (2)  800.  (3)    -5-  (4)  -9- 

169  ,,.   133  ,.    _1189  5 

(5)     -2--  ^^)  486-  ^7)  2    •  ^^'  ^^r 

,     ,  9999^3 

(9)  1-  (^°)   -84-  (^0    -  (710-+ 1)TV5- 

,    ,      3157 
(^2)  —30- 

5.    42.  6.  ac=}fi.  7.    ±1.  8.    «  +  j-- 
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/^A^^-^r^-^^. 

9-    4. 

10 

.  10. 

IJ.    4. 

14.    642. 

i6.    49,  1. 

17-    3|,    6, 

4 

18.    60. 

4     3 
'9-    -5'    5' 

2 
5' 

1 
5' 

<1, 

1       s> 

5'        5' 

3      4 

5'        5' 

22.     3,     7, 

11, 

15, 

19. 

23.    5, 

15, 

45,    135,   405. 

25.    139. 

26.    10 

per 

cent. 

CXlv.     (Page  285.) 

J     8     j2  15     .30  5     30  12      6      4 

*  '        ■  '7'    13'  2'    ir  ^'    29'    il'    5' 

1111  2 

^    '6'    9'    12'    l5-  5-    -2,    00,    2,    1,   ^. 

g33_3_3  636      3      63 

•  4'    2'        '        2'        4-  7-    5.    4,    IP    7,    1 7,    Y(^. 

g     6xy(7t+l)       6x2/(ti+2)  6ry(H+l) 

3ny  +  2a;  *   3ni/ +  4a;  -  %'  '    2nx  +  3y  ' 


_1         1  111  555155 

9-        4'        2'     °''    2'    4'    6'  ^'^  31'    24'    17'    2'    3'    ~4 

10.    104,    234.  13.    2,   3,    G. 


cxlvi.     (Page  290.) 
I.    132.  2.    3360.  3.    116280.  4.    6720. 

5.    L  6.    40320.        7.    ;}(>28800.        8.    125.        9.    25:i(). 

o 

'o.  6.        II.  4.        12.  120.        13.  1260. 
14.  2520,  6720,  5040,  1663200,  34650. 

cxlvi i.  (Page  295.) 

I.  3921225.       2.  6.       3.  126.  4.  ii628a 

5.  12.      6.  12.      7.  816000.  8.  3353011200. 

9.  7.   10.  6;{.   II.  52.   12.  123200.   13.  ;;7.'j092 ;  52360 
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cxlviii.     (Page  300.) 

1.  a*  +  4a3x  +  ea^x^  +  4ax^  +  x*. 

2.  }fi  +  efc^c  +  \Wc^  +  206V  +  156V  +  ^hc>  +  c«. 

3.  a'  +  7a66  +  2  Id^ft^  +  35a*63  +  35a3&*  ^.  21^255  +  Vafts  +  57, 

4.  x8  +  %xfy  +  28x^2/2  +  Sex^i/S  +  70x*y*  +  56xV  +  'mx'-f 

+  8x1/"  4  ]/«. 

5.  625  + 2000a +  2400a2  +  1280a3  + 256a*. 

6.  aio  +  5a86c  +  1  Oafih-c^  +  lOa^J^c^  +  ba?-}^c^  +  ft^cS. 

cxlix.     (Page  301.) 

1 .  o^  -  %aH  + 1 5a  V  -  20a  V  + 1  ho?J-}  -  6ax^  +  x«. 

2.  fc'f  -  Wc  +  2l65c2  -  356V  +  356^0*  -  2 1  h-c'  +  76c6  -  c^. 

3.  32j5  -  240x*i/  +  720i%2  _  losOx^j/^  +  8 lOx?/  -  1\Zf. 

4.  1  -  lOx  +  40x2  -  80x3  +  80x*  -  32x5. 

1-10X  + 45x2- 120x3  + 210x*-252x-5  + 210,06 -120x^ 

+  45x«-10x9  +  xi<'. 


3- 


6.     a^*  -  8a2ife2  +  sSftiSft*  -  maF>y^  +  70ai268  -  sea^i'" 

+  28a66i2-8a36i^  +  6i6. 


Cl.     (Page  302.) 
I .     a3  +  6a2b  -  3a2c  + 1 2a62  _  1 2a6c  +  3ac2  +  863  - 1 262c  +  55^2  -  <?. 
1.     1  -  6x  + 21x2- 44x3 +  63x*- 54x5 +  27x«. 

3.  x9-3x«  +  6x7-7x6  +  6x5-3x»  +  x3. 

5  5  i  i         4 

4.  27x +  54x«  + 63x3  + 44x2 +  21x^  +  6x''  +  l. 

5.  x3  +  3x2-5+T-;^. 

■'  X-     x^ 

6.  o^  +  6^  -  c^  +  3a^6i  +  80^6^  -  3ai:i  -  36^0^  +  3«i;^ 

+  36^c^-6ai6M. 
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Cli.     (Page  303.)    " 
I.     330a;^  2.     A9W%\  3.     -  IGlTOOaWfcs. 

4.     192192a666c8d8,  5.     1287()a  i\ 

6.     TOttii.  7.     -92378aio69and92378a96»». 

8      I7l6tt^x«  and  1716aV. 


clii.     (Page  311.) 


2a     a^     4a' 

'•  i+y-9  +  8r- 

4       a;        a;2        5a^         ma:* 

3.  a^  +  -K ,4 ^ y. 

3a'     9a3     Sla^     243a » 

4.  l+x--a;2  +  -a:3__a^_ 

5.  a4  +  a~*a;-^.a~^a~'  +  — a"^.a:». 

0  54 

I     4      -'    1      2       -A  1       4        -y  3 
5  25  125 

X*    a;*     X*      5a* 
'^^        ~2~¥~i6~r28" 

-      ,     7  2     14  ,     14  - 

9x     27x2     135 
9-     ^~T       32       l^B-"^- 

,2 


,0.    ^-^J^i^^ 
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,     5        5    .,       35     , 


..    (|)y-(l)^x4,-|(|)M,^ 


Cliii.      (Page  312.) 
I.     1 -2a  +  3a2-4a3  +  5a^.  2.     1 +3x  +  9x24-27x3  +  81x* 

3.      !...,  +  _,  +^_^3.  4.      i+^.^_  +  ^  +  ^^. 

5.  a-'"  +  lOa-'-^/j  +  60a-'V  +  280a-"'.':3  +  1 120a-'V. 

,      1   ,  6x^     2\x^     56x 

6.  -2+-r-  +  — S-  +  — 3"- 


Cliv.     (Page  313.) 

x2     3x*  _  5a:«     35x8 
*'  2"^ "8"     16  ■^128' 

3x2     i5a^     35j;6     3153^ 

2.  1+  2~+    8    ■*■    16  "*■  128  • 

9  7  28 

3.  .r     -gX    Z  +25X  "2        j2^X     2  . 

1      x3^     2x«      14x9 
a"3a*'''9a7     81a«>" 


Civ.      (Page  3U.) 

7,6^(9 -r)  li:il_^(14-'-)   ^-1 

'•     1.2...(r-l)-''     •  ^-     '^     ^^      •      1.2...(r-l)~"'-^    ' 

3-     ^     ^^         1.2...(r-l)  •■'' 
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r.(r+l).(r+2)  l-3.5^,J2r-3)   /z\- 

^-  6  -^    '     '  ^'     1.2.3...(r-l)'\2/ 

1.2.5...(3r-7)/     ^r^i 
°-     1.2.3...(r-l)    V     3a/ 

7.9.11...(2r  +  3)      ,1 
9-    Tr2.3...(r-1)    •''     • 

?l!    3.7.11...(4r-5)    /^Y^'-" 
lo-    4'-i-~i.2.3...(r-l)    "V/       • 

(r+l)(r+2)      ,  1.3.5...(2r-l)    ,.  . 

"•     2 •''•  '-•    —r72.3...r       -^^x)'. 

1.3.5...(2r-l)  5        1 

'^'    ~Tr2.3...r       •^^''''-  '5-    U-J^- 

^       3         ,,„  429   x" 

i6.    128  •«^^-  '7    -128- ^6- 

1.2 a 

(l-5m)(l-4m) (1  -  r»)     ?-. 

'9-  1.2 67ft«  •'* 

clvi.     (Page  315.) 

1.     3-14137....  2.     1-95204.... 

3.     3-04084....  4.     1-98734.... 

clvii.     (Page  319.) 

I.  1045032.  2.     10070344.  3.     80451. 

4.  31134.  5.     51117344.  6.     14332216. 

7.  31450  and  remainder  2.         8.     522256  and  remainder  1. 

9.  4112.  10.     2437. 
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clviii.     (Page  321.) 

I. 

5221.               2. 

12232.             3.    2139e. 

4.    104300. 

5- 

1110111001111, 

6.    tAtee. 

7     6500445. 

8. 

211021.             9.    6tl2.             10.    814. 

II.    61415. 

12. 

123130. 

13.    16430335. 
Clix.     (Page  327.) 

14.    27 1. 

I. 

•41. 

2.    -162355043. 

3.    25-i. 

4- 

12232-20052. 

5.    Senary. 
Clx.     (Page  336.) 

6.    Octonary. 

I. 

1-2187180. 

2.    7-7074922. 

3.   2-4036784. 

4- 

4-740378. 

5.    2-924059. 

6.    3-724833. 

7- 

5-3790163. 

8.    40-578098. 

9.    62-9905319. 

lO. 

2-1241803. 

II.   3-738827. 

12.    1-61514132 

clxi.  (Page  339.) 

1.  2-1072100  ;  2-0969100  ;  3-3979400. 

2.  1-6989700;  3-6989700;  22922560. 

3.  -7781513;  1-4313639;  1-7323939;  2-7604226. 

4.  1-7781513;  2-4771213;  -0211893;  56354839. 

5.  4-8750613  ;  1-4983106. 

6.  -3010300;  2-8061800;  '2916000. 

7.  :6989700  ;    1-0969100 ;    3-3910733. 

8.  -2,   0,   2   :    1,   0,   -1. 


9.    (I)  3. 


(2)  2. 


10.    x  =  ~,y  =  ^. 


398 


AA-SWERS. 


11.  (a) -3010300;  1 -3979400  ;  1-9201233;  1-9979588.  (6)103. 

12.  («)  -6989700;  -G020600;  1-7118072;  1-9880618. 

{b)   8. 


13.    3-8821260;  1-4093694;  3-7455326. 
1 


14.    (I)  a;  =  ^ 
(4)x  = 


(2)  a;  =  2. 


^•^■^    ""  log  (1  + log  6' 


logc 


m  log  a  +  2  log  6* 

^         4log6  +  logc  _ 
^5  ^  *  ~  2  ro<,'  c  + 1  og  h  -  3  fog  a 


{6)x= 


log 


loK  a  +  in.  log  6  +  3  log  c 


clxii.  (Page  343.) 

I.    17-6  years.  2.  23-4 years. 

3.    7  2725  years  nearly.  4.  225  years  nearly. 

6.    12  years  nearly.  7.  11-724  yearp. 


APPENDIX. 


TsE  following  papers  are  from  tliose  set  at  the  MatricuIatioL 
Examinations  of  Toronto,  Victoria,  and  JIcGill  [Juiversi- 
t^e«.  fcnd  at  the  Examinations  for  Second  Class  Provincial 
Certificates  for  Ontario. 


UNIVERSITY   OF   TORONTO. 

Junior  Matric.,  1872      Fass. 

1.  Multiply  J  a* -:Jar^  +  y*  by  ^«»  4-^x3/ -y'. 

Divide  a*  -  816*  by  o  ±  36  and  (x  +  a)»  -  {i/ ~  6)' 
bj  X  +  a  —  y  +  b. 

2.  What  quantity  subtracted  from  x^  +  px  +  q  -w-ill 
make  the  remainder  exactly  divisible  by  x-  a  ? 

Shew  that 

(a  +  6  +  c)*  -  («  +  6  +  c)  (a*  +  6*  +  c'  -  a6  -  6c  -  ca) 
-  Zuhc  =  3  (a  +  6)  (6  +  c)  (c  +  a). 

3.  Solve  the  following  equations  : 

4x  —  7      3a;  —  5 

1      1     1      1 

^'x —  3       X  —  4~x  —  5       a;  —  6 

,,,         Z/  +  S     1     y      «+2     11 
(^)  X  +  -2--1,   3  +-5- =18. 

4.    In    a    certain  constituency  are    1,300   votei-s, 
ind  two   candidates,   A   and   B.     A  is  elected   by   a 
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certain  majority.  But  the  election  having  been  de- 
clared void,  in  the  second  contest  {A  and  B  being 
again  tlie  candidates),  V,  Ls  elected  by  a  majority  of 
10  more  than  A's  majority  in  the  first  election  ;  find 
the  number  of  votes  pulled  for  each  in  the  second 
election  ;  having  p:iven  that,  the  number  of  votes 
polleia  for  B  m  the  first  case  :  number  polled  in  the 
second  case  : :  43  :  44. 


Junior  Matric,  1872.      Pass  and  Honor. 

1.  Multiply  X  +  ■(/  +  z^  -  2yi  zi  +  2zi  xi  -  2ai  yh  by 

X  -i-  y  +  zi  +  2yh  «i — 2«i  xi — 2xi  y^,  and 
divide  «»  +  86='  +  27  c'— ISafec  by  a»  +  46'  +  9  c'— 
2ab  —  Zac  —  66c. 

2.  Investigate  a  rule  for  finding  the  //.  C.  D.  of 
two  algebraical  expressions. 

If  a: -ft;  be  tlie  U.  C.  D.  of  3*  +  px  +  q,  and  x*  4 
p  x  +  q',  show  that 

(q-q'Y-P  {q-q)  (p-p'}  +  q{p-p'y^O. 

3.  Shew  how  to  find  the  square  root  of  a  binomial, 
one  of  whose  terms  is  rational  and  the  other  a  quad- 
ratic surd.  What  is  the  condition  that  the  result  may 
be  more  simple  than  the  indicated  square  root  of  the 
given  binomial  ?  Does  the  reasoning  apply  if  one  of 
the  terms  is  iumginaiy?      Show  that  ^^  —  4m' =  ^w 

■^  y/  -  "*. 

4.  Shew  how  to  solve  the  quadratic  aquation  aa:*4        ^ 
bx  +  c  =  o,  and  .liacuss  the  results  of  giving  difi'erent 
values  to  the  coelhcioits. 

•  If  the  roots  of  tlie  above  equation  be  as /»  to  9 

6*      (p  +  q)* 
ihow  that  —   = -• 
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5.  Solve  the  equations 

(6)    x-*- 3x2/ +  2/+ 1-0. 
x2/  +  y-10  =  0. 


(c) 


a:*  +  6x  +  2     x*+6x+6     x*  +  6x  +  4 


a::*  +  6a;  +  4     a:*  +  6a;+8     z*  +  6x+6 
a:»_[-6x+8 


a:*  +  6x+ 10 
((f)    6x'-5a:'-38x'-5x  +  6  =  0. 

6.  Shew  how  to  find  the  sum  of  n  terms  of  a  geometrip 
series.  "What  is  meant  by  the  sum  of  an  inficit© 
series  %  When  can  such  a  series  be  said  to  have  • 
sum  % 

Sum  to  infinity  the  series  1  +  2r  +  3  r*  -f-  «fcc.. 
and  find  the  series  of  which  the  sum  of  n  terms  \s, 
„a"*-l 
a  — 1 

7.  Find  the  condition  that  the  equations 

ox  +  6y  —  C2  =  0. 
a,  X  +  ft,  y  —  Ci  2  =  0. 
(*,  X  +  6,  y  —  c,  2  =  0. 
may  be  satisfied  by  the  same  values  of  x,  y,  z. 

8.  A  number  of  persons  were  engaged  to  do  a  jMHce 
of  work  which  would  have  occupied  them  m  hours  if 
they  had  commenced  at  the  same  time  ;  instead  of 
doing  so.  they  commenced  at  eqniil  intervals,  and  then 
continued  to  work  till  the  whole  was  finished,  tne 
payments  being  pi-oportional  to  the  woi-k  done  by 
each  ;  the  first  comer  received  r  times  as  much  as  the 
iaat :  find  the  time  occupied. 
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Junior  Mntric.,  1872.     Ilonor. 

1.  There  are  three  towns,  A,  B,  and  C ;  the  road 
from  B  to  A  forming  a  right  angle  with  that  from  li 
to  C.  A  person  travels  a  certain  distance  from  B 
towards  A ,  and  then  crosses  by  the  nearest  way  to  the 
road  leading  from  C  to  A,  and  finds  hiraseLf  three 
miles  from  A  and  seven  from  C.  Arriving  at  A,  he 
finds  he  has  gone  fiirther  by  one-fourth  of  the  distance 
from  B  to  C  than  he  would  have  done  had  he  not  left 
the  direct  road.  Requii-ed  the  distance  of  B  from  A 
9Jid  C. 

2.  U  ay-\-bx  ^  ex  -[■  az  ^  fc  +  ^y  then  wiU 

c  b  a 

X  y  z 

I  a  b  c 


3.  Solve  the  equations  x^  —  yz  =  a*,  y*  -zx  =  h*,  «*  — 

4.  If  a,  h,  and  c  ^e  positive  quantities,  shew  that 

a«  (6+c)  +  6»  (c  +  a)  -f-  c*  (a  +  *)  >  6a6c. 

5.  Find  the  values  of  x  and  y  from  the  equations 

2y  +    -^^ — -  =  1, 
X  ' 

a^  +  5x  +  y  (y  -  1)  =  24. 

6.  A  steamer  made  the  trip  from  St.  John  to  Boston 
vifi  Yarmouth  in  33  hours  ;  on  her  return  she  made 
two  miles  an  liour  less  between  Boston  and  Yarmouth, 
but  resumed  lici-  former  speed  between  the  latter  place 
and  St.  John,  thoreViy  making  the  entire  return  pas- 
sage in  ^^  of  the  time  she  would  have  required  had 
lier  diminished  P|>ecd  lasted  throughout  ;  had  she 
made  her  usual  time  between  Boston  and  Yarmouth, 
and  two  miles  an  hour  less  between  Yarmouth  and 
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St.  John,  her  return  trip  would  have  been  made  in 
44  of  the  time  she  would  have  taken  had  the  whole 
of  her  retxiru  trip  been  made  at  the  dixninished  rate. 
Find  the  distance  between  St.  John  and  Yarmouth 
and  between  the  latter  place  and  Boston. 


Junior  Matric.,  Honor.     "I     ,„•, 
Senior  Matric,  Pass.        ) 

1.  Solve  the  following  equations  : 

.J.  j  4x~  3x1/  =  171. 

(^;     ••••  I  3y_4xy=150. 

(-     -      - 

And  find  one  solution  of  the  equations  : 

^  '  \ar  +  w  x  =  y. 

2.  Find  a  number  whose  cube  exceeds  six  times  the 
next  greater  number  by  three. 

3.  Explain  the  meaning  of  the  terms  Highe.st  com- 
mon measure  and  Lowest  common  multiple  as  applied 
to  algebraical  quantities,  and  prove  the  rule  for  finding 
the  Highest  common  measure  of  two  quantities. 

4.  Reduce  to  their  lowest  terms  the  following 
fractions  : 


\a)     . 
(6) 


I  'J*J.r''+  117 


^—  -lolx"  —  325a;  —  50 
-  9x  -^10.  * 


J  x'+  lOarV  35x*  +  50aj  +  24 


c'  +  18x'  +  1 19...2  +  342x-  +  360 
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5.   Find  the  sum  of  n  terms  of  the  serias  —  ^,  ^,-- 
\,  ttc,  and  the  xth  term  of  the  series 


a;  +  1  2  Z  —  x 


itC. 


x  —  V      x—V      x—V-^ 

6.  Find   the    relations   between  the  roots  and  co 
efficients  of  the  equation  ax*  +  px  +  q  =  0. 

Solve  the  equation 

a'+6x'+10x»  +  3a;=110. 

7.  A  cask  contains  15  gallons  of  a  mixture  of  wine 
and  water,  which  is  poiux-d  into  a  second  cask  con- 
taining wine  and  water  in  the  proportion  of  two  of  the 
foinier  to  one  of  the  latter,  and  in  the  resulting  mixture 
the  wine  and  water  are  found  to  be  equal.  Had  the 
quantity  in  the  second  cask  originally  been  only  one- 
half  of  what  it  was,  the  resulting  mixture  would  have 
been  in  the  proportion  of  seven  of  wine  to  eight  of 
■water.     Find  the  quantity  in  the  second  cask. 

8.  What  rate  per  cent,  per  annum,  payable  half- 
yearly,  is  equivalent  to  ten  per  cent,  per  annum,  pay- 
able yearly. 

9.  A  is  engaged  to  do  a  jnece  of  work  and  is  to 
receive  83  for  every  day  he  works,  but  is  to  forfeit 
one  dollar  for  the  first  day  he  is  absent,  two  for  the 
second,  three  for  the  third,  and  so  on.  Sixteen  davs 
el^p':  •  before  he  fini.shes  the  work  and  he  receives  §20. 
Find  ihe  number  of  days  he  is  iibsent. 

Cliang*^  the  enunciation  of  this  problem  so  as  to 
apply  to  the  negative  solution. 


Junior   .Ifntric,    1S76.      /'use. 

1.    FiXplain   tlie  use  of  n<!gative  and   fractional  in- 
dices in  Algel)ra. 

Multiply,    -     by  *  /'*^  and  the  product  l)V  \h" 
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Simplify   — -        ■-,  writing  the  factors  all  in  one 
a"  b'  <r  a 

line. 

2.  Multiply  together  a^  +  nx-¥a?,  a  +  x,  a*-ax  +  x^, 
a~x,  and  divide  the  product  by  a*  -  a^. 

3.  Divide  1   by   1  -  2x  +  ar*  to  six  terms,  and  give 
the  remainder.      Also  divide  27a;^-6ar  +  J  by  3a;* + 

4.  Multiply  a        +6        by  a        +b 

5.  Solve  the  equations  : 
3x  +  4       7x-S       x-16 


<"•        5  2 

X  {y  +  «)  =  24, 

(2).    {y{z  +  x)  =  4.b, 
z  (x  +  y)  =  49. 


Junior  Matric,    1876.      Hr.nnr. 

1.  An  oarsman  finds  that  during  the  first  half  of 
the  time  of  rowing  over  any  course  he  rows  at  the 
rate  of  five  miles  an  hour,  and  during  the  second 
half,  at  the  rate  of  four  and  a  half  miles.  His  course 
is  up  and  down  a  stream  which  flows  at  the  rate  of 
tliree  miles  an  hour,  and  he  finds  tliat  by  going  down 
the  stream  first,  and  up  afterwards,  it  takes  him  one 
hour  lou'^er  to  go  over  the  course  than  by  going  fir.st 
up  and  tlien  down.      Find  the  length  of  the  course. 

2.  Shew  that  if  a\  b\  c'  be  in  A. P.,  then  wilj  /.  ^  .  , 
€■*-  a,  a  +  b  be  in  [/.P. 

Also,  if  a,  6,  c  be  in  A. P.,  then  will 


be       I         ca  ah 

a  +        ,    b  + ,    Cr     . 

0  +  c  c  +  a  a-i-^ 


be  in  E.P. 
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3.  If  «  =  a  +  6  +  c,  then 

^{(ts  +  he)  (bs  +  ac)  (cs  +  ab)  =  (s-a)  (s  -  b)  (s  -  c) 

4.  If  a,  +  aj  + +  a„  -  -^ ,    then   • 

5.  If  the  fraction  ^r ,  when   reduced   to  a  re- 

2n  +  I 

petend,  contains  2n  figures,  shew  how  to  infer  the  last 
n  digits  after  obtaining  the  fij'st  ?i. 

Find  the  value  of  -^V  ^7  dividing  to  8  digita. 

6.  Solve  the  equations 

a;  -  y  +  s  =  3, 

xu  +  xz  ~  2  +  i/z, 


Junior  Matric,  1876.     H-nnor. 

1.  Shew  that  the  method  of  finding  the  square 
loot  of  a  number  is  analagoiis  to  that  of  finding  the 
square  root  of  an  algebraic  quantity. 

Fencing  of  given  length  is  jilaced  in  the  form  of 
a  rectangle,  so  as  to  include  the  greatest  possible  aroa, 
which  is  found  to  be  10  acres.  The  8haf)e  of  the 
field  is  then  altered,  but  still  remains  a  rectangle,  and 
it  is  found  tliat  with  162  yards  more  fencing,  the 
.same  area  as  before  may  be  enclosed.  Find  the  siiles 
of  the  latter  rectangle. 

2.  Prove  the  rule  for  finding  the  Lowest  Common 
.Multiple  of  two  com))Ound  algebraic  quantities. 

Find  the  L.C.^SI.  of  a' -  6' +  c*  +  3a6c  and  a\b-^c) 

3.  If  a,  ii  bu  ilie  roots  of  the  equation  a^+px-*-q  = 
0,  shew  tliat  the  equation  may  be  thrown  into  the 
form  (x  -  a)  (x-  (3)  -  0. 
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3  +  \/2  is  a  root  of  the  equation  x*  -  5af'+2x'+a; 
■1-7  =  0:  tind  the  oth^r  roots. 

4.  (1)  Shew  how  to  extract  the  square  root  of  a 

binomiHl,  one  of  whose  tei'ms  is  rational, 
and  the  other  a  quadratic  surd.  w 

(2)   Find  a  factor  which  will  rationalize  xi  —  yi. 

5.  a,  b  are  the  fii'st  two  terms  of  an  H.  P.,  what  is 
the  nth  term  ] 

If  a,  Z,  c  be  in  5.  /*.,  shew  that 

h\a  -  cf  =  2c^(6  -  aY+2ar{c  -  hf. 

6.  A  and  B  are  to  race  from  M  to  N  and  back.  A 
moves  at  the  rate  of  10  miles  an  hour,  and  guts  a  start 
of  20  minutes.  On  A's  returning  from  N,  he  meets 
B  moving  towards  it,  and  one  mile  from  it ;  but  A  is 
overtaken  by  B  when  one  mile  from  ]\L  FLud  the 
distance  from  ]M  to  N. 

7.  Solve  the  equations 

(1).  ar'  +  8  =  2a:2+lla:+U, 
(  X     51 

^  x~  V2     xy 


(2). 


Second  Glass  Cfrtificates,  1873. 

1.  Multiply  J  +  _+iby'^+--l. 

0       a  •'    0     a 

o    ov       .1       a'-^ah  +  W      a^-loh+UlA 

2.  Shew  that  -— _ ^,     - 

a  -  26  a-  oo 

ia.n  be  reduced  to  the  form  36. 
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3,  Reduce  to  its  lowest  terms  the  fraction, 
^     6^     1 
^  +12  ■'^9 


JC*      1 

^'-^  +  4-9- 


4.   (a)  Piove  that  «"-?/"«  divisible  by  a;  -  y  with- 
ut  remainder,  when  vi  is  any  positive  integer. 

(A)    Is    there    a    remainder    when    x"*-  100    i« 
•ided  by  a;  -  n     ll'  so,  write  it  down. 

•T.  Given  ax  +  bi/  =  I, 

,  ^    y     1 

and  -  +  -  =  — 7-- 
a      6       ao 

Find  the  difference  between  x  and  y. 

6.  Given3-'^'^-~'i^-ili-i^^-^)-0 

8(a;-l)  .3(x+l)~"- 

Find  X  in  terms  of  m. 

^.        X       2  7a;  +  16 

7.  Given  -  =  -5.      Find  the  value  of  _ „  ,• 

y       3  7y  +  24 

2  5 

■<.  Given :-  1, 

x-y     X  +y 

,       6  10 

and —  — —  -  3.      Find  x  and  y. 

X  -  y       X  +  y  ^ 

9.  Thoie  is  a  number  of"  two  dii^its.  liy  invertir!» 
iie  dijLjits  we  obtain  a  numl)er  which  is  less  by  8  tlian 
Iiree  times  the  original  number;  but  if  weincrea.se 
ach  of  the  digits  of  the  original  number  by  unity, 

iUid  invert  the  digits  thus  augmented,  a  number  is 
obtained  which  exceeds  the  original  number  by  29. 
P^ind  the  niiraber. 

10.  A  stu'lciit  takes  a  certain  number  of  minutes 
to  walk  from  his  residence  to  the  Normal  School. 
Were  the  distance  |th  of  a  mile  greatf-r,  he  would 
need  to  incuM^     his  pace  ^number  of  miles  j»er  hour) 
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by  4  o^  *  '^il®  "1  *^6  hour,  in  order  to  reach  the 
school  in  the  same  time.  Find  how  much  he  would 
have  to  diminish  his  pace  in  order  still  to  rench  the 
school  in  exactly  the  same  time,  if  the  distance  wero 
A-  of  a  mile  less  than  it  is. 


Second  Class  Certificates,  1875. 

1.  Find  the  continued  product  of  the  expressions, 
a-t-b  +  c,  c  +  a-6,  h  +  c-a,  a  +  b-c. 

a*  +  a^b      a{a-b)        2ab 

2.  Simplify  ^,^-^  -  ^^^  -  -^^-y,' 

3.  Find  the  Lowest  Common  Multiple  oi  2>s?  -2x-\ 
and  ^a?  —  2x^  -  3a;  +  1. 

4.  Find  the  value  of  x  from  the  equation,  ax  — 
a' — -ibx  6bx — 5«^     bx  +  4  ' 

'    -^-^^"-^^  -~2a T"' 

5.  Sulve  the  simultaneous  equations, 

a      b 
X      y 

c      d 

-  +—  =n. 
X      y 

6.  In  the  immediately  preceding  question,  if  a 
pujjil  should  say  that,  when  nb  =  nid,  and  6c  =  ad,  the 
values  of  X  and  y  obtained  in  the  ordinary  method, 
have  the  form  |,  and  that  he  does  not  know  lio'v  to 
interpret  such  a  result,  what  would  you  reply? 

7.  Two  travellers  set  on*  on  a  journey,  one  with 
SI  00,  the  other  with  8-^8;  they  meet  with  robbers, 
who  take  from  the  tir.st  twire  as  much  as  they  take 
from  the  second  ;  and  what  remains  with  the  first  is 
3  times  that  vhich  remains  witii  the  secoiul.  How 
uiu*"'''  mor^ev  did  each  travelle)-  lose  t 
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8.  A  and  B  labor  together  on  a  piece  of  work  for 
two  (lays ;  and  then  B  finishes  the  work  by  himself 
in  8  days  ;  but  A,  with  half  of  the  assistance  that  B 
could  render,  would  have  finisheil  the  work  in  6  days. 
In  what  time  could  each  of  them  do  the  whole  work 
aR)ne1 

9.  P  and  Q  are  travelling  along  the  same  road  in 
the  same  direction.  At  noon  P,  who  goes  at  the  rate 
of  7/1  miles  an  hour,  is  at  a  point  A  ;  while  Q,  wdio 
goes  at  the  rate  of  n  miles  in  the  hour,  is  at  a  point 
B,  two  miles  in  advance  of  A.  When  are  they  to- 
gether 1 

Has  the  answer  a  meaning  when  m — n  is  nega- 
tive ]  Has  it  a  meaning  when  ni-n%  If  so, 
state  what  interpretation  it  must  receive  in  these 
cases. 

10.  P  is  a  number  of  two  digits,  x  being  the  left 
hand  diijit  and  y  the  right.  By  inverting  the  digits, 
the  number  Q  is  obtained.  Prove  that  11  (a;-)-y) 
(P— Q)  =  9(a^-y)(P-hQ). 


Second  Class  Certificates,  1876. 

1.  Divide  (1  +  vi)  a^ — (w  +  n)  a^  (a; —  //) — {n — 1)  y* 
by  a? — xy  +  y*. 

Shew  that  {a  +  ai6i  +  bf — (a — ai6i  +  bf  is  ex- 
actly divisible  by  2aiii. 

2.  Resolve  into  factors  a^  -(-  2.->7/  (x' — y") — y*, 

a^(b  —  c)  +  b^(c  —  a)  +  c\a  —  b),  and  25a;*  + 
Sx"— a>— 1. 

.3.   If   .r' -I- px*  +  «7.r  H  r  is  exactly  divisible  by  a:* -h 
mx  +  n.  tlu'u  nq — n*  -  ?•?/*. 

4.    l*rov«^  that  if  w  be  a  common  measure  of  p  and 
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q,  it  will  also  measure  the  dillerence  of  any  multiples 
of />  and  q. 

Find  the  G.  C.  M.  oi  x^-^^x"  ^  {q—\)a?  ^ yx— 
q  and  x* — qa?  +  (jp — l)ar*  +  qx — p  and  of  1  + 

x^  +  x-^x^  and  2aj  +  2a;*  +  3a*  +  3a;^"" 

5.  Prove  the  rule  foi"  multiplication  of  fractions. 

a?-{y-zf      f-{z-xf      z^-{x-v? 
Simplify  -J^^^_Z^-  X  (^  +  x)^-V  '  (^yr-? 


and 


a»  +  U'~  a*—b^  ^  (a— 6)  (a*  +  6") 


6.  What  is  the  distinction  between  an  identity  and 
au  eqiuition  ?     If  aj — a  =  y  +  b,  prov«  x — 6  =  y  +  a. 

Solve  the  equations  (2+x)  {-m — 3)  = — 4 — 2»ix, 

16x— 13      40x— 43      32a;— 30       2C«— 24^ 

'^''     4x^3 ~  "^    8a>=^9"  "  ~8x=7"  "*"     Ax^5  ' 

7.  What  are  simultaneotis  equations  ?  Exyjlain  why 
thei-e  must  be  cjiven  as  many  independent  equations 
as  there  arc  uukno'vn  quantities  involved.  If  there 
is  a  greater  number  of  equations  than  unknown  ri^T-n- 
tities,  what  is  the  mterence  t 

Eliminate  x  and  v  irom  the  euiiatioTib  ax  +  by 
=  c,  ax  +  b'v  =  c  ,  ax  +  L"  y  -  c" . 

8.  Solve  the  equations — 

(2)  3x  +  v  +  z-  13 
3v/  +  s  +  a;  =  1 5 
Zz  +  x-^  y  '  17 

9.  A  pensun  has  two  kinds  of  foreign  money  ;  it 
takes  a  pieces  of  the  first  kind  to  make  one  £,  and  b 
pieces  of  the  second  kind  :  he  is  offeied  one  £  for  <• 
pieces,  how  many  pieces  of  each  kind  must  he  take  1 
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10.  A  person  starts  to  walk  to  a  railway  station 
four  and  a-hall'  miles  olf,  intending  to  arrive  at  a 
certain  time  ;  but  after  walking  a  mile  and  a-lialf  he 
is  detained  twenty  minutes,  in  consequence  of  which 
he  is  obliged  to  walk  a  mile  and  a-half  an  hour  fastt-r 
in  order  to  reach  the  station  at  the  appointed  time. 
Find  at  what  pace  he  started. 

11.  (a)  If  y  =  ^  then  will -jj^,  =  ji^,. 

(6)  Find  by  Homer's  method  of  division  the 
value  of 
a:»+  290a;'  +  279a:'— 2892a;'— 686a>— 31 2  when 
a;  =  —289. 
(«)  Shew  without  actual  multiplication  that 

(a  +  6  +  cf — (a  +  6  -^  c)  (a* — ah  +  6'—  6c  +  c*—  a«< 
-Aa^=3(a  +  i)  (6  +  c)  (c  +  a) 
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First   Year  Uxhibitions,  1873. 

1.  The  difference  between  the  first  ^nd  second  ol 
four  numbers  in  geometrical  progi-ession  is  12,  and 
the  difference  between  the  3rd  and  4th  is  300  ;  find 
them. 

2.  Find  two  numbers  whose  difference  is  8,  and 
the  harmonical  mean  between  them  1|-. 

3.  Prove  the  general  formula  for  finding  the  sum 
of  an  arithmetical  series. 

4.  The  differences  between  the  hypotenuse  and  the 
two/  sides  of  a  right-angled  triangle  are  3  and  6 
re.-.]  >ecti vely  ;  find  the  sides. 

6.  Solve  the  equations 

X        aj+  1     13 

^n  "^  "^  "  6" ' 

x-\-y  +  z  =  :i,x-^-y  =  z-l;  x  —  3=y-^z 
x+    i  3.C  +  8 

+  H= — — • 

3a;  +  5  2.'c  +  3 

6.  A  cistern  can  he  filled  by  two  pipes  in  24'  and 
C  ''  respectively,  an<l  emptied  by  a  third  in  20'  ;  in 
what  time  would  it  be  filled,  if  all  three  were  running 

tugethor. 

7.  Shew  that 

a'  +  tr*  -  c*     {a  +  b  +  c)  (a  +  b-c) 
^"^        2^A        "  2ab 
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8.  Prove  the  rule  for  finding  the  greatest  common 
measure  of  two  quantities. 


First  Year  Exhibitions,  1874. 

1.  The  sum  of  15  terms  of  an  arithmetic  series  is 
600,  and  the  common  ditiei-ence  is  5 ;  find  the  tirst 
term. 

2.  Find  the  last  t^rm  and  the  sum  to  7  terms  of 
the  series 

l-4+16-<ka 

3.  Find  the  arithmetical,  geometric,  and  harmonic 
means  between  3|  and  1|. 

4.  The  difference  between  the  hypotenuse  and  each 
of  tlie  two  sides  of  a  right-angled  triangle  is  3  and  G 
respectively  ;  find  the  sides. 

5.  The  sum  of  the  two  digits  of  a  certain  numlier 
is  six  times  their  difference,  and  the  number  itbcli 
exceeds  six  times  their  sum  by  3  ;  find  it. 

6.  Solve  the  equations  : — 

x-y^\;  x»-y=  19 
3^-7      43;- 10 
"^^+     x  +  5     ^^^' 

x-]{>j-2)^5;  4y-^(a:+10)«3. 

j_32a;+l     8.c  +  5 

7.  A  man  could  reap  a  field  by  himself  in  20  hours, 
but  with  his  son's  help  i'or  6  hours,  he  could  do  it  in 
10  hours  ;  how  long  would  the  sou  be  in  reapiiig  tlio 
licld  by  liimself  ] 

8.  Find  the  value  in  its  simplest  form  of 

X  +  y         2jj        x*y  -  a? 
y     ~  x  +  y      a^y-y* 
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9.  Find  the  greatest  common  measure  of 
3a:»  +  3j:^  -  lox  +  9  and  3x^  +  Sar*  -  21ar'  —  9^ 


First   Year  Exhibitions,   1876. 

1.  Solve  the  equations 

la  +  X  +     a  —x  =  ^-r--^, 
\  V  0  V  (/  +  X 

or     y       -        X        y      X  y 

---=1--;       -f-=l+-. 
ah  cab  c 

2.  Reduce  to  its  simplest  form  the  expression  ; — 

7  V5l  +  3  Vre  +  i^  2"-   5  4/128. 

3.  Fiiid  the  greatest  common  measure  of 

2x'  +  x^  —  iix  +  5  and  7x-»  —  1 2^+5. 
«t"  -}-  n* 

4.  Simplify— '^  ,.     '":=^^. 

n  in 

5.  A  nuDQoer  consists  of  two  digits,  of  which  tlie 
lelt  is  twice  the  right,  and  the  sum  of  the  di  ,'its  v^ 
one-seventh  of  the  number  itself.      Find  the  n;unber. 

6.  Solve  the  following  : — 

x     y  X     z  y     & 

-  +  -  =  +1,  -  t  -  =2,  -  +  -=3; 

ah  or.  be 

1       1 

-  +-  -2,  «  +  y  =2. 
X     y 

7.  Find  the  sum  of  n  tcMiur,  of  the  nerif  s  I.  3.  5, 
7,  ic. 

(a.)  Shew  that  the  recipiocals  of  tlie  fii-st  four 
terms,  and  also  of  any  consecutive  four  tennb,  are  ii. 
harmonical  proportion. 
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Matriculation,  1873. 

1.  What  is  the  "  dimeiision  "  of  a  term  1  WLen  i- 
aii  expression  said  to  be  "  homogeneous  "  1 

2.  Remove  the  brackets  from,  and  simplify  the 
following  expression : — 

(2a— 3c  +  4(i)-  |57  — (7rt  +  3a)|  +  |5a  — (—  4 
_./)!_  J3a  — (4a  — 5rf  — 4)|. 

3.  Piove  the  "  Rule  ot  Signs  "  in  Multiplication. 

4.  ]\Lultiply  a  — L_byx  + . 

a  X 

b.   Divide  rt-r*  +  bo?  +  ex  +  (f  by  x  —  r, 

6.  i^ivide  1  by  1  +  a;, 

7.  f^'ind  the  Greatest  C' mmon  Measure  of  6rt*  — 
aV  — I2.r  HU.I  ya'  •  12aV  — 6a^T        8a:*. 

^3/  — —  X^ 

a.   ir'roin   3a  —  2;  —  "     subtract    2a  —  x  — 

x»  — 1 

m  — X 

r?  +  |-^42) 

9.   (.'Ivon  ■'  ,- to  findojandw, 

V  ;i       8  / 

!'•  I>ivicle  tne  uui.i  ler  a  into  tour  such  pai-ts  tliat 
t!u'  >i^con.l  shall  BAceed  the  first  l)y  m,  the  third  shall 
KXct.Hi  thu  -jffond  oj»  «.,  aua  the  fourth  shall  exceed 
tlie  lliird  l)v  p. 

}  L.   .»    sum    o'"    moi.e^    put   out  at  siiople  interest 
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amounts  in  m  months  to  a  dollars,  and  in  n  month* 
to  h  dollars.     Required  the  sum  and  rate  per  cent. 

12.  Given  a-'  +  a6  =  5x*,  to  find  the  values  of  x. 

13.  Divide  the  number  49  into  two  such  parts  that 
the  quotient  ol  the  greater  di\dded  by  the  less  may 
be  to  the  quotient  of  the  less  divided  b^  the  greater, 
as  ^  to  |. 

14.  I>ivide  the  number  100  into  two  such  parts  that 
thcu-  product  ma^  be  equal  to  the  diliereuce  of  their 
squares. 

iy?  A  xy  —  56,    "I 

15.  Given  <  >tofilld^aluesofccaud2/. 

16.  A  farmer  bought  a  numbex  of  sheep  for  $80, 
and  if  he  had  lx)aght  four  more  for  the  same  money, 
he  would  have  paid  $1  less  for  each.  How  many  did 
he  buy  \ 


Matriculation,  1874. 

1.  Finc^  the  Greatest  Common  Aleasure  of  2b''  — 
10  lb'  +  8a%  and  9%"  —  3a6'  +  3aW  —  9a '6.  and  de- 
moiiStrate  the  rilt. 

a*  +  JB*   «  o*  —  (MP 

2    Add  tc^ether  a  —  x  + ?  3«  — 1 

a+x  a+x 

2x — ,  and  —  4a  — -. 

a  —  X  a — af 

\  x  1  '^ 

3.   Divide +  :, by    —  ^j— •— 

l+x     1  —  X         1  —  X         I  +  X 

and  reduce. 

4.  Given  ^  (x  — a)  — 1-5  {2x  —  db)  —  ^  {a  —  x) 
=  10a  4  116  to  find  x. 

5.  A  sum  of  mone;- was  divided  amonG;  tJuee  per- 
sons, A,  B,  and  C,'  ao  follows  :  tlie  sl.an  of  1 
e-.r-etded  ^  of  the  sha.ss  of  h  and  C  >\v  §l-'0  ;  tiw 
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share  of  B,  |  of  the  shares  of  A  and  C  by  $120; 
and  the  share  of  C,  J  of  the  shares  oi"  A  and  B  by 
$120.     AVLat  was  each  person's  share? 

6.  Given   <     ,      %      ./''',     „  {  ~  i  -,  ^  to  find  x  and  ?/. 

(  X  +-  2/ — 6jr — 3//*  =  12  J  '' 

7.  Shew  that  a  quadratic  equation  of  one  unknown 
quantity  cannot  have  more  than  two  ruots. 

8.  Given- -=     ~'    ^;  to  find  the  value  of  x. 

4  +  V  as         V  X 

9.  The  e  is  a  stack  of  hay  -vhose  len^Hh  is  to  its 
breadth  ais  5  to  4,  and  whose  height  is  to  its  bieadth 
as  7  to  8.  It  is  wo'th  as  ma.;  y  cents  per  mibic  ^oot 
as  it  is  fe(  t  in  bi-^-Mclth;  and  the  whole  is  wor^.h  at 
that  rate  224  times  as  many  cents  as  ^-here  art  square 
teet  on  the  bottom.     Find  the  aimensious  ot  the  staok. 

10.  Given  <    „  >  to  find  x  and  y. 

11.  In  attempting  to  arrange  a  number  of  counters 
in  the  form  of  a  square  it  was  f  and  there  wer*  seven 
over,  and  when  the  side  of  the  siauiie  was  incieiust-d 
oy  one,  there  was  a  deficiency  ot  8  to  complete  the 
squai-e.     Find  the  number  of  counters. 

12.  Reduce  to  its  8imi)leht  form 

o'  —  (6  —  cf  ^  6"  —  (c  —  af     c»  —  («  —  6)» 
(a  +  cf  —  W      {a  +  hf^~<?  "^  (6  +  cf  —  a"' 

13.  A  and  B  can  do  a  })iece  of  work  in  12  days; 
in  licw  many  days  cotild  each  do  it  alone,  if  it  would 
lake  A  10  days  longer  tiian  B  1 


to  find 
1 4.   Given     }   x  —  i/ =  i  )    x,  y,  z, 

and  w. 
62^y 


y 

w 

X  — 

V-- 

-4 

Z 

VJ  - 

=  3 

*«  + 

/ 

+  5' 

+  1/;^ 
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15.  Find  the  last  term,  and  the  sum  of  50  terms, 
of  the  series  2,  4,  6,  8,  tfec. 

1 6.  Write  do\vn  the  expansion  of     \^  —      \ 

17.  How  many  a'.itwTinc  scrains  may  be  rung  on 
tea  different  bells,  supposing  all  the  combinatioas  to 
produce  dUfe-ent  not**"  ' 


ANSWEPH 


Junior  Mntric.  XHl'Z.     Pass. 

I.  l;r'-(TVa;y-ixy'  +  y);  (rr  +  96^)  (a  +  3i)  •, 

{x^af-^{x  +  a){y-b)  +  {y-by.  2.  a^^ap-^q 

3.  (a),  U;  (6),  II;  (c),  4^;  (J),  |,  J.       4.  G40,  660 


Junior  Mat He,  1872.     Pews  am?  Honor, 

1.     I  ^i  +  (.ri  -  yi)  I '  I  s^  —  (a:J  —  y})  I '  = 

|«i  — (xi-    .7*)*!-*;    «+26  +  3c.        2.  "We  have 

c^--pc.\-q  =  0  aud  c*  —  jo'c  +  3''  =  0,  fron? 
■^hich  to  elimjnate  c. 

4.  If  ^  be  one  root,       -  -    b(\   +  -  |,    '^  =  /S"-^ 
aud,  eliminating  ^, Vl — ^1 . 

6.  (a),  4,  —  7,  ^(—  3±%/i'77) ;  (6),  3,  2, ;  -  3,—  3 
— --,    -4-;  -  -L,  -  -1-.        (c)  -3 

-i_    l2.   (d),  Dividf-.  tliroiigh  >y  a?  and  put  y  for 

-V        2  '      ] 

a;+  -,  and  .".y^ — 2forar*+_.,   then  y  = 
X  a? 

—    or  —    -  and  x^Z   1,  —  i  or  —  2. 
3  2  »'      a 
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6 


.     __i_   ,     :  \a   ->ra        -fa         -f    \ 

/l__r)»     a  —1  I  J 

7.    a  (  61C2  -  6,ci)  -f  ai(6,o  -  6c,)  +  OjC^— *ic)  —0. 


Junior  Mdtric,  1872.      Uuaor. 

I.  8  an.l  G  miles.  2.  Each  of  the  first  set  01' 

Iraetioiis  may  be  shewn  equal  to 
X  y 

2abc        a  or  2abc__b ^'^  '^''^ 

h'  +  c'-a*  <f  +  a'-b*' 

_  '^  ,  which  are  therefore  equaL 

a'  +  b'-<^ 

3.  Multiplying  the  equations  successively  by  y,  z,  a 

and  z,  X,  y,  we  obtain  c^x  +  d?y  +  b*2;  -  0, 

6«x  -H  cV  +  «^c  =  0;  thence  ^^  =  ^^.  = 

z  ,  dta  («*  -  6*c*) 

l^^r^*^  ^""^  * "  V' \  {a*-b'c^)*-{b'-^''a?) {c*-^i'¥)\' 

4.  a*  +  6*  >  -lab,  ,\  c (a»  +  6*)  >  2a6c,  &c. 

5.  3^0;-2,-53  -3,  6;  -8,  1.        6.  90  and  240  mU 


Junior  Mutric,  Ilonor.     \       q_, 
Senior  Matnc,  Pass.         > 

I.  (a).  From  fii\st  x  =  'ly  or  y,  ana  then  solutions  are, 
3,  ii  -3,— .}^y2r;  ^A21;  -721,—  V 21. 
(6),  t\(41±v/769).  4-(-37±i/TGy).    (c).  i,  ^; 

-W;i,3M-i-i    {-a  4, 18.      2.3. 

332;»+Glx+10  a;'  +  3x  +  2 

*•  ^''^'  ^"2 '  ^  ''  xMniccTsn* 


xiiv  ANSWERS. 


_   X  (3— x) 

6.  a;  —  2  aiui  a;  +  5  are  factors,  and  roots  are,  2,  —  5, 
^  (-3=fc^/35):  7.  7^  gals. 

•S.  4.88 per  cent.  9.    1  days. 

lie  receives  $3  every  day  the  work  continues; 
he  returns  nothing  the  first  day  he  is  i.lle, 
$1  the  second,  and  so  on,  and  the  number  of 
days  he  works  is  16. 


Junior  Matric^  187G.     Past. 

1.  a?;  a'^''b'"\~^d.  2.  a«-a*j  a*+^. 

3.   1  +  2a;  +  3x^  +  42:*  +  5jc*  +  6.c^  +    ;  rem.  7a^- 

^x\     9a.-2-6a;+l. 
4.>  a*n»  +  («6)"»  «  ->-  {ah)  +  b^: 
5.   (1),  2.     (2),  2,  5,  7;  or  -2,-5,-7. 


Junior  Matric.,  1876.     Uonor. 
1.  35  mis.        2.  (2),  These  quantities  are  in  H.  P.  it 

— r><^^-.  ^re  in  A. P.,  i.e.,  i£  a.  b,  c 

ab  +  ac  +  DC 

are  in  A. P. 

6.  It  may  be  shewn  that  the  remainder  at  the  nth 
decimal  place  is  2»  ;  hence  if  the  n^Aiiinit  be 
increased  by  unity,  and  the  whole  subtracted 
from  I,  the  remainder  is  the  remaining  part 
of  the  period. 

6.  2  =  4,x  =  2or-3j^=3or-2;a--l,a:-2-iv/i0J 
y- -2-^10. 


ANSWERS. 


Junior  Matric,  1876.     Honor, 

1.  121  and  400  yards. 

2.  {<i — h  +  c)  {(lb  +  bc-i-  ca)  {a*  +  b^  +  c^  +  ab  +  br. — ca) 

3.  iriational  roots  go  in   pairs/.  3 — ^/'i   is  a  rool, ; 

and  otlier  roots  a:-e  |  (-—1  ±V  ^). 

;'). 6.   3  mis. 

J +(„_!)  (a_6) 

r.    (1),   Plainly  x  +  2  divides  both   sides,  and   roots 

are — 2,'2±\/f.     (2),  x=  3,  y  =  4  cr  1 ;    a;=:r 

—  3,  y  -  —  4  or  —  ;^. 


Second  Class  Certificates,  1873. 

2.    (a  -  6)  -  (a  -  46)  =  36. 

6.    (a  -  6)   (x  -  y)  =  0  ;    .".  if   a  be  not  =  6,  a;  -  y  =  0  : 
it"  a  -  b,  x  —  y  may  have  any  value. 

6  ,  '.  7.  f ,  provided  a  be  not  =  -  2i  ; 

1  4  //I  -  1  •) 

then  fraction  becomes  %  and  is  indetei  niinate 

1 

8.  -       ^1, -=±;  x  =  o,y  =  9 

9.  13.  lU.   ^  of  a  mile  per  hour. 


vri  ANSWERS. 


Second  Class  Certificates,  187f 

1.  2(a'6»  +  6V  +  cV)  -  {a'  +  b' +  c').         2.    —"*-  • 

a  i  h 

3.   (3x+l)(4a^-2x'-3x+l).         4.     ?"^^*'"^h 

4a  -  oo 

be  —  ad       _bc  —  ad 

5.  x=  -T .,  y- 

no — md  mc — na 

6.  X  and   y  are    indeterminate  :    there  is   hut  one 

equation.      7.  $88,  $44.      8.    14  days,  1  Ij  days. 
2 

9.   In liis,     m  —  n  nefjative  means  that  thev 

m  —  n  °         4 

2 
were  toijether hi-s.  before  noon,  m  —  n, 

they  are  nev«»-  together. 
10.   Each  side  equals  99(x'^  —  y^). 


SexoTu!  Class  Certificates,  187G. 

1.   {\  +vi)x-{\-n)y.  2.   i^x  +  yf  {x  -  y)  ;  {a  -  b) 

{b-c)  (c-a)  ;  (5.r^-  1)  (5a;'  +  a:+  1). 

3.  Let  the  other  factor  be  x  +  a;  multiply  andeijuatf 
co-etlicients  ;  eliminating  a,  nq  —  ir  -  rm;  other 
conilitiou  is  ;>n  — 7«At=  y.  4.  x—\;    I  +  u'. 

^     (x  +  y-z)  (x-y  +  z)  (y  +  z-x),     J_ 
{x  +  y  +  zf  a  -  b 

6-    -J>  I.  ^ 

7.  a'{b'c  -  be')  +  b"{(ic'  —  a'r.)  +  c"(a'h  —  nb)  =  0. 

8.  (1,)    Culx',    and    3  {ii  +  x)i   (a  -  x)i  (ni)  ~  in*  -  2?) , 

f.     a(c  —  b)     b{a  —  c) 

a  —  b  a  —  b 

10.   3  miles  an  hour. 


/I  A'-^  W  £A\  xrvii 

U.  (a),  See  §359.  (6),  2,000.  (c),  Substitute  suc- 
cessively —  6,  —c,  -a  for  a,  6,  c,  in  tbo  left 
hand  side,  and  it  appeai-s  that  a  +  b,  b  +  c, 
e  +  a  are  factors,  and  .*.  expression  is  of  form 
N{a  +  b)  (b  +  c)  {c  +  a);  putting  a  ^  6  =  c  =  1, 
we  get  iV  =  3. 


First   Yea/r  Exhibitions,  1873. 

1.3,15,75,375.    2.  9  and  1,  or  T-^  and -If.    4.9,12. 
5.  (a),  4,-3;  -3,4.  (6),2,-3.  (c),4,-5,6.  {d),-\ 

6.40'.      7.  =  1^11:^  =  . 

2ah 


Firfft  Year  Exhibitions,  1874. 

1.  5.         2.  (-4)^  3277.         3.  2^^;  2^;  2j\. 
4.  9,  12.         5.  75. 

6.  (a).3,  2;— 2,— 3.  (6),  7  or— If  (c),5,3.  (c/),14. 

7.  30  hours.  8.   JL.        9.  3(.r  +  3). 

x  +  y 


First   Year  Exhibitions,   1876. 

I  _  i  —  1 

,43a  b  c 

1.  _a,^;-^___---^ 

a"-       b'        (^ 

2.  — 12*1/2-         3.  X — 1.         4.  m. 

5.  21,  42,  63,  or  84.         6.  o,  b,  2c  ;  1,  1.         7.  n^ 


1 

1 

1 

+ 



a 

b 

c 

1 

1 

,1 

a' 

6"^ 

c» 

^^  ANSWERS. 

MatricuUition,  1873. 

5.  ax-'  -)-  («r  +  6)  X  +  (a,  ^  4.  i^  +  c;  + 

ar'  +^6^^  +  cr  +  <; 
X  —  r  ■ 

6.  I-:,. +  .,._^.+^^    ^^  ^    3«'  +  4b.-, 
o     («  —  a;)  (o:^  _  2) 

10.  ^  (rt  —  3/;i  —  2m  —  ;;),  A'c. 

11.  !^*^^:i^     J200(a  — 6) 

»"  —  ^i  '         mi  —  na 

12.  rbiv/'"^.  1.3.  28,  21. 

14.  50(/5—l),  50(3-^/5). 

15.  a;=±10,y=  ^10;  x^  ±  4v/ 2,  y  =  rb  3|/2 

16.  16. 


3.  I 


Matriculation,  1874. 

a*  —  a« 

4.  —  5a  —  36.  6.  600,  480,  360. 

6-  2,  4 ;  4,  2.  8.   4  or  9^-. 

9.   20,16,14  ft.  10.  40,10;  10.40.  H.  55.  \ 

^--   ^-  13.  30  and  20  days.  ; 

14.  6,  2,  4i.  lL,or-2,-6,-li,_4J.  "^ 

IT).   100,  2.550. 

16.  x'-7a:*  +  21a;^_35.r  +  3.').^-' _  21x-»  +  7a,-» 
—  x-\  17.   1023. 


fiE.  J.  ®age  ^  Cos.  |tcli3  6l)ufatioual  ^orks. 


FOR  THE  L'SE  OF  INTERMEDIATE  STUDE.NTS  AA'D  TEACHEItS. 


Gage's  School  Examiner, 

Of  SliE.NCE   A.\D   LtrER ATI'S E. 

A  Maijaziiic  for  the  School  Koom  ami  Study,  containing:  Examination 
PajKjrs  on  the  subjects  taugljt  in  the  High  aiul  Puhlio  .Schools,  and  design- 
ed for  the  use  ot  TeachL-rs  in  conducting- Monthly  Exaniinalions,  and  in  the 
daily  work  of  the  School  Kuom,  ai:d  for  the  use  of  Students  preparing-  for 
the  I  lite/mediate  and  aZJ  O/ScirtZ  Examinations.  In  addition  to  Oriijiaal 
Papers  prcjiarcd  b;j  SjHxialists  on  the  various  subjects,  valuable  selections 
will  be  made  from  the  University,  High  School  and  Public  School  Examin- 
ations m  Eurojie  and  America,  as  we!!  as  from  Normal  School  and  other 
Examinations  for  Teachers,  both  Professional  and  Nonprofessional.  Sub- 
scription, SI. 00  per  year— payal)le  in  advance. 
ADDRESS— W.  J.  GAGE  &  CO  ,  Toronto,  Canada, 

Bro.  Ilalward.  Prin.  Chris.  Bro$.'  School,  KiiujBtnn. 

Am  much  pleased  with  the  plan,  anungement,  and  matter  of  Gag-e's 
School  Examiner,  and  trust  it  will  obtain  the  {jeueroua  patronage  of  all 
earnest  educationists. 


S.  Buncash,  Colbome. 

It  is  just  what  we  wanted.    I  have  no  doubt  o.  its  complete  success. 

L.  Gilchrist,  Woodcille. 

I  think  it  an  excellent  periodical,  especially  tor  Teachers  who  hold 
Monthli"  Examinations. 

W.  W.  Rutherford,  Port  Rowan. 

1  find  it  a  very  useful  Journal  in  School  work  and  cannot  afford  to  be 

without  it.  

James  McBrii-n,  I.  P.  S.,  Myrtle. 

The  '  School  Examiner'  is  rapidly  winning  its  way  into  nearly  all  the 

schools.  

Georije  Harper,  Anchoraije,  Wisconsin,  IT.  S. 

It  h  attractive  in  fonn,  neat  and  handsome  in  appearance,  and,  in  my 
humble  opinion,  contains  more  solid  and  useful  matter  than  any  similar 
Journal  in  the  Unite(i  States. 


D.  R.  Bn;/le,   Went  Arichat,  C.  B. 

Indec-i,  the  solution  of  No.  2  Arithmetic,  in  the  .\pril  nunihc 
worth  the  subscription  price. 


J.  ^agc  &  do's.  |lfto  ©bxicational  Sllorka. 


BOOKS  FOR  TEACHERS  AND  STUDENTS,  BY  DR.  McLELLAN. 


Examination    Papers   in    Arithmetic. 

By  J.  A.  McLkixan,  M.  A  .  Lh.  D.,  liispcotor  of  Hi<;h  Schools,  Out.,  and 
Thomas  Kirkland,  M.  a.,  Scieiire  Master,  Normal  Si'hool,  Toronto. 

"  In  our  opinion  the  best  Collection  of  Trobleins  on  the  American  Con- 
tinent."—National  Tk.vciiers  Montult,  N.  Y. 

Seventh  Complete  Edition,  -      •     -         Price.  $1,00. 


Examination  Papers  in  Arithmetic.--'-Fart  I. 

Ry  J.  A.  McLf.i,i,a.\,  M.  A.,  M-.  D.,  and  Tiios.  Kirrland,  M   A. 
Price,  -  -  .  .  .  5G  Cents. 

This  Eil-.Mon  has  been  issued  at  the  request  of  a  large  number  of  Public 
School  teachers  ■who  wish  to  have  a  Cheap  Edition  for  the  use  of  their 
pupils  preparing  for  admission  to  High  School. 

Hints  and  Answers  to  Examination  Papers 
in  Arithmetic. 

By  J.  A.  McLkllan,  M.  A.,  LL.  D.,  and  Tims.  Kibklakd,  M.  A. 
Fourth  Edition,  -----  $1.00. 


McLellan's     Mental     Arithmetic. ---Part     I. 

Containing  the  Fundamental  Rules,  Fractions  and  Analysis. 

Py  J.  A   McLbi.la.v,  M.  A.,  LL.  D.,  Inspector  High  Schools,  Ontario^ 

Third  Edition,  .  -  -  -  30  Cents. 

Authorized  for  use  in  the  Schools  of  Nova  Scotia. 


McLellan's     Mental    Arithmetic. ---Part     II. 

Specially  adapted  for  Model  and  High  School  Students. 
Third  Edition,  -  -  -  Price,  45  Cents. 

The 


Teacher's    Hand    Book   of  Algebra. 

By  .1.  A.  McLellas,  M.  A.,  LL.  P. 
Second  Complete  Edition,  .  -  -  $1.25. 

Teacher's    Hand  Book  of  Algebra. ---Pan  I. 

Prej)3rcd  for  the  use  of  Iiitorincdiate  Students 
Price,  .....  75  Cents. 

Key   to    Teacher's  Hand   Book    of  Algebra. 
Second  Edition,  ...  ^rice,  $1.50 


qB.  3.  (iBaqe  &  Co's.  ilcto  ^bucational  cHorks. 


HAMBLIX  SMITH'S  MATHEMATICAL  WORKS. 
Authorlaed  for  use,  and  now  used  in  nearly  all  the  principal  Schools  of 
Ontario,  Quebec,  Nova  Scotia  and  Manitoba. 


I  Hamblin  Smith's  Arithmetic. 

'  An  Advanced  treatise,  on  the  Unitary  Sy.stem,  by  J.  Hamblin  Smith, 
I  M.  A.,  of  CJonvillc  and  ('aius  Colleges,  and  late  lecturer  of  St.  Peter's  Col- 
k'.,e,  Canibrid^'e.  Adapted  to  Canadian  Schools,  by  Thomas  Kirkland, 
I  M.  A.,  Science  Master,  Norinal  School,  Toronto,  and  William  Scott,  B.  A., 
j  Head  Master  Model  School  for  Ontario. 
I  12th  Edition,  Price,  75  Cents. 

!  KEY. — A  complete  Key  tb  the  abort  Arithmetic,  by  the  Authors. 
i  Price,  $2.00. 

Hamblin  Smith's   Algebra. 

An  Elementary  Alyebra,  "oy  J.  Ha.\ibli.v  Smith,  M.  A.,  with  Appendix 
by  Alfred  Baker,  B.  A.,  Mathematical  Tutor,  University  CoUeg-e,  'Toronto. 
8th  Edition  Price,  90  Cents. 

K.E  Y. — A  complete  Key  to  Hamblin  Smith's  Algebra. 

Price,  $2.75. 

I  

j  Hamblin    Smith's    Elements   of    Geometry. 

I  Containing  Books  I.  to  VI.,  and  portions  of  Books  XI.  and  XII., of  Euclid, 
I  with  E.xercises  and  Notes,  by  J  H.\mblin  Smith,  M.  A.,  &c.,  and  Examina- 
j  tion  Papers,  from  the  Toronto  and  McGill  Universities,  andi  Normal  School, 

Toronto. 
I  Price,  90  Cents. 


Hamblin  Smith's  Geometry  Books,  i  and  2. 

Price, SO  Cents. 

Hamblin  Smith's  Statics. 

By  J.  H.\mbli.s  Smith.  M   \  ,  with  Appendix  by  Thomas  Kirkland,  M.  A., 
Science  Master,  Normal  School,  Toronto. 

I  Price,  90  Cunts. 


Hamblin  Smith's  Hydrostatics.  75  Cents. 

KEY.  —Statics  and  Hydrostatics,  in  one  volume.  $2.00. 


Hamblin  Smith's  Trigonometry. 

KEY. — To  the  above. 


cSl.  J.  QBagc  &  Cos  Jlclu  Ctiunitioual  SBorhs.   I 

NLW  BOOKS   BY  Dll.  McLKLLAX.  j 

The  Teacher's  Handbook  of  Algebra.  I 

pevisoii  and  cnlar^rcd.     Cy  J.  A.  McLlu. an,  M.  A.,  LL.  D.,  Inspector  of 
lli-li  Schools,  Ontario. 
Price,  $1.25 

Teacher's  Hand    Book  of  Algebra. ---Part  i. 

Abri'l-cii  IMition.      Coiitainniif  portions  ot  the  a  ove  suiUble  for  Inter 
moJiaic  Stuiiunts. 
Price,  75  Cent?. 

Key  to  Teacher's  Hand  Book.  Price,$i.50. 

It  contains  over  2,.'iOO  Kxercises,  including  ahout  three  hundred  and  (ift.v 
solved  examples,  illustratintf  every  type  of  question  set  in  elementary  .\\i;i:- 
bra.  ; 

It  contains  complete  explanation  of  Ilorner'si  Multiplication  and  Division, 
with  aiiplic.ition  not  f,'ivcn  in  tlic  Tcxt-BooUs.  '  ' 

It  cDiit.aiiis  a  full  explanation  of  tlic  princii>lcs  of  symmetry,  with  numer- 
ou.s  illustrati\e  examples. 

It  contains  a  more  complete  illustmtion  S)f  the  theory  of  divisors,  with  its 
ocautifiii  a'>i'''cations,  than  is  to  be  found  in  any  text-book. 

It  contains  what  aole  mathematical  teachers  lia\  e   pronounced  to  be  the 
"  finest  chapter  on  factoring  tliat  lias  ever  apiKured." 
•  It  cojitains  the  latest  and  best  methods  of  treatment  as  given  by  the  great 
Masters  of  Analysis. 

It  contiins'tbe  finest  selections  of  ]>i-o)x>rly  classified  equations,  with 
methods  of  resolution  and  reduction,  that  has  yut  apj)cared. 

It  contains  a  set  of  jiracticc  paiK-rs  made  dp  by  selecting  the  best  of  the 
questions  set  by  llie  I  Diversity  ot  Toronto  during  twenty  \ears. 
1      It  is  a  kev  of  the  inethods,  a  rcj-ertory  of  cxfTcises,  which  cannot  fail  to 
I  make  the  teacher  a  better  teacher,  and  the  stuilunt  a  more  thorough  alge- 
I  liraist.  

'      nc.id  the  following  notices  from  tho  leading  autliontlos  in  Great  Britain 

j  and  I'liited  States: 

I  "  "^hls  Is  the  work  of  a  Cana<lian  Teacher  and  Insjicctor,  whose  name  is 
honorablv  known  lipvond  the  bounds  of  his  iiatixe  province,  for  his  exer- 

I  tions  in  (lc\  eloping  and  i>roniotiiig  that  admirable  system  of  public  instnic- 
tlon,  which  ha.s  pl.iced  the  l»ominion  of  Canada  so  high,  as  rejranis  edm-a- 
tion,  not  only  among  the  Briti'-b  Colonies,  but  .among  the  civilized  nations 

'  ofthewoiM."  Wo  know  of  no  work  in  this  country  that  exactly  occujiies 
the  place  of  Dr.  .Mcl.ellan's.  which  is  not  merely  a  text  b.Hjk  of  Algebra,  in 
Hie  orlinarv  sense,  but  a  .Manual  of  Methods  for  Teachers,  illusti-ating  tlw 
bent  and  yiost  recent  treatment  ot  algebraical  pi-oblems  and  solutions  of 
every  kind."  ^.  _   ,, 

From  Bahnf-s   KiMCATioxAt  Montiilv,  N.  \  . 
"The  best  American  Alsrcbra  for  Tcocheri  that  we  have  ever  ciiauiuicd." 


Mi.  J.  (!5ayc  ^Jc  QLo's.  |:lftu  (!:^nl«tioual  c^lorks. 


MASON'S  GRADUATiiD  SERIES  OF  ENGLISH  GRAMMARS 


Mason's  Outlines  of  English  Grammar. 

For  the  use  of  junior  classes. 
Price,  45  Cents. 

Mason's  Shorter  English  Grammar. 

With  copious  and  carefully  gr^idcd  exercises,  2-13  pa^'cs. 
Price,  ■  CO  Cents. 

Mason' s  Aavanced    Grammar. 

Including  the  principles  of  Grammatical  Aiialys"s.  By  C.  P  Mahon, 
B.  A.;  F.  0.  F.,  fellow  of  University  College,  London.  Enlarged  and 
thoroughly  revised,  with  Examiaatious  Papers  added  by  W.Houston.  M.A., 
27th  Edition,  price,  75  Cents- 

"  I  asked  a  grrar  ipiar  school  inspector  in  the  old  country  to  send  me  the 
hest  grammar  pul'li^hcd  thtre.  He  immediately  sent  Mason's.  The  chap- 
ters on  the  analysis  of  di'.Ucult  sentences  is  of  itself  suflicicnt  to  pl.ace  the 
work  far  bc\o  li  any  English  Grammar  hitharto  beloro  the  Canadian  pub- 
lic."—Alcx."bims,  M.  A.,  U.  M.  U.  S.,  Oakville. 

English  Grammar  Practice. 

This  work  C"n>;.;t3  of  the  Exercises  appended  to  the  "  Shorter  English 
Gra'.'.imar,"  piib.ished  in  a  separate  form.  They  are  arranged  in  progressive 
Icss/jns  in  such  a  maimer  as'to  be  available  witli  almost  any  text  book  of 
K  i,'lish  Granmiax-,  and  take  the  learner  by  ea.sy  stages  from  the  simplest 
English  work  to  the  most  difficult  constructions  in  the  language. 
Price,  SO  Cents. 

Outlines  of  Englisn  Grammar. 

These  elementary  ideas  are  reduced  to  regular  form  oy  means  of  carcfnl 
deflnitions  and  plain  ruljs,  illustrated  by  abundant  and  varied  e.\i;niplc.>ifor 
practice.  The  learner  is  made  acquainted,  in  moderate  measure,  with  the 
most  important  of  the  older  forms  of  English,  with  the  way  in  which  words 
are  constructed,  and  with  the  elements  of  which  modorn  English  is  niadi; 
up.  Analysis  is  treated  so  far  as  to  give  the  powi-r  of  dealing  witli  sen- 
tences of  plain  construction  and  mudeiatedilicully      In  the 

English  Grammar 

the  same  subje -ts  arc  presented  with  much  greater  fulness,  aiiu  carried  to 
a  more  advanced  and  (lillicnlt  stage.  '!'!ie  work  contains  ample  niateriais 
for  the  rc<|uirements  <  f  fVimpctitivc  Examinaiions  reaching  at  least  the 
standard,  of  the  Matriculation  Examination  of  the  University  of  Londoii 

',  The  Shorter  English  Grammar. 

is  intended  f  >r  !.:  inun-;  who  hive  but  a  litnite<l  amount  of  time  at  thcirdis- 
posal  for  Eii'.iili  ■♦"dies  ;  but  the  experience  of  si-hools  in  which  it  has 
been  the  onlv  Engiili  <^rammar  used,  has  shov.ii  that,  when  well  n.-aslered, 
this  work  also  is  suinoient  for  the  London  M.itriculatioi)  Examiiiati.jii. 


SE.  J.  (!5agc  ^  (£o's.  |lcU)  Cliucatioual  (ISilovha. 

XHE   BEST  ELEMENTARY  ANU  GRAMMAR  COMfOSITlON 

Revised  Ed.  of  Miller's  Language   Lessons. 

Now  in  iiidestnictible  iron  bindiny.  Sixth  edition;  '200th  thousiuid,  with 
Examination  Papers  for  admission  to  Hiyh  Schools.  Adapted  as  an  Intro- 
ductorv'  Te,\t  Look  to  Mason's  Graimnar. 


PROOFS  OF  TIIF.  ^rrERIORITT   OK   MILLRR'S   F.PITIOX 

Miller's  Swintoa's  is  authorized  by  the  Education   Pci>artnicnt  for  use  in 

the  Schools  of  Ontario. 
Onl.\-  Edition  adopted  by  the  I'mtcstant  Board  of  Education  of  Montreal' 

and  used  in  many  of  the  princijal  Schools  of  the  Trovhicc  of  Q\ielKiC. 
Only  Edition  used  in  the  Schools  of  New-foundland. 
Ordy  Edition  adopted  by  the  SU|ii  of  Education  forthe  Schools  of  Manitoba- 
Miller's  Revised  Swinton's  is  used  in  nine-tenths  of  the  princii>al  Schools 

of  t)ntario. 
Only   Edition  prcjxircd  as  an  introductory  Book  to  Mason  s  Grammar 

lx)th  hariiig  the  same  Definitions. 


(a  tiioroloii  examin.\tion  oivkn). 

St.  Thomas,  Nov.  30th,  1878. 
To  the  Trcsidont  and  Members  of  the  County  of  Eljfin  Teacher's  Associa- 
tion :— In  adcordance  with  a  motion   jKissed  at  the  last  regular  meeting-  of 
the  Association,  appointin;,'  the  undersi','-ne<I  a  Committee  to  consider  the 
resi>ectivo  merits  of  different  English  G  i-aumuo*,with  a  view  to  sugirest  the 
most  suitable  one  for  Public  Schools,  we  bet?  leave  to  rei)ort,  that,  after  ful- 
ly comparing  the  various  editions  that  have  been  lecunnnendcd,  we  believe  i 
that  "  Millor's  Swinton's  L;\:ij;uaire  I.,es8on8"  is  best  adapted  to  the  wants  j 
of  junior  piipds,  and  we  would  ur„'e  its  authorization  on  the  Government,  | 
and  its  introduction  Into  our  Public  Schools.  | 

Signed,        A.  K.  Bitlpr,  Co.  Tnsjicctor,    J.  Mi  Lkan,  Town  Inspector.  ' 

J.  MiLLAii,  -M.  A.,  Head  Master  St.  Thomas  Iliixh  School. 
A.  Stf,ble,  M.  a.,  "  OraiiKOville  High  School. 

N.  Campbkli,,  "  Co.  of  Elgin  Model  School. 

It  wa-s  nioveii  and  seconded  that  the  reixjrt  be  received  and  adopted.— 
Carried  unanimously. 


tSTtn   AVOID  MI.STAKBfl,   AUK  FOR 

REVISED  EOITION  MILLER'S  SWINTON'S. 


J.  (&a<3z  S:  Cos.  licto  6liuratioual  cltork0.  ' 


EXAMINATION  SERIES. 


Canadian   History. 

B?  James  L.  IlLOiiEi>,  Inspector  of  Public  Schools,  Toronto. 
Price,  25  Cents. 

HISTOIiV  TAUGHT  BY  TOPICAL  METHOD. 

A  PRIMER   IN  CANADIAN   HISTORY,  FOR  SCHOOLS  ASD  STUDENTS  PREPARING  FOR 
KXAMISATIO.S'S. 


1.  The  historj-  is  divided  into  periods  iii  acc^jrdance  with  the  great  na- 
tional changes  that  have  taken  place. 

2.  The  history  of  each  period  is  given  topically  in»toad  of  in  chronolog- 
ical order. 

3.  Examination  questions  are  given  at  the  end  of  each  chapter. 

4.  Examination  papers,  selected  from  the  official  examinations  of  the 
different  provinces,  are  given  in  the  Appendix. 

5.  Student's  review  outlines,  to  enable  a  student  to  thoroughly  test  his 
own  progress,  are  inserted  at  the  end  of  each  chapter. 

6.  Special  attention  is  paid  to  the  educational,  social  and  commercial 
progress  of  the  country. 

7.  Constitutional  growth  is  treated  in  a  brief  but  comprehensive  exer- 
cise. 

tS"  By  the  aid  of  this  work  students  can  prepare  and  review  for  exam- 
inations in  Canadian  History  more  quickly  than  by  the  use  of  any  other 
v/ork. 


Epoch  Primer  of  English  History. 

By  Rev  M.  Creiguton,  M.  A.,  Late  Fellow  and  Tutor  of  Morton  College, 
Oxford. 

Authorized  by  the  Education  Department  for  use  in  Public  Schools, 
and  fo.  admission  to  the  High  Schools  of  Ontario. 

Its  adaptability  to  Public  School  use  over  all  other  School  Histories  will 
be  shown  by  the  fact  that — 

In  a  brief  compass  of  one  hundred  and  eighty  pages  it  covers  all  the 
work  rcciuired  for  pupils  preparing  for  entrance  to  High  Schools. 

The  price  is  less  than  one-half  that  of  the  other  authorized  histories. 

In  using  the  other  Histories,  pupils  are  compelled  to  read  nearly  throe 
times  as  much  in  order  to  secure  the  same  results. 

Creighton's  Epoch  Primer  has  been  adojitcd  by  the  Toronto  School 
Board,  and  many  of  the  principal  Public  Schools  in  Ontario. 


n 


UmX.  J.  ©age  A  Cos  £[c\J3  CSliiuational  dilouks. 

Authorized  for  use  in  the  Schools  of  Ontario. 
The  Epoch  Primer  of  English  History. 

By  ItEV.  il.  C.ii;iuirro.N,  M.  A.,  Late  Filiow  and  Tutor  oi  .Mcrton  College, 


Oxioni. 


Sixth  Edition, 
Most  thorough. 


Price,  30  Cents. 

ABKRDEKS   JofRSAL. 


This  \oluiiic,  taken  with  the  eight  small  volnmps  cuitainini^'  the  ac- 
coiiiitij  of  the  different  eiKK.hs,  i)resci!is  what  may  be  regarded  as  the  most 
.thoroii'^-h  course  of  elementary  Unglii-h  History  ever  inililished. 

What  \va3  needed.  Toronto  Daily  Oloer. 

It  is  just  sill  li  a  manual  as  is  nccdtd  by  I'ulilic  tehool  pupils  who  are 
{.'oing  up  for  a  High  School      iiiae. 

Used  in  separate  schoc  ?.  M.  .Stafford,  Priest. 

We  are  usinj?  this  History  in  our  Convent  an'!  Siparate  Schools  in  Lind- 
say. 

Very  concise.  fiAMiLTo.s  Timeb. 

A  very  concise  little  book  that  should  be  used  in  the  Schools.  In  Its 
I'ajrcs  will  be  found  incidents  of  En^jlibh  History  from  A.  1).  43  to  1870,  in" 
t.  M>tiiiij  alike  to  youii^'  and  old. 

A  favorite.  London  Advertiser. 

The  book  will  prove  a  favorite  with  teachers  preparing  pupils  for  the 
entrance  examinations  to  the  High  .Schools. 

Very  attractive.  Britisii  Wiiio,  Kisoston. 

This  little  book,  of  one  hundreil  and  forty  pages,  presents  history  in  a 
very  attr.u'tive  shaiie. 

Wisely  arranged.  Canada  Presbyterian. 

The  ciKjchs  chosen  for  the  division  of  English  History  are  well  marked 
—  no  mere  artificial  milistoncs,  arbitrarily  erected  by  the  author,  but  rea| 
natural  landmarks,  consisting  of  great  and  im|>ortant  events  or  remarkable 
changes. 

Interestlngr.  VARMotTn  Tribixk,  Nova  Scotia. 

With  a  |>erfect  freedom  from  all  looseness  of  style  the  interest  l«  «"  ■•   '1 
>ni=' u"ed  throiiglioiit  the  narrative  th.it  those  who  commence  i 
wiii  ...  1  it  difJlcult  to  leave  otf  with  its  penisal  incomplete. 

Comprehensive,  Litkhart  World. 

The  Ni>ccial  value  of  this  hlfrtorical  otitlinc  is  that  it  gives  the  reader  & 
C'lmprchcnsivc  view  of  the  coume  of  memorable  events  and  epochs, 


djd.  J.  (!5agc  ^  (Co's.  |Tcto  dmratioual  cSlorks. 

THE  BEST  ELEMENTARY  TEXT-BOOK  OF  THE  YEAR. 


Gage's  Practical  Speller, 

A  MANLAL.  OF  .SfEI.LiNG  AND  DICTATION. 

Price,  30  Cents. 

Sixty  copies  ordered.  Moist  Fouest  Advocate. 

After  careful  ins(X:ot  on  we  unhesitatinj,'ly  proiiouncc-  it  the  best  spell- 
ing book  ever  in  use  iu  our  public  schools.      The   I'ractical  Speller  secures 
1  an  easj-  access  to  its  contents  by  the  very  systematic  arranijenients  of  the 
i  w-onls  in  topical  classes ;  a  pennanent  impression  on  the  memory  by  the  I 
j  frequent  review  of  ditfiL-uIt  w«r<is ;  and  a  savinj;  of  time  and  effort  by  the 
j  selection  of  only  such  word's  as  are  difficult  and  of  common  occurrence 
!  Mr.  Reid,  II.  S.  Master  heartily  recommends  the  work,  and  ordered  some 
sixty  copies.    It  is  a  book  tiiat  should  be  on  every  business  man's  table  as  j 
well  as  in  the  schoo!  room.  ! 

o j 

Is  a  necessity.  Presb.  \VrTNEss,  Halifa.x.  . 

We  have  already  had  repeated  occasion  to  speak  highly  of  the  Educa-  \ 
tional  Series  of  which  this  book  is  one.  The  "Speller"  is  a  necessity  ;  and  i 
we  have  seen  no  Iwok  which  we  can  recommend  more  heartily  than  the  one  ] 
before  us. 

Crood  print.  Bowma.wille  Observer,  j 

The  "  Practical  Speller  "  is  a  credit  to  the  publishers  in  its  general  get  i 
up,  classification  of  subjects,  and  clearness  of  treatment.  The  child  wh»  j 
uses  this  l)ook  will  not  have  damaged  eyesight  through  bad  print.  I 

-i—o—  i 

What  it  is.  Stratiikov  Age. 

it  is  a  series  of  graded  Icsso^js.  containing  the  words  in  general  use, 
with  a')breviation8,  etc. ;  words  of  similar  pronunciation  and  dilTcrent  s)>ell- 
ing  a  collection  of  the  most  difficult  words  in  the  language,  and  a  number 
of  literary  selections  which  may  be  used  for  dictation  lessons,  and  conunif 
ted  to  memorj-  by  the  pupils 

B"S«ry  teaclaer  should  introduce  it.  Canadian  .Statesman. 

'  It  i.s  an  improvement  on  the  old  spelling  book.     Every  teacher  should 

•  introduce  it  into  his  classes 

]  The  best  yet  seen.  .  Couhf.ster  Sin,  Nova  Scotia. 

j  Itis  aw.-vy  ahead  of  any"spellf'r"that  we  have  heretofore  seen.  Our  public 

1  schools  want  a  good  spelling  book.     The  publication  before  us  is  the  best 
;  ye  ha\e  vet  seen. 


vM.  J.  ©aQc  &  QTo.s'  ^Xeto  €bnrat:om4  SEorks. 


Gage's  Practical  Speller. 

A  iivrv.  Manual  of  Spellintf  and  OicUtion.  PrlO«,  80  Cents 

PnuMINENT   FKATURn 

The  book  is  divided  into  fivi-  parts  as  follows: 

I'AUT   1. 

Contain!  the  words  In  coiuiuon  U!>e  in  iaily  life  together  with  abbrevia- 
tions, foimi,  etc.  If  a  boy  has  to  leave  school  early,  ho  should  at  least 
know  bow  to  spoil  the  words  of  ooniiuoii  occurrence  in  connection  with  his 
business. 

PAT,  r  II. 

Gives  words  liable  tn  be  spelled  incorrectly  bcoauM  the  same  sounds  are 
spelled  in  various  \va.\b  in  them.       • 

~  PART    III. 

Contains  words  pronounced  alike  but  spelled  difli^rently  with  diticicMt 
meaninys. 

PART    IT. 

Contains  a  Iar_'e  collection  of  the  most  difUcult  win,'*  in  conmion  use, 
and  is  intended  to  supply  material  for  a  general  revir.io,  and  for  spelling 
matches  and  tests. 

PART  V. 

Contains  literary  selections  which  are  intended  to  be  m^'morized  and  re- 
cited as  well  as  used  for  dictation  lessons  and  Icswns  in  muraU. 

DICTAflO.N    LESSONS. 

All  the  lessons  are  suitable  for  dictation  lessons  on  the  sUta  or  in  dicta- 
tion book. 

RKVIEWB. 

These  will  be  found  throughout  the  book. 


An  excellent  compendium.  Aim.  MeRae,PriH.  Ae.ad'j/,Dvii>y,N.S. 
I  rejj'ard  it  as  a  necessity  and  an  excellent  coni|ieii(iiuni  of  the  .subject 
of  which  it  treats.  Its  natural  and  j\ldicious  ar.An^enient  well  acc(id>» 
with  its  title.  I'upils  instructed  in  its  principl'  ii.  im  .er  the  care  of  dili^'ent 
teachers,  cannot  fail  to  beoonic  correct  spellers.  It  ^nat  value  will,  doubt- 
less, secure  for  it  a  wide  circvilation.  I  have  seen  no  IhmiU  on  the  subject 
which  I  can  more  cordially  reconnnend  '.ban  ■'The  I'ructical  .Speller." 


Supply  a  want  long  felt.  J'lm  Jo/.untn,  I.P.S.,  liriifiviiir. 

'iTie  hints  for  tea<;liiiif,'  .spellinjr  an;  oveeJIeiit  I  buve  shown  it  to  a  num- 
ber of  experienced  tcii.jlie;  •<.  and  the>  ail  think  It  Is  ilu-  best  and  most  prac- 
tical work  on  spelling;  ami  dictation  ever  presented  to  tUt  public.  It  will 
supply  a  want  long  felt  by  teachers. 

Admirably  adapted.         Colm  0'.  Roxme,  I.P.S.,  WolJvilU,  y.  s. 

The  arratigcnieiii  uii  I  ','rading  of  I  lie  lifTercnt  rlass«!s  of  words  I  retard 
a<  uxoellent.     Mtir'b   beiieHt  must  arise  frnin  '..tniiiitting  to  memory  the  ! 
"  I.iU'rary   Selections."     The   work    i:^  adniir.iliU    adapted   to  our  |NibIio  1 
schools,  and  1  shall  recoiuniond  it  as  the  best  I  ha\e  seen.  : 


®.  J.  (Sage  &  QTo's.  ^cU)  (>:bucatioual  cEorks. 


THE  BEST  Elementary  text-book  of  the  year. 


Gage's  Practical  Speller.  I 

A  MANUAL  01  bPELLING  AND  DICTATION.  , 

Price,  SO  Cents. 

'  Sixty  copies  ordei'ed.  Moist  Forest  Advocate. 

I  After  careful  inspect  on  sve  unhesitatingly  pronounce  it  the  best  spell-  , 

'  ing  book  ever  in  use  in  our  public  schools.      The   Practical   .Speller  secures 
an  easy  .access  to  its  contents  by  the  very  systematic  arrangements  of  the  | 
words  in  topical  classes ;  a  permanent  impression  on  the  memory  by  the  I 
(  frequent  review  of  difficult  words;  and  a  saving- of  time  and  effort  by  the 'i 
■  selection  of  only  such  word's  as  are  difficult  and  of  common  occurrence^  ' 
I  Mr.  Reid,  H.  S.  Master  heartily  recommends  the  work,  and  ordered  some  ' 
I  sixty  copies.    It  is  a  book  that  should  be  on  every  business  man's  table  as 
well  as  m  the  school  room.  : 

Is  a  necessity.  Presb.  Wit.ness,  Halifax,  j 

We  have  already  had  repeated  occasion  to  speak  highly  of  the  Educa-  \ 
tional  Series  of  which  this  book  is  one.     The  "  S}x;ller"  is  a  necessity  ;  and  j 
we  have  seen  no  book  which  we  can  recommend  more  heartily  than  the  one 
before  us.  ■ 

Good  print.  Bowmanville  Observer,  j 

The  "  Practical  Speller"  is  a  credit  to  the  publishers  in  its  general  get  ' 
tm,  classification  of  subjects,  and  clearness  of  treatment.  The  child  wh«  , 
■ises  this  book  will  not  have  damaged  eyesight  through  bad  print. 

WTiatitis.  Strath  ROY  Age. 

It  is  a  series  of  graded  lessons,  containing  the  words  in  general  use, 
-vith  abbreviations,  etc.  ;  words  of  similar  pronunciation  and  different  spell- 
ing a  collection  of  the  most  difficult  words  in  the  language,  and  a  number 
(f  literary  selections  which  may  be  used  for  dictation  lessons,  and  commit' 
red  to  memory  by  the  pupils. 

Every  teacher  should  introduce  it.  CAN-ADrAN  Statesman. 

It  is  an  improvemc;it  on  the  old  spelling  book.  Every  teacher  should 
introduce  it  into  his  classes 

i  The  best  yet  seen.  CoLciiK.sTER  St  >-.  Nova  Scotia. 

It  is  away  ahe.id  of  any"speller"that  we  have  heretofore  seen.  Our  public 
schools  want  a  good  spelling  book.  The  publicatic'-»  ^tfore  us  is  the  best 
we  have  yet  seen. 


WBL.  J.  (&sqt  &  (Sji'9.  ^eh)  (Sburatiouiil  S&orkci. 

WORKS  KOK  I'EACHERS  AND  STUDENTS,  BY  JAS.  L.  HUGHES. 

Examination    Primer    in  Canadian   History. 

On   the   Topical    Method.     By  Jas.  L.  Hr.^iih;.s,  Iiisj>ector  of   Srhonlg,  To. 
ronto.    A  Primer  (or  Studeoto  prejianng  fur  Exaiuiubtioa.        Price,  2&C 

Mistakes  in  Teaching. 

By  Jxi.  Lai'ohmn  Hcoiiks.     Snoond  edition.  Price,  60c. 

AOOPTKO  IT   BIJifB,    DNITKRSITT    OP     IOWA,    A.S    Ail    KirMRNTART    WOIIR     PUR     CIB 
or    TKACIIBRB. 


m»  work  disouascp  In  a  t«ne  mmner  over  one  hiindp-d  of  the  mistAkes 

commonlr  made  '■>•  untrained  or  iiioxiHrierice<l  Tonchci-s.     It  isde-siunt-d  to  { 

w»m  yo>iri|i  Teachers  o'  the  errors  thi\  are  liable  to  make,  and  to  hi-lp  the  I 

oider  moiM!".i>  of  the  prnfussion  to  di.scarvj  whatever  njothodaor  haliiui  may   ' 

I  b«  prevent,  iii^  their  hivrht-T  auucess. 

Hie  mistakes  are  arranged  under  the  followiiiif  hi.ils  : 
I       1.   MiAfakf.-'  in  Manatcetiient       2.   Mistake*  In  Dl«ci|>Un«.      ■•  IflRt&keH  in 
I  lfl«thodt.     4    Mi.stakes  in  Manner.  < 


How  to  Secure  and  Retain  Attention. 

ByJAs.  i.AroBum  Huo.irs  Price.  25  Oente. 

Comprisinij  Klndu  of  Attention.  Charaof^riKtlc*  of  Positive  .Mtentlor»i 
Ohar»i-.t''rltitii»  of  The  Teacher.  How  to  Ccntrol  a  Oa.sH  l>e»eloji;iig  Men 
tal  .ActlTVty.     Cultivation  of  t.he  .SensM. 

fTrom  TiiK  .Sih-ioI/  amk  UNivnRsirr  .Maoaziki,  London,  Ekb.) 
"RopU'te  >vith  ^ahialile  hi-its  and  prai'tioii  xnijtreRtions  which  are  e\ldei.t 
ly  the  result  of  wide  ozperienoe  In  the  soholastio  profession." 


Manual  of  Drill  and  Calisthenics  for  use    in 
Schools. 

By  J.  I..  Mi'OHW.ruhlir  School  Inapeotor,  Toronto,  Oradtiate  of  MllitAr\ 
School,  H.  M.  »th  KckiinuMii  Pnco,  40  Centb 

Itu  work  Rontafnfi :  The  S'lnul  Prill  prwerihed  for  Public  School*  In  On 
tario,  with  full  and  ■.•\pticit  directioiiH  for  toar.htng  it.  Kree  ('ivniiiMtlp  ''.x 
eroisos.  c»rnfullv  selecliit  (ri)ni  the  best  Oemian  and  .\ni<T:can  fy  ■iins, 
and  arran^'i'd  In  prniicr  clawes.  Oerinan  f'allstheiiic  KvcTcises,  as  i,'aut;ht 
by  the  late  ('.ihinol  <;r«x|»in  in  Toronto  NoiTual  School,  and  in  Kn^ilnnd. 
Several  of  the  Iwst  Klirli f.'artoii  (Junu"*,  a'wl  a  few  f:hoic«;  Kxorcise  ."^on(.'». 
The  Instructions  throuL-hoiit  the  book  are  divmted,  aj)  tar  as  puasible,  of 
Jnn',-ce««tar;,-  technicnliti<j«.  I 

"A  most  valuable  book  for  every  tearher,  nartlciilarly  In  ronntrj'  plaoM'   ' 
It  eni)>ra<'r>)  all  tlukt  a  ■k.-IiooI  Natoher  should  ttiach  hix  pupils  on  tfns  siilijeot.  { 
Any  t<;a<her  lan  UKe  tbe  ca^y  drill  IcHSons.  and   by  duinj;  iO  he  will  be  con-   j 
terrlnif    a  bcnerit    mii    bis   Cf'Uiilry  "- •'.  llAncLirrK   IiRAit.iALT,  MAi  ir  Klrat 
LU«  Ouartis,  brill  Inatntctor  NonnaJ  a>d  Model  :>chiioU,  Torr<u^  i 


KIRKLAND  4  SCOH'S  EXAJIINATION  PAPERS, 

Suitable  for  Intermediate  Examinations. 

RKPRl.NTBD    FROM 

GAGE'S    SCHOOL     EXAMINER 

AND  STUDENT'S  ASSISTANT  FOR  1881. 


COHPILBD   IT 

Tbouab  Kibklans,  M.A.,  Scieuce  Master, Normal  School, Mid 
Wm.  Scott,  B.  a.,  Head  Master, Provincial  Model  SohooL 

PRICK,        -        SO    CKT^TS. 


Thit  t)o»wmj»  contains  paper*  on  Arithmetic,  Kv-clid,  Geography, 
All'tn-a,  Boukkc^yiH'i,  llUlirry,  Staticn  and  UyiroxtMUst,  Eiu/liih 
LUtrature,  French  [July,  18S0),  CliemUtry,  Hity  lush  Grammar. 


FROM    THE    PREFACE. 

Id  r«*ponM  to  the  desire  of  a  laiyc  number  of  Tfwshers,  we  reprint 
the  Kx^nination  Papers  suitable  foi  the  Annual  Intennediat*  Ex 
uniriatioii,  which  have  appeared  in  the  nuruben.  (or  Idiil,  of  Oat^e's 
"School  Kxaiuiner  and  Student's  ABsislant. " 

The  ateadily  tncreaslnx  oiroulation  of  this  monthly  miw&zine.  and 
ibe  numerous  lettcr*  received  testifNiiig  to  lh«  great  value  of  the 
questioiib  in  the  various  subjficie  reuuirvd  for  the  Examinations, 
plainly  indicate  that  nida  a  periodical  u  a  moat  tueful  aid  to  both 
taacber  and  itadaDk. 

T^fit  almoct  eii^aoatJTe  nature  of  the  quettions  on  eacb  subject 
brintr*  the  ftudeot  Into  close  acquaintance  with  every  ne«dful  point; 
aod  th«  drill  •ip«rienO(id  in  thinking  aud  workinf  out  the  ao«wrrs  in 
of  incalcuiabU  practtc-al  bentlit  to  tbuM  wbo  wtaL  to  exoel  at  written 
iiiiatioiis. 


When  w«  ttat*  that  th*  editon  of  tUa  d«T»rtiii«nt  Of  Ik*  School 
Ezaminer  %n  Mexars.  T.  Klrkland,  M.A.,  and  W.  iioutt,  &.▲.,  w«  oon- 
■idor  that  it  i«  a  tutficient  |fuar&ntee  for  the  ex<«ll«OM  and  appro- 
priateoeai  of  the  work,  a4  these  (gentlemen  hare  earued  a  wide  reputa- 
tioo  ae  •(■««aallst8  ic  ecieace  and  literature. 

1b  oonsequeoce  of  iiumarous  appUoatlooa  for  the  Preftofa  Paper  civen 
at  the  Intermediate  F.xaini nation,  IbHO,  we  reprodooe  tt  In  this  booic. 

Hints  and  Ans^v^ers  to  the  Above,  00  Cents. 

W.   J.  »AUE    Sc   CO., 

Kduca.tio*iM  f^ahUaharm,    Tarr^^  amd    Winnipeg. 


J.  O^ngc  &  Qlo'0.  ilctu  ©butatioiul  Sllorks. 


The  Canada  Schooi  Journal 

HAS   RK.rKIVKD   AS    IIOXORABLB    MKNTIOS    AT   PARIS    EXHIBITION.    1878 

Adopted  by  nearly  every  County  in  Canada. 
Recommended  by  the  >iiniste   of  Kdiication,  Ontario. 
Reconiinended  by  the  Council  of  Pubbc  Instruction,  Quebec. 
Recommended  by  Chief  Sujit  of  Kducation,  New  Brunsvrick. 
Recommended  by  Chief  Supt.  of  Kducation,  Nova  Scotia. 
Recommended  by  Chief  Supt.  of  Education,  Tiritish  Columbia. 
Rccouuiiended  by  Chief  Supt.  of  Education,  Manitoba. 

IT    18    EniTED   BY 

A  Committee  of  some  of  the  Leading  Kducationists  in  Ontario,  assisted 
by  able  Trovipcial  Editors  in  the  Provinces  of  Quebec,  Nova  Scotia,  New 
Brunswick,  Prnco  ftdward  Island,  Manitoba,  and  British  Columbia,  thus 
having  each  snction  of  the  Dominion  (ully  represented. 

CNTAINS  TWRNTV-Fora    PA0E8  OF   READINO    HATTBR. 

Live  Editorials ".  Contributions  on  important  Educational  topics;  Selec- 
tions- Rcadiigs  for  the  School  Room  ;  and  Notts  and  News  froui  each  Pro- 
vince 

PkacticaI/  Drpartment  will  always  contain  useful  hints  on  methods  of 
teaching  different  subjects. 

MAriiii.\iAricAL  Dbpartuknt  gives  solutions  to  difficult  problems  also  on 
Examination  Papers 

Official  Departme.st  contains  siich  regulations  as  may  be  issued  from 
time  to  time 

Sul.soription.  ?1  00  per  annum,  strictly  (n  advance. 

Read  TUB  r.LC'A        '  i'ttkr  frov  JohM  Ohee.nlkap  Wuittibb,  THB  Fa- 

MOI'8  Ami-:ricaN    I'uM 

I  have  also  recciinl  a  No  of  the  •'  Canada  School  Journal,*  which  seems 
to  me  the  brightest  and  most  readable  of  Educational  tlagazines  I  am  very 
truly  thy  friend,  John  Greeiileaf  Whlttier. 

A  Club  of  l.Cnjo  Subscribers  from  Nova  Scotia- 
(Copy)  Edccation  Officr,  IIai.ifak,  N    S.Nov.  17.  1878. 

Messrs.  Adam  Millrr  &  Co.,  Toronto,  Ont 

Dear  Sirs,  — In  order  to  meet,  the  wishes  of  our  tcachrr-  iv  various  parts 
of  the  Province,  and  to  secure  for  them  the  Bd\an(a^;''  ol  y^iir  excellent 
periodical,  i  hereby  siibscnl.e  in  their  behalf  for  one  I hoiisaii'i  (1.000)  cr pics  i 
at  club  rates  mentioned  in  ^ our  recent  csfecnied  favor  .sul>>cription:' >vil| 
betrin  with  .January  issue,  and  lists  will  be  forwarded  to  your  office  in  a  te« 
days.  Vours  truly, 

David  Allison,  Chief  Supt.  of  Education. 
Address.  W.  J.  G  AQE  &  CO.,  Toronto,  Canada. 
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